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Preface – Second edition

More than five years have passed since this manuscript was first published
and photonics have become even more important and developed. The topics
described are still of general interest and thus this second edition was planned
– as was the first – as a short but almost complete overview of the basics of
using laser light in the physics, chemistry, biology and medical laboratory as
well as for all related applications.

This book will be a compact handbook containing cornerstone information
on formulas as well as the parameters of light and materials. It should also give
some insight into the related physics. It covers the basics of the widespread
field of photonics. Because photonics is increasingly applied in various disci-
plines in science and technology this type of overview may become even more
useful also for non-specialists who wish to apply these techniques.

On the other hand, the book should lead to a deeper understanding of
light and its interaction with matter by providing the basic set of formulas,
some ideas about relevant calculations and finally the resulting equations for
practical use.

As photonics moves forward the next step of investigating and applying
laser radiation becomes apparent. A much more detailed knowledge allows
better use of quantum effects at the single photon level or as nonclassical
light. Light with orbital momentum, the influence of noise and how it can
be suppressed, and new ideas about the coherence properties allow new ex-
periments and applications. In addition, new such devices as microstructured
fibers or other new fiber concepts, new laser or new nonlinear materials, as
well as new organic matter applications such as OLEDs allow for new setups.
Even shorter pulse durations in the attosecond range, wavelengths from free
electron lasers around 0.1 nm, and last not least extreme high precision mea-
surements using, e.g., frequency comb techniques may lead to a completely
new understanding of the interaction of matter with laser light. Although
these effects cannot be described in detail here, the basic principles for these
applications are covered in this second edition.

For easier understanding, some more explicit descriptions have been added
and errors corrected. Five years more teaching has helped to identify more
precisely the stumbling stones in understanding. Thus additional comments
may help to overcome these problems.
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Because of the wide field described in the book covering many different
topics and different aspects from basic principles to application, the reader
might well have experienced difficulty in finding what he wants. Thus the
index has been enlarged although it may still demand some effort of the
reader. This may be even more difficult working with the references. They
have been updated and are an important and substantial part of the book
not only for finding the original work but much more for giving an overview
about the ongoing research from reading the full titles. The index will guide
in this case, too. The size of the book has been kept about the same in order
to maintain its ‘handy’ nature.

Many acknowledgements are necessary to account for all the help to cor-
rect errors and improve the text. Most of this support came from the same
colleagues that were so helpful with the first edition but Prof H. Weber
and Prof M. Wilkens should be mentioned specifically. Again, my coworker
from the photonics group of the university of Potsdam, and particularly Dr.
A. Heuer and Prof. M. Ostermeyer, supported me very strongly.

The editors, especially Dr. Th. Schneider, are thanked for their support
and patience and the production team for their professional collaboration.

Once again my family and friends are acknowledge for their warm-hearted
support of my work.

Potsdam, April 2007 Ralf Menzel



Preface

Since the invention of the laser in 1960 there has been an enormous increase
in the number of applications of this newly available light and its spectacular
properties, and there is no end to this development in sight. In many fields
of science, technology and medicine laser photons are the driving force of
progress. In the near future we will probably experience a further rapid de-
velopment in this field as a result of the widespread industrial production of
semiconductor diode lasers and new nonlinear optical materials. Light from
the new lasers may become even cheaper than that from light bulbs. Thus,
laser optic devices will influence all sectors of private and public life.

The high power, high brightness, narrow bandwidth, good coherence, spe-
cial polarization and/or short pulses of laser light beams enable new applica-
tions. Many of these processes will be based on nonlinear optical interactions
of the laser light with suitable optical material. In these interactions the ma-
terial is modified by the incident light. The light is then in turn modified by
the modified matter. Finally, the nonlinear modification of light as a function
of other light becomes possible. Light is modified by light.

To use laser light in this sense in science, technology and medicine, know-
ledge from different fields of physics, chemistry and engineering is necessary.
Besides conventional optics, which is essential in all laser light applications, a
large field of new physical phenomena has to be considered. This book assem-
bles the necessary knowledge ranging from the basic principles of quantum
physics to the methods describing light and its linear and nonlinear interac-
tions with matter, to practical hints on how the different types of lasers and
spectroscopic and other measuring techniques can be applied. So that the
book remains handy and readable, the description focuses on newer concepts
in a compressed form. Nevertheless, many examples, tables and figures allow
direct access for answering practical questions.

In this book, nonlinear physical processes in which laser photons are used
as a tool will be summarized under the term photonics. This term was intro-
duced by engineers at the Bell Laboratories to describe the optical analogy
of electronic devices in electronic communication technologies; here, photons
are the information-carrying particles. But the word is used today to cover
nonlinear optics and quantum optics, too.

Thus, photonics will become more and more fundamental in the key tech-
nologies of the future. Communication and data processing, transportation



VIII Preface

and traffic, medicine and biotechnologies, new materials and material pro-
cessing, environmental pollution detection and conservation and power pro-
duction will be promoted by photonics. As a consequence of this rapid de-
velopment, scientists and engineers in many fields of research and technology
need some basic knowledge in photonics.

Therefore, fundamental laws from the different fields of the large area
of photonics are described in this book in a more or less phenomenological
way. As far as possible the basic equations are given and the principles of
their derivation are mentioned. Exemplary material constants and calculated
results are collected in tables to aid direct use of the information. Examples
illustrate the physical relations. Thus, this book may be used as a guide to
the basics of photonics on the one hand, and as a laboratory manual for
designing new experiments and estimating wanted or unwanted laser light
effects on the other hand.

The different topics of photonics are described at graduate level. Thus,
the book should be useful for students and graduates of physics, electrical
engineering, chemistry and biology for learning purposes and as a reference.
The articles and textbooks cited should enable extended studies of related
topics to be undertaken. Interested non-specialists from other fields may learn
at least the basic of photonics by skipping details of the description.

Therefore, the subject is described in combination with practical ques-
tions such as: How can I measure this? How do I have to set up this appara-
tus? What are the physical limits of this application? The representation is
based on more than 20 years’ experience in laser research and nonlinear spec-
troscopy as taught in many lectures for physicists and chemists. Of course
the description is not complete, and rapid further progress is expected in this
area. Nevertheless, it will serve as an introduction to this field.

Photonics uses knowledge from conventional optics, electromagnetism and
quantum mechanics. Essential information from these fields is described with
respect to their importance. In the first chapter different topics of photon-
ics are described in an overview. The subsequent analysis of the properties
and the description of light in the second chapter are essential for the un-
derstanding of nonlinear phenomena. Although photonics deals mostly with
nonlinear optics, in Chap. 3 some linear interactions of light with matter
are treated first. Then the description of nonlinear interactions of light with
matter follows in Chap. 4 for transparent matter, and in Chap. 5 for ab-
sorbing matter. These two chapters provide basic knowledge for all kinds of
photonic applications. Because the laser as a light source is the fundamental
tool for almost all photonics, a brief description of the main principles and
their consequences is given in Chap. 6. This includes a short description of
the main parameters of common laser systems and the principles of generat-
ing light with special properties such as short pulses or high brightness. As
applications of those subjects, on the one hand, and as a precondition for
examining applications, on the other hand, some fundamentals of nonlinear
spectroscopy are described in Chap. 7.
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A large number of references allows direct access to the detailed scientific
research results in the field. The selected articles are cited with all authors,
the full title and the number of pages, and are arranged in descending year
order per topic. Considering this information and the title of the journal
may help to select the most useful articles from the list for the reader’s
purpose. In addition, the related section is cited as {Sect. . . . } and thus the
references of a section can be read almost separately. In these references also
additional effects and their applications are described. The descriptions in
this book allow a general understanding of these specialized articles. It may
be worth searching for a special reference in the chapters describing the basics
as well as in the applications part of the book because the references are cited
usually only once. These references represent mostly current research topics.
The pioneering work, if not explicitly given, can be traced back from these
articles. Many of the measured material parameters have slightly different
values. In the sense used in this book the most probable or averaged values
are given without a detailed discussion. For details the references with their
cited literature shall be used.

For further general reading some selected textbooks are given (cited as
monographs [M. . . ]). The titles and publications years may be used for guid-
ance.

Questions, comments and corrections are welcome and can be sent to the
author via the e-mail address: photonics menzel@springer.de.
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1. Topics in Photonics

In this introductory chapter the term photonics and topics of this field are
explained. In particular the difference between traditional optics and conven-
tional light technologies on the one hand and nonlinear optics and techniques
on the other as well as their relations are set out. Scientific and practical as-
pects of photonics are mentioned.

For further reading the monographs [M5, M45, M67] can be particularly
recommended.

1.1 What Does Photonics Mean?

Photons as the quantum units of light similar to electrons that build the
electrical current carry a certain amount of energy which can be used for
a wide variety of applications. This energy can be. e.g. 2.5 eV = 4 · 10−19 J
which corresponds to green light with a wavelength of 500 nm. Electrons of
this energy are available from a power supply of 2.5 V.

Electrons have been used, e.g. for long-distance communication since the
first telegraphs were invented by Morse and Wheatstone in 1837 and even
more so after the invention of the electromagnetic telephone by A.G. Bell in
1877. With the invention of electronic devices such as tubes, e.g. the triode
invented 1906 by L.D. Forest, radio communication became possible and the
first transatlantic connections were available in 1927. Later semiconductor
devices such as transistors, invented by W.H. Brattain, J. Bardeen and W.B.
Shockley at the Bell Laboratories in 1948, and computer chips were used for
this purpose. These electronic devices allow telecommunication with about
109 bit s−1.

The electromagnetic field of photons oscillates much faster than is possible
for electrons. Thus engineers of the Bell Laboratories invented methods using
light for communication purposes once the laser became available after its first
realization in 1960 by T.H. Maiman [1.1]. The commonly known glass fibers
for transmitting light over long distances of many hundred kilometers demand
several devices for generating, switching and amplifying the light. Thus the
engineers at Bell Laboratories created the word photonics to describe the
combination of light technologies and electronics in telecommunication.
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But laser light photons are useful for many purposes other than commu-
nication. Thus the term photonics has been extended and now covers almost
all processes using laser light in science, medicine and technology, but it does
not include simple conventional optical techniques. Photonics can be defined
today as the field in science, medicine and technology investigating and us-
ing laser light. So far the linear and nonlinear interactions of laser light and
matter are the bases of all photonics. However, the new quality is introduced
mainly by the nonlinear interactions of light with matter. In this case the
characteristic effects are a nonlinear function of the intensity of the applied
light. Thus the term has close relations to nonlinear optics and quantum op-
tics. The nonlinear optical processes demand, with a few exceptions, such as
e.g. photosynthesis, lasers for providing a sufficiently large number of photons
per area and time. Typically more than 1018 photons cm−2 s−1 are needed to
reach nonlinearity in materials with fast reaction times. With lasers these
intensities can be easily realized and thus photons can be used for many
applications as will be shown below.

1.2 Scientific Topics

Photonics is based on the physics and devices of conventional optics, on quan-
tum physics and on electromagnetism. But its main topic is the physics of
nonlinear optical processes. Thus it is necessary to analyze possible nonlin-
ear processes and investigate suitable materials with methods of nonlinear
spectroscopy. Parallel progress in laser physics has to be made (see Fig. 1.1).

Light is built out of photons which are quantum mechanical and relativis-
tic particles. Thus light shows particle and wave properties in the sense of
our macroscopic understanding. It moves with the maximum possible speed.
Light from lasers shows new statistical properties.

Scientific topics
 of Photonics

Nonlinear Optics
non-resonant interactions
resonant interactions

Nonlinear spectroscopy
new materials, mechanisms
analytics

Quantum effects
photon statistics
fundamental limits
entanglement

Lasers
new materials
new concepts

Optics
ray optics
Gaussian beams

Electromagnetism
interference,
dispersion,
diffraction
electro-optical effects

Fig. 1.1. Scientific topics of photonics
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In nonlinear optics all these properties are much more important than
in conventional optics. Light-induced changes in the materials responsible
for nonlinear effects are mostly functions of these light properties and the
superposition of different light beams leads to complicated effects.

Thus it is necessary to learn all the properties of photons and light beams
as they are used in photonics. Even quantum statistics may be important
in some cases such as in communications or spectroscopy. Useful parameters
for characterization have to be identified. Then theoretical methods for the
propagation of light beams with regard to diffraction are needed. Finally,
interfering light beams are used for inducing transient or permanent gratings
in nonlinear materials.

Linear interactions of light with matter such as diffraction, refraction, ab-
sorption and birefringence produced with light of sufficiently small intensities
are the basis for nonlinear optics. In the nonlinear case processes similar to
those in linear optics are observable but they can be induced by the high
intensities of the light itself. Thus, e.g. materials which are commonly trans-
parent at a certain wavelength can be become highly absorbing under laser
light illumination and vice versa.

Nonlinear effects can be differentiated in interactions with absorption,
called resonant interactions, and interactions with nonabsorbing, transparent
materials, called nonresonant interactions.

Applications of these nonlinear effects demand sufficient knowledge of the
nonlinear properties of possible materials. Thus the spectroscopic technolo-
gies required to investigate these properties and to determine all necessary
material coefficients have to be known in some detail. This seems even more
important as long as most of these measurements are not really standardized.
Thus the published coefficients may sometimes be dependent on experimental
parameters, which are not given in the reference. Based on a comprehensive
knowledge of nonlinear optical effects and the parameters of the laser radia-
tion used the reader should finally be able to identify experimental differences
in these measurements.

One of the main topics in photonics is the invention of new useful materi-
als with high nonlinear coefficients. Most of today’s known materials demand
intensities of more than 1020 photons cm−2 s−1. Some materials such as pho-
torefractives are applicable with much lower intensities but they show very
long reaction times in the µs-, ms- and s-range. In comparison photosynthesis
works with sunlight and time constants down to femtoseconds. This excel-
lent photonic “machine” is based on molecular structured organic material.
Progress in the field of new synthetic structures with new nonlinear optical
properties can be expected in the future.

The following scientific topics will not be treated in detail in this book and
therefore some references maybe useful. An overview about quantum effects
is given in, for example, [M9, 1.2]. Bose–Einstein condensation [1.3, 1.4] is
now investigated in detail [e.g. 1.5–1.21]. Realizing a large number of atoms
in the same quantum state may allow completely new applications such as,
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for example, the atom laser [1.22–1.32]. In this context the problems of atom
optics may be investigated [e.g. 1.33–1.36]. The use of specially prepared
quantum states of matter and/or photons may allow new concepts in com-
munication and data processing technologies. Therefore, entangled states of
photons [1.37] are investigated [1.38–1.101] and the possibilities of quantum
cryptography [1.37] are checked [1.102–1.123]. Concepts of quantum com-
puting [1.124, 1.125] are being developed [1.126–1.151]. Basic research is in
progress on quantum non-destructive measurements [1.152–1.156] and the
Einstein–Podolski–Rosen (EPR) paradox and Bell’s inequalities [1.147–1.148,
1.157–1.161]. Some general aspects are discussed in [1.162–1.166].

1.3 Technical Topics

While planning photonic applications the physical limits as determined by
diffraction and other uncertainty rules of the light have to be considered and
photons rates should be estimated for designing the beam cross-sections and
the measurement devices.

Therefore a detailed knowledge of the technical and economic specifica-
tions of commercially available or possibly home-made photonic devices is
essential for efficient work (see Fig. 1.2). This may be difficult because of the
rapid development of new components on the market. The scientific litera-
ture allows new devices, which may become products in the near future, to
be evaluated.

In particular, laser light sources and detection/measuring devices are be-
ing rapidly developed. The analysis of the basic principles of these devices
may serve as a helpful basis to incorporate future developments.

Technical topics
 of photonics

Measurement devices
energy and power (intensity)
CCD cameras, detectors
boxcar and single photon 

counting, oscilloscope
correlators

Nonlinear optical devices
SHG, THG
OPO, OPA
Q-switching, switches
nonlinear mirrors

Lasers
laser materials
properties
economic conditions

Conventional optical devices
light sources
lenses, filters, mirrors, fibers, ...
set ups

Fig. 1.2. Technical topics of photonics
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Different lasers allow the generation of light with almost all imaginable
properties but usually not in all desirable combinations. Thus there is still
a need for new lasers with new combinations of light properties such as e.g.
large spectral tuning ranges or bandwidths with high average output power,
good beam qualtity and variable pulse width. In addition increasing efficiency
and reliability, while reducing complexity and maintenance, are also common
demands for new lasers.

Although many nonlinear optical effects which are useful for photonic
applications have been known for a long time, further inventions and materi-
als may be necessary for application in new devices. As an example, optical
phase conjugation was first observed in 1972 [1.167]. Since about 1987 ex-
tensive research took place and in 1994 the first commercial laser with phase
conjugating mirrors with high output power and increased frequency conver-
sion efficiency was brought to the market [1.168]. Other examples are solitons
in optical fibers, new frequency conversion technologies such as optical para-
metric amplifiers, and Kerr lens mode locking in fs lasers. Future technical
developments can be expected to be based on long known quantum effects
such as single photon techniques, entanglement of photons and squeezing of
light (see references of Sect. 1.2).

In all topics of photonics a close connection of basic knowledge about the
physical principles on one hand and technical possibilities on the other side
is typical.

1.4 Photonics and Technology

Even conventional light is probably one of the most important tools for us.
Sunlight provides us with energy and the light sensor of humans has – with a
capacity of more than 100 Mbaud – the greatest capacity of all their sensors,
totalling about 200 Mbaud. Therefore conventional light technologies are tra-
ditionally well developed. Light is used for illumination and we are familiar
with optical devices such as magnifiers, telescopes, microscopes and mirrors.
Imaging as well as illumination is an important field in conventional optics.
In these common applications intensities of less than 1010 photons cm−2 s−1

are used and the light is spread over wide spectral ranges. Thus the brilliance
of these conventional light sources is more than 1010 smaller than in most
applications with laser light sources.

Nevertheless conventional light technologies play an important role in
linear and nonlinear optics and are needed in many fields of photonics. Thus
the relations between photonics and electronics, light technologies and electric
technologies, in connection with future key technologies can be represented
as in Fig. 1.3.

Typical nonlinear processes in photonic applications are the generation
and amplification of light in lasers, the changing of light color by frequency
conversion processes or optical switching as used for ultra-short pulse gener-
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Key technology fields
communication
transportation/traffic
medicine and biotechnologies
new materials and material processing
environmental pollution
power production

electro-optical
processes

Electric technologies
linear electric processes, e.g.

wiring
transformation

Electronics
nonlinear electrical processes, e.g.

amplification
electrical switching
modulation

Photonics
nonlinear optical processes, e.g.

amplification of light
opto-optical switching
color changing

Light technologies
linear optical processes, e.g.

illumination
imaging

Fig. 1.3. Photonics, electronics, light technologies and electric technologies in con-
nection with key technologies

ation. Electronic devices, conventional light technologies and optics are used
in these photonic applications as power supplies, in pump sources or in light
guiding systems. Electronically driven electro-optic devices such as modula-
tors are used to control the photonic devices and processes. All these elements
are necessary for the present key technology fields.

A more detailed description of today’s applications will be given in
Sect. 1.5. It turns out that almost all fields of science, medicine and tech-
nology are strongly influenced by the new photonic techniques. Biotechnolo-
gies, telecommunication and data processing as well as new medical methods
are particularly strongly dependent on developments in photonics. Almost
all cutting edge devices in science and industry are only possible due to the
new laser techniques and their results. To account for this importance studies
were published [e.g. M67].

1.5 Applications

As described in Sect. 1.4 photonics has applications in all key technologies.
Thus some examples of great importance in the near future are mentioned in
Fig. 1.4 (p. 7).

Opto-optical switches may increase the speed of communication by orders
of magnitude. Spectral coding may enlarge the capacity of fibers in commu-
nication and of optical storage by 10 to 1 000, resulting in optical disks with
1 TByte capacity. Fast optical image processing of huge quantities of graph-
ical information may be developed. New laser displays with high powers of
several Watts on large screens of several m are expected to replace other TV
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Communication
optical storage
optical switches
new transmission
new displays

Some applications
 of photonics

X-ray sources
lithography
X-ray microscopy

Laser chemistry
photo-physics
femtochemistry
bio-techniques

Laser spectroscopy
analytics
remote sensing
combustion spectroscopy

New nonlinear devices
phase conjugating mirrors
new color transverter
microstructured fibers

Biotechnology
biochips
high resolution microscopy
biosensors

Material processing
drilling, cutting, welding
marking
lithography

Laser medicine
eye
dental work
organs  vessels

skin    stones
cancer

Fig. 1.4. Some applications of photonics

displays. In the future quantum computers may be developed supplementing
high-power computers in special sectors.

Laser machining will have an increasing impact on almost all technologies.
Thus e.g. the efficiency of turbines and airplanes can be increased by better
laminar flows as a consequence of laser drilled holes in the material surfaces.
Laser cutting and welding may change processes in car production. Laser
surface structuring and cleaning may allow the application of new materials
which otherwise are not usable for these purposes. Micromachining will enable
completely new technologies in biology and medicine to be developed.

Laser-induced X-ray generation in the “water-window” of 2–4 nm wave-
length can provide new insights into the mechanism of living organism cells
via soft X-ray microscopes. In computer chip production the component den-
sity can be increased using these X-ray sources for lithography.

New materials may become available by femtochemistry using short light
pulses for well-timed ignition of molecular chemical reactions. In particular,
compounds which are needed in small amounts, such as drugs, may then be
produced economically this way. Nonlinear laser spectroscopy may become
more important for characterizing and analyzing all kinds of biochemical
products.

Biotechnologies will be supported by laser techniques based on new sen-
sors or new spectroscopic techniques which allow the use of the originally
contained material, thereby avoiding externally induced marker materials.
This may help to understand the biophysics on a molecular level and may
enable new screening methods, using, e.g., biochips, in biology, nutrition sci-
ence and medicine. Microscopy with high resolution in the nm range may
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allow detailed understanding of cell compartment functions in near future
and enable new medical techniques based on detailed controlling of these
mechanisms.

Detection of environmental pollution is based in many cases on laser spec-
troscopic measurements. Lidar and other wide-ranging methods are used for
the analysis of air pollution. Shorter pulses will allow a further increase of
spatial resolution.

New materials are needed for the invention of new solar energy technolo-
gies. Nonlinear optical investigations may be necessary for their exploration.
Promising first results have been obtained using organic molecules as sensi-
tizers for inorganic solar energy collectors.

New nonlinear devices as, e.g. phase conjugating mirrors, frequency con-
verters and laser materials may result in new photonic applications not com-
mercially available, today. Especially in the UV and XUV spectral region
almost all photonic devices have to be improved.

One of the fastes growing areas in photonics is laser medicine. Almost
all parts of the body are treatable. This includes, in particular, eye lens and
retina, skin, surgery, vessels and stone demolition. The possibility of guiding
light with very high power through thin fibers into the body enables new
techniques with minimal invasion to be developed.

An overview of modern photonic applications can be found in [1.169]. In
addition to the new quantum information technologies mentioned in Sect. 1.2,
the rapid development of other optical switches [1.170–1.175], fibers [1.176–
1.183] including wavelength division multiplexing (WDM) [1.184, 1.185] and
storage principles [1.186–1.208], is in progress. Laser display techniques are
based on new red–green–blue laser sources [1.209–1.216]. Molecular comput-
ers [1.217, 1.218] may demand optical interfaces. Progress in laser chemistry
[1.219–1.250] is based to a large extent on femtochemistry. Aspects of ma-
terial processing [1.251, 1.252] are described in Sect. 5.8. A newer topic in
this field is laser cleaning [1.253–1.256]. Laser spectroscopy is used for pol-
lution measurements and other environmental detection as LIDAR [1.257–
1.295]. New concepts of solar energy converters are investigated [1.296–1.309].
Laser medicine has many applications [1.310–1.380] in, for example, photody-
namic therapy [1.322–1.325]. New laser measurement methods [1.326–1.349],
and especially optical coherence tomography (OCT) [1.350–1.380], enable
new diagnostics not only in medicine. In a similar way, new bio-technologies
were enabled by new measurement methods [1.381–1.397]. Single molecules
can be observed with several laser techniques [1.398–1.406]. New microscopy
techniques [1.407–1.431] allow also resolutions below the wavelength limit
and the frequency comb technique provides unexpected precisions [1.432–
1.455]. Gravitational waves can be detected with laser interferometers, as
described in Sect. 2.9.2 [1.456–1.491]. Many other new optical measurement
techniques have been developed in recent years [e.g. 1.492–1.541]. One of the
most spectacular results was achieved by optical sequencing of DNA [e.g.
1.542–1.549]. The generation of light in a water window [1.550–1.554] will
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allow X-ray microscopy [1.555–1.558] with resolution in the nm range. New
X-ray sources [1.559–1.572], also mentioned in Sect. 6.13.5, will increase res-
olutions in lithography [1.573, 1.574]. Laser ignited fusion, as in the National
Ignition Facility (LLNL, USA), demands new concepts for lasers with very
high powers [e.g. 1.575–1.586], and particle acceleration seems to be possible
with laser pulses [1.587–1.601].

1.6 Costs of Photons

All photonic applications are based on laser light sources and thus the costs
of this light are the essential quantity for the invention and commercial ex-
ploitation of these new technologies.

Therefore the cost of photons produced by typical lasers with their dif-
ferent properties are given in Table 1.1. These costs include the operational
expense and the purchase of the laser divided by the total number of photons
produced. The energy of the photons, the price of the laser and its opera-
tional costs are also given. For details on the laser properties see Sect. 6.13.
Thus, e.g., CO2 lasers have 10 times larger wavelength than a Nd:YAG laser
and thus they show a ten times larger diameter in the focus for a given focal
length and their energy deposition is 10 times smaller. It should further be
noted that the beam quality of excimer lasers, diode lasers and light bulbs is
much worse than e. g. for solid-state lasers.

Photons of lasers with good beam quality are still more than 300 times as
expensive as electrons of the same energy. Nevertheless, semiconductor lasers

Table 1.1. Roughly estimated costs of some lasers and their operational cost during
their lifetime in relation to the photon energy and average output power. The price
of a the single photons from these lasers are calculated from these costs divided
by the total number of photons emitted by these lasers during their lifetimes. For
comparison, the costs of photons from a light bulbs as well the cost of an electron
with the energy of a visible photon are also given

Source Energy Power Price Lifetime Opera- Price/Wh Photon
(eV) (W) ($) (h) tion ($) ($) price ($)

He-Ne laser 2.0 0.005 800 20 000 9 8 7.0×10−22

Argon laser 2.5 5 50 000 20 000 10 000 0.6 6.5×10−23

Excimer 4 10 50 000 15 000 1 000 0.34 6.2×10−23

laser
CO2 laser 0.12 250 50 000 10 000 3 500 0.06 3.3×10−25

Nd:YAG 1.2 25 50 000 20 000 10 000 0.12 6.3×10−24

laser
Nd + SHG 2.4 5 40 000 10 000 180 0.8 8.6×10−23

Diode laser 1.6 50 10 000 10 000 200 0.02 1.5×10−24

Light bulb 2 5 0.5 5 000 50 0.004 3.5×10−25

Electron 2 0.0002 (1.8×10−26)
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offer the chance to decrease this price by a factor of 10 or more in the near
future by reduced production costs. Photons from flash lamps and bulbs are
in any case more expensive than laser photons if beam quality is required.
If, in addition, brilliance is necessary then lasers are far ahead. Thus in the
case of a flash lamp or diode-pumped solid-state lasers the laser material acts
as a converter of beam quality, coherence and brilliance with an opto-optical
energy efficiency of typically less then 10% for flash lamp pumping or up to
50% for diode pumping, respectively. Even values of more than 70% can be
reached with optimized configurations.



2. Properties and Description of Light

Light is commonly used in photonic applications such as laser beams with
a complex distribution of the intensity as a function of wavelength, space,
time and polarization. In addition the coherence properties have to be rec-
ognized and sometimes just single photons are used. In this chapter different
classifications of these physical properties are described. In nonlinear optical
processes these properties have to be recognized more carefully than in linear
optics, because the nonlinear effects may depend on these complex properties
in a complicated manner.

Properties of the single photons determine the beam characteristics of
the laser light and vice versa. In some cases the superposition of light fields
and/or their interaction with matter has to be described. In this case plane
waves are often assumed. They can be realized in the focal range of, e.g. a
Gaussian beam. These Gaussian beams can be generated from lasers and their
propagation can be calculated in an easy manner. Geometrical optics may be
helpful for a first approach in optical systems. Useful additional information
may be found especially in the monographs [M8, M22, M24, M26, M29, M38,
M42, M45, M49, M54].

2.1 Properties of Photons

Light can be described as an electromagnetic wave or a collection of sin-
gle photons propagating with speed c, which is a maximum in vacuum and
smaller in materials:

speed cvacuum = 2.998 · 108 m s−1 (2.1)

cmaterial = cvacuum/nmaterial. (2.2)

nmaterial is the conventional refractive index of the matter which is 1 for the
vacuum (see Chap. 3). Photons are quantum particles and fulfill at least
four uncertainty conditions which are described in Sect. 2.1.2 (p. 15). As a
consequence we observe diffraction-limited focus sizes and bandwidth-limited
pulse duration.
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2.1.1 Energy, Frequency, Wavelength, Moments, Mass, Timing

The single photon represents an electromagnetic wave oscillating with fre-
quency ν which determines its energy E:

frequency ν in units s−1 or Hz (2.3)

energy E = hν, (2.4)

h = 6.626 · 10−34 Js (2.5)

where h is Planck’s constant. The wavelength λ of this electromagnetic wave
results from

wavelength λ =
c

ν
. (2.6)

If the photon is moving in direction e a wave vector k is defined as:

wave vector k =
2π
λ
e (2.7)

not to be confused with the wave number ν̃:

wave number ν̃ =
1
λ

(2.8)

which is proportional to the photon frequency and energy as ν = cν̃ and
E = hcν̃. This value is used in spectroscopic applications, resulting in handy
numbers.

A photon carries the momentum pph:

momentum pph =
h

2π
k (2.9)

with the momentum value:

momentum value pph =
h

λ
=
E

c
. (2.10)

This momentum is obtained if the photon is absorbed, and twice this
value will push a 100% reflecting mirror.

Sometimes the photon wavelength has to be compared to the wavelength
λdeBroglie of particles with mass mparticle which results from the quantum
nature of all matter. This wavelength can be obtained, e.g., in scattering or
diffraction experiments [2.1] with suitable particles, e.g., with electrons. This
deBroglie wavelength of a particle is again given by the quotient of h and the
particle momentum as in the case of photons:

deBroglie wavelength: λdeBroglie =
h

pparticle
=

h

mparticlevparticle
(2.11)
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However, the real particle mass, which has to be taken with the relativis-
tic correction mparticle(vparticle) = mparticle,0

(
1(vparticle/c0)2

)1/2 with the rest
mass mparticle,0, is much larger than in case of a photon and the velocity
vparticle is usually much smaller than the speed of light. Therefore the de-
Broglie wavelength of the particle is often much smaller than the particle size
and the wave nature is hidden in macroscopic systems.

The photon also has a spin momentum j which is called right or left
polarization:

spin momentum (polarization) j = ±� = ± h

2π
(2.12)

This spin will be received by the matter if the photon is absorbed. If
this absorption is combined with an excitation of the atomic or molecular
quantum system, selection rules have to be fulfilled to satisfy momentum
conservation. If a light beam is built from an equal number of right and left
polarized photons it will be linearly polarized. The light beam can also be
nonpolarized.

Using a simple linear polarizer (see Sect. 3.5) the single photon can be
prepared in a so-called superposition quantum state of spin containing left
and right circular polarization and thus the single photon can also be linearly
polarized. The measurement of the polarization of the single photon can
result in the expectation values of the circular momentum +� or 0 or �.
The polarization quantum state is not an eigenstate of the spin but can be
obtained in absorption or emission measurements. However, the eigenvalues
of the spin momentum are +� or −�, only, and thus the photon will always
show up as a Boson.

In addition to the polarization (spin) momentum the photon can also
carry an angular orbital momentum (AOM) in portions of �:

angular momentum: AOM = l� with l = 0, 1, 2, 3, . . . (2.13)

This angular orbital momentum is typically contained in laser modes with a
phase singularity in the center. More details about this new type of radiation
will be described in [2.2–2.10] and in Sect. 6.6.5 (p. 399).

The mass of a photon mph can be calculated formally from these values
as:

mass mph =
pph

c
=
hν

c2
(2.14)

which is a function of its energy. In the visible range it is about one million
times less than the mass of an electron. Photons do not exist without moving.
In relation to other photons the electromagnetic wave has a phase

phase ϕ. (2.15)
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As a particle the single photon can be detected with a diffraction-limited
space uncertainty and with a certain energy or frequency uncertainty (see
Sect. 2.1.2, p. 15) at a time

time t (2.16)

Photons can in principle interact with each other if the light intensity is
extremely high [2.11]. The cross-section σ of a photon in the visible range is
of the order of:

cross section σ ≈ 10−65 cm2 (2.17)

which is more than 40 orders of magnitude smaller than, for the interaction
of light with atoms. For the observation of a photon photon scattering with
light the intensity should exceed 1070 photons cm−2 s−1. For an experiment
at a linear accelerator light by light scattering was reported using Compton-
backscattered photons with an energy of about 29 GeV resulting in positron
production [2.12]. However, in common laser experiments this high intensity
is not realized. Thus the linear superposition of light is fulfilled in all practical
cases.

For illustration in Table 2.1 a collection of relevant values for photons of
different wavelengths is given. In the visible range at 500 nm the energy of
one photon is about 4 · 10−19 J. Thus in a laser beam of this wavelength with
1 Watt average output power about 2.5 · 1018 photons per second occur.

Table 2.1. Characteristic values of a photon of different color. |k| is the value of
the wave vector and |p| the value of the momentum

wavelength color energy frequency |k| |p|
(J) (s−1) (cm−1) (kgm s−1)

10 nm X-UV 1.99 · 10−17 3.00 · 1016 6.28 · 106 6.63 · 10−26

200 nm UV 9.93 · 10−19 1.50 · 1015 3.14 · 105 3.31 · 10−27

500 nm green 3.97 · 10−19 6.00 · 1014 1.25 · 105 1.33 · 10−27

1 µm IR 1.99 · 10−19 3.00 · 1014 6.28 · 104 6.63 · 10−28

10 µm far IR 1.99 · 10−20 3.00 · 1013 6.28 · 103 6.63 · 10−29

Sometimes the photon energy is described by other values which are useful
for direct comparison with matter parameters with which the photons may
interact. Such values are the energy measured in eV relevant for collision ex-
citation by electrons, the inverse wavelength or wave number, which should
not be confused with the wave vector, and the temperature Temp of a black-
body whose emission maximum produces photons of the desired wavelength.
These values are given in Table 2.2.
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Table 2.2. Energy of photons in different measuring units for comparison

wavelength energy energy ν̃ = 1/λ T
(J) (eV) (cm−1) (K)

10 nm 1.99 · 10−17 124 1 000 000 28 977
200 nm 9.93 · 10−19 6.20 50 000 14 488
500 nm 3.97 · 10−19 2.48 20 000 5 795

1 µm 1.99 · 10−19 1.24 10 000 2 898
10 µm 1.99 · 10−20 0.124 1 000 290

2.1.2 Uncertainty Principle for Photons

Photons as quantum particles show wave properties and thus fulfill the uncer-
tainty conditions of their quantum theoretical noncommuting physical prop-
erties such as position and momentum, photon number and phase. Thus the
values of these pairs of physical values cannot be perfectly determined simul-
taneously. These quantum uncertainties are responsible for practical limits in
many photonic applications. As a result in the best case light may be diffrac-
tion limited as a consequence of the position and momentum uncertainty,
and bandwidth limited as a result of the quantum energy and time relation.

2.1.2.1 Uncertainty of Position and Momentum

The position–momentum uncertainty [2.13, 2.14] occurs independently for
both orthogonal coordinates x and y perpendicular to the propagation direc-
tion z of the light:

1/e2 uncertainty: ∆x∆px ≥ h

π
and ∆y∆py ≥ h

π
(2.18)

where the uncertainty ∆x is defined as the value 1/e2 of the transversal
distribution function of the photons in an ensemble of measurements or of
the transversal intensity distribution of a light beam. This definition is com-
monly used in photonics e.g. for characterizing the beam diameter of Gaussian
beams (see Sect. 2.4). The momentum uncertainty is measured via the posi-
tion uncertainty in a certain distance resulting in an uncertainty angle, the
divergence angle, based on a definition of the position uncertainty. h stands
for Planck’s constant. The relations in the y coordinate have to be treated in
the same way.

As a consequence the propagation direction θ of a photon will be less cer-
tain as more precise it is located in the related coordinate e.g. inside the value
2w0. For a large number of photons in a light beam this results in an increase
of the divergence angle θ (see Sect. 2.7.4, p. 60) of the beam if its diameter 2w0
is decreased in this coordinate, e.g. by use of an aperture (see Fig. 2.1, p. 16).

With the relations ∆x = w0, ∆p = ∆kh/2π and ∆k = kθ follows from
(2.18) with the wavelength λ that:
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2w0

θ

zk

∆k

Fig. 2.1. Divergence angle θ of a light beam with the diameter 2w0 and the wave
vector k with the uncertainty ∆k

position–angle uncertainty w0θ ≥ λ

π
. (2.19)

If this aperture has sharp edges, as is common, the resulting uncertainty
is larger than the minimum of (2.18) by a factor of 1.4 as a consequence of the
diffraction at the diaphragm edges. In the case of a Gaussian transmission
profile of the diaphragm the lowest possible value of h/π can be reached.
A light beam passing such an aperture would be diffraction limited. The
minimum divergence angle which can be observed for light with a wavelength
of 1 µm after passing through such a Gaussian aperture (or in a Gaussian
beam) with 1 mm radius is 0.32 mrad.

Sometimes other definitions for ∆x and ∆px are used. If the 1/e value
of the distribution is used the resulting uncertainty is only half the value of
(2.18) and if the (1/

√
e) value is applied, as in most quantum mechanical

textbooks, the resulting uncertainty is 1
4 times smaller, resulting in �/2.

2.1.2.2 Uncertainty of Energy and Time

Although the uncertainty relation for energy and time cannot be extracted
from quantum mechanics in the same way as the position–momentum uncer-
tainty because time is not a quantum mechanical operator, the relation:

energy–time uncertainty ∆E∆t ≥ h

2π
(2.20)

can be derived from quantum electrodynamics. This equation correlates the
energy uncertainty ∆E to a characteristic time interval ∆t in which the
changes of a given system occur. If the photon energy E is measured for
a very short period ∆t it will be uncertain in the range of ∆E. The shorter
the measurement the larger the absolute energy range ∆E. In the case of
absorption of a photon the uncertainty ∆E of the energy transferred to a
particle occurs in the time interval ∆t. In the case of the emission of a pho-
ton follows directly from this equation that the uncertainty relation between
the light frequency and the decay time of an emitter is:

frequency–time uncertainty ∆νFWHM∆t1/e ≥ 1
2π

(2.21)
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where the frequency uncertainty ∆νFWHM is measured as the full width half
maximum of the Lorentzian line shape function and the temporal uncertainty
is measured as the 1/e value of the decay function.

As a consequence the energy distribution or the spectral bandwidth of a
short pulse has a minimum limit and thus the spectral resolution of measure-
ments with very short pulses is limited. In Table 2.3 the spectral uncertainty
is given as the distribution of the wave number ∆ν̃ and as the wavelength dis-
tribution ∆λ as a function of the time window ∆t and the latter as a function
of the mid-wavelength of the light.

Table 2.3. Spectral uncertainty as a function of the time window ∆t and the
mid-wavelength

∆t ∆ν̃ (1/cm) ∆λ (nm) ∆λ (nm) ∆λ (nm) ∆λ (nm)
200 nm 500 nm 1 µm 10 µm

1 µs 5.31 · 10−6 2.1 · 10−8 1.33 · 10−7 5.31 · 10−7 5.31 · 10−5

1 ns 0.00531 2.1 · 10−5 1.33 · 10−4 5.31 · 10−4 0.0531
1 ps 5.31 0.021 0.133 0.531 53.1

10 fs 531 2.1 13.3 53.1 5310

The uncertainty relation results for short pulses in a minimal bandwidth
which can also be developed by describing the pulse as a wave packet via
Fourier analysis as given in Sect. 2.9.8 (p. 90). The uncertainty values depend
on the pulse shape, as discussed in Sect. 6.10.3 (p. 460). The values given here
are valid for spectral Lorentzian line shapes and temporal exponential decays.

2.1.3 Properties of a Light Beam

In photonic applications light is mostly applied in beams which represent a
collection of photons with different properties depending on their generation.
These beams have mostly small divergence angles of smaller 30◦ and thus
fulfill the paraxial approximation. This simplifies optical imaging with lenses
and mirrors and the theoretical calculation of the transversal beam shape
during propagation with e.g. ray matrices (see Sect. 2.5).

Lasers can operate continuously (cw) or pulsed and thus the light beams
are cw or can be built from pulses. The pulses can be as short as femtoseconds
or even attoseconds and can have repetition rates as high as several hundred
MHz. Smaller values are possible. High repetition rates, usually above some
kHz, are sometimes called quasi-cw.

As described in more detail in Sect. 2.7 these light beams are characterized
by their intensity I, their power P or, in case of pulsed light, by their pulse
energy Epulse and repetition rate. These values represent a certain number of
photons per time interval or per pulse. These photons have typically slightly
different properties and thus the measured intensity, power or energy are
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functions of:

space I, P,Epulse = f(r) ≈ f(wwaist, zwaist, θ) (2.22)
wavelength I, P,Epulse = f(λ) ≈ f(λmax,∆λ) (2.23)
time I, P,Epulse = f(t) ≈ f(tmax,∆t) (2.24)
polarization I, P,Epulse = f(ϕ) ≈ f(ϕmax, p) (2.25)

and thus the detection will be spatially, spectrally, temporal and polarization
sensitive.

All these dependencies can be complicated functions with several maxima
and minima. In the case of laser beams as mostly used in photonic applica-
tions they are often describable by simple Gaussian-like distributions with one
maximum and a width. But this approximation has to be checked carefully
and the definitions of the width as full width half maximum (FWHM), half
width half maximum (HWHM), standard deviation, 1/e2 width, 1/e width,
and so on, has to be given explicitly, as described in Sect. 2.7 in detail.

Using these simple approximations the functions of (2.22)–(2.25) can be
simplified as given in the right-hand expressions of these equations. The spa-
tial propagation can be described as a paraxial beam in the z direction with
its waist position zwaist and beam radius wwaist and the divergence angle θ
or the beam quality given by M2 as described in more detail in Sect. 2.7.5
(p. 62). The beam spectrum can then be characterized by the wavelength of
the peak λmax and the spectral width ∆λ. Similarly the pulse characteristics
are reduced to the time of the maximum tmax and the pulse duration ∆t. The
polarization of the beam is described by the degree of polarization p and the
angle of the electric field maximum ϕmax in relation to laboratory coordinates.

In addition to these four functions the coherence of the beam has to be
recognized. This can be done in an approximate and simple way using the
coherence length lcoh or coherence time τcoh in the axial direction and using
the transversal coherence length lcoh,transversal in the transversal direction as
described in Sect. 2.9.2 (p. 74).

coherence f(lcoh, τcoh, lcoh,transversal) (2.26)

Furthermore the phase of the light field vectors in relation to other fields can
be important. Usually it can be determined only in the application itself.

Thus the light intensity I follows in this approximation from:

intensity I =
P

A
=

E

A∆t
=
nphhν

A∆t
in W cm−2 (2.27)

or as the photon flux density which is often also called intensity:

photon flux intensity -I =
I

hν
=

E

A∆thν
in photons cm−2 s−1. (2.28)

These two values can easily be distinguished by the measuring unit and by
the numerical values which are different by about 19 orders of magnitude. The
cross-section A of the light beam usually contains 86.5% of the beam energy
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or power and ∆t is the full width half maximum pulse duration. In the case
of more complicated distributions averages are usually used by integrating
over a certain area. For non-Gaussian distributions the momentum method
has to be used as described in Sect. 2.7.

Describing the power, energy or intensity based on the number of pho-
tons is obviously convenient if interactions with countable particles is to be
modeled. But in this case the energy, wavelength or frequency of the photons
have to be considered, separately. This needs additional attention e. g. if the
beam contains a broad spectrum.

2.2 Plane Waves Monochromatic Light

Plane waves of monochromatic light are theoretically the simplest kind of
light. They can be realized with good accuracy inside the Rayleigh range of
Gaussian laser beams (see Sect. 2.4.3, p. 30) with narrow bandwidth. They are
useful for the theoretical descriptions of complicated nonlinear interactions
of light with matter.

2.2.1 Space- and Time Dependent Wave Equation

Maxwell’s equations have a periodic solution for the electric field vector E
and magnetic field vector H in space and time which represents light if the
frequency is in the range 1013–1015 Hz. From the vector equations for the
electric field E:

curlE = −µ0
∂H

∂t
(2.29)

and the magnetic field H:

curlH = ε0
∂E

∂t
+
∂P

∂t
(2.30)

with material polarization P it follows the differential equation for the electric
field vector, measured in V m−1:

wave equation ∆E − 1
c20

∂2E

∂t2
− grad divE = µ0

∂2P (E)
∂t2

(2.31)

with the Laplace operator

∆ =
{
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

}
.

All light–matter interactions are considered in this equation as linear and/or
nonlinear functions of the polarization P = f(E).

The linear interactions of light with matter will be described in Chap. 3
and the nonlinear interactions in Chaps. 4 and 5 in detail but here as the
simplest case, we assume a vacuum or a material which is:
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• homogeneous
• isotropic
• nonconductive
• uncharged
• nonmagnetic
• linear (see Chaps. 4 and 5).

Then all material properties can be summarized by the refractive index
n which in this case is not dependent on the orientation of the material or
on the polarization, wavelength or intensity of the light.

The wave equation can be simplified to:

∆E − 1
c2
Ë − grad divE = 0 (2.32)

with the speed of light c in this material:

c2 =
c20
εrµr

=
c20
n2 =

1
µ0ε0µrεr

(2.33)

with the refractive index n:

refractive index: n =
√
µrεr (2.34)

and the values:

vacuum permittivity ε0 = 8.854 · 10−12 A s
V m

=
1

µ0c20
(2.35)

vacuum permeability µ0 = 4π · 10−7 V s
A m

. (2.36)

The specific electric permittivity εr and magnetic permeability µr are material
parameters. µr is typically 1 for optical matter as assumed above and εr is 1
for the vacuum. This equation can be solved by a propagating wave with:

E = E0 cos(2πνt− k · r) (2.37)

where |E0| is the maximal value of the electric field and the vector describes
the polarization. The electric field vector may be measured in three dimen-
sions, as described in [2.15]. The frequency ν, the wave vector k and the
phase ϕ are known from Sect. 2.1. Under the above assumptions the analo-
gous equation for the magnetic field H can be solved to give:

H = H0 cos(2πνt− k · r). (2.38)

In the simplest case it will be assumed that this monochromatic wave is
planar and propagates in the z direction. This wave then has an indefinite
dimension in the x and y directions. As a good approximation for the planar
wave a dimension of more than 100 times the wavelength may be sufficient.
The magnetic field vectorH is, under these assumptions, perpendicular to the
electric field vector E (see Fig. 2.2, p. 21). Both fields are in phase because
the distance from the emitter is large compared to the wavelength of the
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Z       = 376.7 ΩVacuum

Fig. 2.2. Monochromatic planar wave propagating in the z direction in an isotropic,
homogeneous, nonelectric and nonmagnetic, uncharged, linear material

light. At any time both fields are present as shown in the figure and they
are moving forward in space. It is a continuous (cw) beam of photons with
the same energy. In common optical applications the interaction between the
magnetic field and matter can be neglected.

The values of the electric and magnetic field are related by:

E0

H0
=

√
µ0µr

ε0εr
(2.39)

and the impedance Z of this wave propagating in the vacuum with c0 results
from:

Zvacuum =
√
µ0

ε0
= 376.7 Ω. (2.40)

These waves can be superimposed in any way as long as the intensity
is small enough to guarante linear interactions (see Chaps. 4 and 5). Thus
in the time domain light beats and pulses are possible by mixing different
light frequencies. The polarization of light can be linear, circular or elliptic
by mixing fields with different E0 and ϕ.

In an optical resonator the light wave is propagating back and forth be-
tween the two mirrors and thus a standing wave occurs. The electric field for
the monochromatic planar wave can be written as:

E = E0 cos(2πνt) sin(kz) (2.41)

with knots at the mirrors. The magnetic field is then given by:

H = H0 sin(2πνt) cos(kz) (2.42)

and thus a phase difference of π/2 can be observed between the electric and
the magnetic field strengths in this case (see Fig. 2.3, p. 22).
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E0

H =0
E0

Z

Fig. 2.3. Standing monochromatic planar light wave in an optical resonator filled
with an isotropic, homogeneous, nonelectric and nonmagnetic, uncharged, linear
material (e.g. air)

The energy of the light oscillates between the electric field and the mag-
netic field in the optical resonator. At certain periodic times the electric field
is zero along the z axis.

2.2.2 Complex Representation

More elegantly the field vectors of these light waves can be written in complex
form as:

E =
E0

2
ei(2πνt±k·r+ϕ) +

E0

2
e−i(2πνt±k·r+ϕ) (2.43)

which is mathematically identical to (2.37) but is more handy especially if
several fields have to be superimposed. The complex representation avoids
complicated algebra of trigonometric functions.

For simplicity the phase ϕ can be assigned to the field amplitude:

E0 eiϕ → E0(ϕ) (2.44)

This phase of the wave front of the electric field can be a function in space in
the case of nonplanar waves and thus the field amplitude will overtake this
dependency:

nonplanar wave E0(ϕ)
ϕ(r)−→ E0(r) (2.45)

A simple example is the spherical field distribution in the case of a point
light source. In this case the field vector describes spheres but in addition the
amplitude decreases by 1/r and thus the intensity decreases by 1/r2.
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For even simpler formulas the electric field vector can be written in the
complex form:

Ec = E0 ei(2πνt−k·r) (2.46)

In this case the real field amplitude has to be recalculated from the complex
form by:

E =
1
2

(Ec +E∗c) (2.47)

All these formulas are valid for the magnetic field vector analog but usually
the magnetic field does not need to be calculated explicitly. It can be derived
from the electric field by:

H = c0ε0n

[
k

k
×E

]
(2.48)

where k/k is a unit wave vector pointing towards the propagation direction
of the wave.

2.2.3 Intensity and Energy Density of the Electric Light Field

The intensity I of this light wave follows from the magnitude of the electric
field E0 by:

intensity I =
1
2
c0ε0n|E0|2 = |E ×H| (2.49)

which has the important consequence of a quadratic increase of intensities if
light beams are superimposed, e.g. in interference experiments.

The energy density of the light field can be calculated from:

energy density ρE =
1
2
ε0n|E0|2 (2.50)

and the light power P is related by:

power P =
1
2
c0ε0n

∫
A

|E0|2dA. (2.51)

As an example a laser beam may have an intensity of:

I = 1 MW cm−2:⇒ E = 30 kV cm−1

H = 70AV −1

The sun light has an intensity of several 100 W m−2 in Europe.

2.2.4 Uncertainty of Field Strengths

As a quantum mechanical consequence the strength of the electric and the
magnetic field cannot be determined exactly at the same point. The uncer-
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tainties ∆Ex and ∆Hy for the related electric and magnetic field components
measured at a distance L are:

∆Ex∆Hy ≥ hc2

4πL4 . (2.52)

This formula is in agreement with the uncertainties of position and momen-
tum or energy and time described in Sect. 2.1.2 (p. 15).

2.3 Geometrical Optics

Geometrical optics or ray optics is useful for analyzing complex optical imag-
ing in a first overview. It neglects all diffraction phenomena and thus in
most photonic applications it is not sufficient and an analysis using at least
Gaussian beams is necessary.

2.3.1 Preconditions: Fresnel Number

The main assumption for the geometrical optics approximation is neglect of
diffraction. Therefore, for the experimental situation to be valid, it has to be
proven that the Fresnel number F which is defined as:

Fresnel number F =
D2

aperture

λL
(2.53)

is large compared to 1:

geometrical optics F � 1 (2.54)

where Daperture is the diameter of the last aperture and L the distance be-
tween the point to describe and the aperture. With this relation it is consid-
ered that both the diaphragm diameter is large compared to wavelength and
the observation distance is small to suppress diffraction effects. The influence
of intermediate Fresnel numbers will be discussed in Sect. 3.9.4 (p. 133) in
detail.

Furthermore it has to be proven that the light beams are paraxial and
the medium is isotropic and only slightly inhomogeneous. Transitions into
matter with different refractive index can be included by simple refractive
laws as described in more detail in Chap. 3.

2.3.2 Theoretical Description

From (2.31) it follows, with the assumptions of Sect. 2.2.1 (p. 19) except that
now the material can be slightly inhomogeneous and using a monochromatic
wave with wave vector k0, that

−∆E + n(r)2k2
0E = grad divE (2.55)



2.3 Geometrical Optics 25

with refractive index n. divE can be different from zero and thus this equa-
tion can be solved by the complex ansatz:

E = E0 exp{ik0Leikonal(r)} (2.56)

with the eikonal Leikonal. The eikonal describes the local optical path length
which is a function of the local refractive index n(r) and fulfills the condition:

(gradLeikonal)2 = n2 (2.57)

characterizing the shape and propagation of the wave fronts of the electric
(and magnetic) field by:

k0Leikonal − 2πνt = const. (2.58)

optical thinner

optical thicker

wave fronts

E E

E

EE

E propagation
direction

incident
light

Fig. 2.4. Light propaga-
tion, electric field vector
and eikonal in slightly
inhomogeneous matter

From (2.57) and (2.58) the propagation direction of the light wave can be
determined to be:

e =
k0

k0
=

1
n

gradLeikonal (2.59)

and the phase of the wave will propagate with speed:

cph =
dLeikonal

dt
=

2πν
nk0

=
c

n
. (2.60)

The total optical path length Lpath between the start point a and the final
point b along the geometrical path s follows from:

optical path length Lpath =
∫ b

a

dLeikonal =
∫ b

a

n ds (2.61)

With Fermat’s principle of fastest optical paths the propagation of a beam
described by its local wave vector k(r) can be determined in this approxima-
tion from:

d
ds

[
n

dr(s)
ds

]
= gradn(r) (2.62)

for a homogeneous medium to give:

r = r0 + es (2.63)
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which is the description of a straight line. Thus the parts of the wave front
propagate in a homogeneous material in straight lines, and in slightly inho-
mogeneous material as given by (2.62).

Thus in geometrical optics light rays or beams are obtained as mathe-
matical straight lines propagating in homogeneous matter. These lines are
not completly coincident with light beams produced by lasers. Geometrical
optics may be used for analyzing the imaging of light from large incoherent
sources. In this sense super-radiation of e.g. nitrogen or excimer lasers may
be handled in this rough approximation, too.

2.3.3 Ray Characteristics

Geometrical optics can be used for the calculation of paraxial rays as long
as the Fresnel number is large compared to 1. The optical axis is commonly
defined as the z direction (see Fig. 2.5). Often the analysis of rays which are
in the same plane as the z axis is sufficient. The distance of such a ray from
this axis is w and its slope is w′.

z

w

w'

Fig. 2.5. Beam characteristics of optical rays
in geometrical optics

Both parameters are functions of z and can be combined into the ray
vector:

ray vector
(
w(z)
w′(z)

)
(2.64)

which is useful for applying ray matrices for the calculation of ray propaga-
tion.

In the case of rays which are not in a plane with the z axis, a ray vector
with four parameters is necessary (see Fig. 2.6, p. 27).

These four parameters, two distances u, v and two slopes u′ and v′, are
analogous to the two-parameter case collected in a ray vector:

ray vector (off plane)

⎛
⎜⎝
u(z)
v(z)
u′(z)
v′(z)

⎞
⎟⎠ . (2.65)

This ray vector can be calculated with ray matrices, too, but these 4× 4
matrices have a maximum of ten independent elements. With these matrices
tilted and rotated optical elements can be considered.
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Fig. 2.6. Definition of parameters for
rays not in planes with the z axis

2.3.4 Ray Propagation with Ray Matrices

Imaging and illumination with incoherent light can be calculated to a good
approximation by determining the beam propagation of the optical rays.
This can be done with ray tracing or for paraxial rays with ray matrices. In
ray tracing for a large number of geometrical optical rays the propagation is
calculated and then superimposed for determining the intensity distributions.

In particular, if many optical elements are in the path the method of ray
matrices is very handy. In this formalism the optical path including all optical
elements is described with a ray matrix Mtotal (see Fig. 2.7).

Details of the ray matrices will be given below in Sect. 2.5. The ray vector
behind a system of optical elements, including the optical paths in vacuum
(or air), can be calculated from the incident ray vector and the total ray
matrix Mtotal as a simple multiplication:

(wout w
′
out) = Mtotal ·

(
win
w′in

)
(2.66)

or

(uout vout u
′
out v

′
out) = Mtotal ·

⎛
⎜⎝
uin
vin
u′in
v′in

⎞
⎟⎠ (2.67)

respectively.

z

w'in

win

wout

w'out

a  b
c  d( )

M

Fig. 2.7. Optical ray passes optical
elements with the total matrix Mtotal
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For calculating the image position and size, one or two rays can be used
as in the common image construction. Different ways to evaluate the image
position and size are possible:

i) First a single ray can be used. This single ray has to start at the z axis
at the bottom of the object with a slope w′in,1 �= 0. The position where it
crosses the z axis again is the image position zimage and the magnification
follows from w′in/w

′
image for this ray.

ii) Using two beams, one can be parallel to the optical axis w′in,1 = 0 and
the second should have a slope, e.g. w′in,2 = −wobject/a with a as the
distance from the first lens. The lateral distances win,i are both set equal
to wobject. Then both output vectors are calculated as functions of z. From
wout,1(zimage) = wout,2(zimage) follows zimage and with the known position
of the image the size wimage can be calculated by wout,1 or 2(zimage).

iii) Further, it can be shown that the image occurs for such distances for which
the total ray matrix has the element btotal = 0. From this condition the
distance zimage and then the image size wimage can easily be calculated,
too.

From the elements of the total matrix some common rules can be obtained.
For atotal = 0 parallel incident light will be focused and for dtotal = 0 an
incident point source will result in parallel light after the optical elements
represented by the total matrix Mtotal.

2.4 Gaussian Beams

Gaussian beams are three-dimensional solutions of the wave equation derived
from Maxwell’s equations in free space, or under the same conditions as given
in Sect. 2.2.1 (p. 19) as planar waves were calculated [2.16–2.19]. They are
diffraction limited as will be described in Sect. 3.9.2 (p. 132) and thus they
show the best possible beam quality. They incorporate the photon position–
momentum uncertainty limit. Gaussian beams can be produced by apertures
or lasers. They are solutions of transversal laser mode equations. In photonics
Gaussian beams are the “work horse” of calculating and applying beams.

2.4.1 Preconditions

Similar to geometrical (or ray) optics the light beams should be paraxial
with sufficiently low divergence. Besides the theoretical limits for deriving
the models described below, practical limits from lens errors may be even
more restrictive.

The medium has to be isotropic and only slightly inhomogeneous. The
possibly slight variation of refractive index n(r) will not be recognized ex-
plicitly in the formulas. Again, transitions into matter with different refractive
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index will be included by simple refractive laws, as will be described in more
detail in Chap. 3. They are considered in the beam propagation using the
ray-matrix formalism as described in Sect. 2.4.4.

2.4.2 Definition and Theoretical Description

Gaussian beams are characterized by the Gaussian shape of the transver-
sal profile of the beam. The electric field is given in the transversal x or y
directions which are replaced by r and the propagation direction z as:

|E(z, r)| = Re{EA(z, r)}Re
{

ei(2πνt−k0z)
}

(2.68)

with the amplitude EA(z, r) as:

EA(z, r) =
|E0|

1− i
zλ

w2
0nπ

e
− r2/w2

0
1−izλ/w2

0nπ (2.69)

with a maximum |E0| at z = 0 and the important consequence:

A Gaussian beam is completely determined by the position and size of the
waist for a given wavelength and refractive index.

In these formulas it was assumed that the waist position z0 is at z = 0. In
other cases z has to be replaced by z → z − z0. The direction of the electric
field vector can point in any direction in the xy plane. It does not have any
component in the z direction.

The negative quadratic exponent produces the typical bell shape of the
electric field and intensity distribution in the xy plane (see Fig. 2.8):

|E|

Y

X

1 µm
E0

1
e

E0

w = 6.366 µmfocus

Y

X

1 µm

I0

1
e2 I0

I=|E| 2

w = 6.366 µmfocus

Fig. 2.8. Electric field (left) and intensity (right) distribution of a Gaussian beam
transverse to the propagation direction z (The graph represents the focus of a
parallel incident beam with a 5 mm diameter and 1.000 nm wavelength behind a
lens with a 5 cm focal length)
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2.4.3 Beam Characteristics and Parameter

Although the beam radius w(z) or diameter 2w(z) of Gaussian beams are
completely determined by the position zw0 and the size of the waist w0 plus
wavelength and material refractive index, some further parameters are helpful
for practical purposes.

2.4.3.1 Rayleigh Length zR

The Rayleigh length zR of a Gaussian beam is defined by:

Rayleigh length zR =
nπ

λ0
w2

0 =
|k|
2
w2

0 (2.70)

with wave vector k and refractive index of the material n. It can be used for
the simplification of (2.69) to the following form:

EA(z, r) =
|E0|

1− i
z

zR

e
− r2/w2

0
1−i(z/zR) (2.71)

and for the deviation of following formulas. At the Rayleigh length the beam
radius (and diameter) are increased by a factor of

√
2:

w(zR) =
√

2w0 (2.72)

compared to the waist value and thus the intensity is reduced by a factor of
2 at zR. At Rayleigh length distance from the waist the radius of curvature
of the wavefronts is minimal (see Eq. 2.77). Some examples for zR are given
in Table 2.5 (p. 33).

2.4.3.2 Beam Radius w(z)

The beam radius w(z) is defined as the radius where the electric field ampli-
tude is decreased to its 1/e value which is identical with the 1/e2 value for
the intensity of the beam. Here 86.5% of the whole power of the Gaussian
beam is contained inside the area A(z) with diameter 2w(z).

The dependency of EA(z) leads to the following function of the beam
radius w(z):

beam radius w(z) = w0

√
1 +

(
zλ0

w2
0nπ

)2

(2.73)

which can be written by using the Rayleigh length as:

w(z) =

√
λ

nπ

(
1 +

z2

z2
R

)
. (2.74)
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Fig. 2.9. Radius w(z) relative to the radius w0 at z = 0 of the electric field
amplitude (or intensity) of a Gaussian beam with a beam waist at zw = 0 as a
function of z/zR

This is a hyperbolic function around z = 0 with the minimum w0 at this
position and an almost linear increase of the beam radius at large distances
compared to the Rayleigh length zR (see Fig. 2.9).

This linear increase at large z can be described by the divergence angle
θ which will be discussed below. The Gaussian beam size for different beam
waist diameters and different wavelengths is given in Table 2.4 (p. 32) and
2.5 (p. 33).

2.4.3.3 Wave Front Radius R(z)

From (2.69) the shape of the phase fronts of the Gaussian beam can also be
derived. They have a spherical shape and their radius R(z) is given by:

wave front radius R(z) = z +
1
z

(
w2

0nπ

λ0

)2

(2.75)

or again by using the Rayleigh length zR:

R(z) = z

[
1 +

z2
R

z2

]
. (2.76)

This curvature reaches infinity at two positions: we observe exactly planar
wave fronts at the waist position z = 0 and for very large distances z to a
good approximation. For example, using an aperture of 3 mm diameter at
1 m distance from the waist for a beam with a Rayleigh length of 2 mm would
lead to a relative bend error of the wave front of 1.2 ·10−6. Planar waves may
be needed in photonic applications, e.g. for the production of holographic
gratings.

The curvature radius is minimal at the Rayleigh length zR position and
has a value of:

Rmin = R(zR) = 2zR (2.77)

Some further examples for the beam radius and the wave front curvature
of Gaussian beams as a function of the distance from the waist are given in
Table 2.4 (p. 32).
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Table 2.4. Beam radius w(z), wave front curvature radius R(z) and local diver-
gence θloc(z) of a Gaussian beam for different distances z from waist at z = 0
measured in Rayleigh lengths zR

z/zR w/w0 R/zR θloc/(w0/zR)

0 1 ∞ 0
0.25 1.045 3.3 0.316
0.5 1.118 2.5 0.447
0.75 1.202 2.16 0.555
1

√
2 2 1/

√
2

2
√

5 2.5 0.894
5 5.099 5.2 0.980
10 10.050 10.1 0.995
100 100.005 100.01 0.99995
∞ ∞ ∞ 1

The curvature radii of the wave fronts of the Gaussian beams determine
the curvature in the interaction zones especially in experiments with interfer-
ing beams. Values for Gaussian beams with different wavelengths are given
in Table 2.5 (p. 33).

The curvature of the wave front of any beam can be determined even
for complicated shapes using Shack-Hartmann wavefront sensors or similar
measurement schemes as described, for example, in [2.20–2.26].

2.4.3.4 Divergence Angle θ

For large distances l from the waist, positioned at z = 0 in our case, compared
to the Rayleigh length zR the Gaussian beam is expanding linearly. This
expansion can be described by the divergence angle θ:

divergence angle θ =
λ0

nπw0
=
w0

zR
(2.78)

From this equation the product w0θ can be calculated from the wavelength
λ0 and the refractive index n of the material. This product is called the beam
parameter product and describes the beam quality (see Sect. 2.7.5 (p. 62)
for more details). It is minimal for Gaussian beams in comparison to all
other beams which show a larger divergence for the same waist radius. Thus
the quality of a beam has to be measured by both the diameter and the
divergence.

Some values of the divergence of Gaussian beams in air with different
wavelengths and different beam waists are given in Table 2.5 (p. 33).

The local divergence θloc of the Gaussian beam changes during propaga-
tion along z. It is zero at the waist and maximum at the far-field:

θloc(z) =
dw(z)

dz
=

(λ/πn)2z

w0
√

(λ/πn)2z2 + w4
0

. (2.79)
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Table 2.5. Rayleigh length zR, divergence θ, beam diameter w (z = 0.1m) and
wave front curvature radius R (z = 0.1m) for Gaussian beams with different wave-
length λ and waist radius w0

λ w0 zR θ w (z = 0.1m) R (z = 0.1m)
(µm) (mm) (mrad) (mm) (m)

200 nm 10 1.57 6.37 0.636 0.100
100 157 0.637 0.119 0.347

1000 15 707 0.0637 1.000 2 468
500 nm 10 0.628 15.9 1.592 0.100

100 62.8 1.59 0.188 0.140
1000 6 283 0.159 1.000 395

1000 nm 10 0.314 31.8 3.184 0.100
100 31.4 3.18 0.333 0.101

1000 3 142 0.318 1.001 98.80
3 µm 10 0.10 95.5 95.493 0.100

100 10.5 9.55 0.960 0.101
1000 1 047 0.955 1.005 11.07

10 µm 10 0.031 318 31.831 0.100
100 3.14 31.8 3.185 0.100

1000 314 3.18 1.087 1.087

2.4.3.5 Complex Beam Parameter q(z)

By defining a complex beam parameter q(z) a very elegant method for cal-
culating the propagation of Gaussian beams was established [see e.g. M49]:

complex beam parameter
1
q(z)

=
1

R(z)
− iλ
πnw(z)2 (2.80)

where the wave front curvature radius R(z) and the beam radius w(z) are
combined in a complex vector analogous to the ray vector in Sect. 2.3.3
(p. 26). It can also be written as

q(z) = zwaist + izR (2.81)

with zwaist as the position of the beam waist and the Rayleigh length zR.

2.4.4 Beam Propagation with Ray-Matrices

ewindexbeam!propagation factorWith this complex beam parameter q(z) the
propagation of Gaussian beams can be calculated using the same matrices as
those in Sect. 2.3.4 (p. 27) and described in more detail in the next chapter
[2.28–2.32]. The propagation formalism is based on the total matrix for the
whole propagation range including all optical elements and all paths between
them. The four matrix elements will again be called a, b, c, d and the incident
beam will be indexed by i and the outgoing beam by o as shown in Fig. 2.10
(p. 34).



34 2. Properties and Description of Light

2w

R R

2w

a  b
c  d( )
M

i o

oi
Fig. 2.10. Definition
of incoming (left side)
and outgoing (right side)
Gaussian beam param-
eters together with the
total matrix M with ele-
ments a, b, c, d

Based on this definitions the beam parameter of the out coming beam
behind the optical system follows from:

beam propagation qo(wo, ro) =
qi(wi, Ri) · a+ b

qi(wi, Ri) · c+ d
(2.82)

From this complex beam parameter the physically relevant real values of
the beam radius wo and wave front radius Ro can be calculated by:

1
w2

0
= −πn

λ
Im

{
1
qo

}
(2.83)

1
Ro

= Re
{

1
qo

}
. (2.84)

Using computer programs for analytical calculations these solutions can
be derived easily. Thus the complicated calculation of propagation of the
diffraction-limited Gaussian beams through a large system of optical ele-
ments becomes very easy. Many non-Gaussian beams can be propagated in
a similar way as will be described in Sect. 6.6.9 (p. 412).

2.4.5 Determination of w0 and z0

The beam parameters wi and Ri are not always known for an existing Gaus-
sian beam, as e.g. for a laser beam. While the beam radius wi can be de-
termined easily (see Sect. 2.7.3, p. 57) the curvature radius is usually not
directly available. It changes for Gaussian beam with the local radius w(z)
as a function of z by:

R(z) =
1
2

w2n2π2

(z − z0)λ2

{
w2 +

√∣∣∣∣w4 − 4
λ2

n2π2 (z − z0)2

∣∣∣∣
}

(2.85)

with the waist position at z0 and wavelength λ. This formula could be used for
the modeling of measured propagation, but a simpler way results from several
measurements of wi(zi). These can be fitted numerically as w = f(z) using:

w(z) = w0

√
1 +

(
(z − z0)λ
w2

0nπ

)2

(2.86)

and thus w0 and z0 can be determined. With these values Ri(zi) can be
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calculated from:

Ri(zi) = (zi − z0) +
1

(zi + z0)

(
w2

0nπ

λ

)2

. (2.87)

Using these values of wi and Ri as input the further propagation of the Gaus-
sian beam can be calculated as described.

2.4.6 How to Use the Formalism

This calculation can even be simplified to straightforward computation by
using the following two formulas. With the substitution:

κ =
λ

πn
(2.88)

the general solution of the propagation of a Gaussian beam through an optical
system with the elements a, b, c, d of the total matrix is given by:

wout =

√
a2R2

inw
4
in + 2abRinw4

in + b2(κ2R2
in + w4

in)
R2

inw
2
in(ad− bc) (2.89)

and

Rout =
a2R2

inw
4
in + 2abRinw

4
in + b2(κ2R2

in + w4
in)

aRinw4
in(cRin + d) + b(cRinw4

in + d(κ2R2
in + w4

in))
(2.90)

Using these equations the beam size wout and the wave front curvature
Rout can be calculated directly without solving the complex beam parameter
equations. Only the total matrix has to be calculated. This can be done with a
spreadsheet computer program. Thus the beam propagation can be drawn as
w = f(z) if the four elements of the total matrix are calculated as a function
of the observation position a(z), b(z), c(z) and d(z) as will be shown in the
examples in Sect. 2.5.4 (p. 41) and the foci and divergence can be obtained
from these graphs.

In the case when the Gaussian beam has a different diameter and diver-
gence in two orthogonal directions x and y transversal to the propagation
direction z, these two parameter sets can be calculated separately. Thus the
propagation in the xz-plane and in the yz-plane can be computed by a sep-
arate set of beam parameters and matrices. The general case of astigmatic
beams cannot be solved analytically but special cases can be described (see
comments in Sect. 2.7.4, p. 60).

2.5 Ray Matrices

The following ray matrices can be used for theoretical propagation of simple
rays in the sense of geometrical optics or for the propagation of diffraction-
limited Gaussian beams described by their complex beam parameter as de-
scribed in Sects. 2.3.4 (p. 27) and 2.4.4 (p. 33) (see also [M49, M54, 2.27–
2.32]). The can also be used for many other beams as described in Sect. 6.6.9
(p. 412).
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2.5.1 Deriving Ray Matrices

Ray matrices can be derived by calculating the ray or beam parameters be-
hind the optical element using Maxwell’s equations or derived formulas and
comparing the coefficients of these equations with the matrix elements. As
the simplest example, free space propagation may serve.

z

wi

w'i

L

wo

w'o

Fig. 2.11. Ray propagation over length L in free space

In the simplest case of ray propagation in free space, as shown in Fig. 2.11,
the ray equations would be:

wo = wi + w′i · L
w′o = w′i (2.91)

and matrix multiplication:(
wo
w′o

)
=

(
a b
c d

)
·
(
wi
w′i

)
(2.92)

will lead to:

wo = awi + bw′

w′o = cwi + dw′ ⇒
[
a = 1 b = L
c = 0 d = 1

]
. (2.93)

Thus the matrix for any optical element can be developed as long as the
light path through these elements is reversible. Beam-cutting apertures can-
not be described by matrices with real elements but matrices with imaginary
elements can solve this problem in some cases.

The main advantage of using matrices for calculating the light propagation
is the easy recognition of many different optical elements. Therefore this
formalism can e.g. be used for the calculation of the transversal fundamental
mode shape in laser resonators (see Sect. 6.6).

2.5.2 Ray Matrices of Some Optical Elements

Matrices of frequently used optical elements are given in Table 2.6 (p. 37).
These matrices can be combined for complicated optical elements such as e.g.
thick lenses, multiple lens setups or laser resonators.
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Table 2.6. Matrices of frequently used optical elements

Free space of
length L

L
z z1 2

(
1 L
0 1

)

Planar interface
from refractive
index n1 to n2

n21n

( 1 0
0

n1

n2

)

Spherical inter-
face from refrac-
tive index n1 to
n2

with curvature R
diverging: R > 0

n R
1 n2

( 1 0
n2 − n1

n2R

n1

n2

)

Thin lens of focal
length f
converging: f > 0
diverging: f < 0

(
1 0
− 1
f

1

)

Spherical mirror
with curvature R

R

r
r1

2

(
1 0
− 2
R

1

)

Medium with
quadratic index
profile:

n = n0 − 1
2
n2r

2

and noutside = 1

w

z=o z=l

⎛
⎜⎜⎜⎝

cos
(
l

√
n2

n0

) √
1

n0n2
sin

(
l

√
n2

n0

)

−√n0n2sin
(
l

√
n2

n0

)
cos

(
l

√
n2

n0

)
⎞
⎟⎟⎟⎠

Gauss aperture

T (r) = T0e
− r

2

a2

a

a

(
1 0

− iλ
πa2

1

)

Ideal phase con-
jugating mirror
(PCM)

PCM

(
1 0
0 −1

)
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The most useful 4× 4 ray matrices are:

• free space length L:⎛
⎜⎝

1 0 L 0
0 1 0 L
0 0 1 0
0 0 0 1

⎞
⎟⎠ (2.94)

• spherical interface from refractive index n1 to n2 with curvature R (R > 0:
diverging):⎛

⎜⎜⎜⎜⎜⎝
1 0 0 0
0 1 0 0

n2 − n1

n2R
0

n1

n2
0

0
n2 − n1

n2R
0

n1

n2

⎞
⎟⎟⎟⎟⎟⎠ (2.95)

• lens with focal length f (f > 0: converging):⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0
0 1 0 0

− 1
f

0 1 0

0 − 1
f

0 1

⎞
⎟⎟⎟⎟⎟⎠ (2.96)

• cylindrical lens with focal length fx (fx > 0: converging) in the x direction
(see Fig. 2.6, p. 27):⎛

⎜⎜⎜⎝
1 0 0 0
0 1 0 0

− 1
fx

0 1 0

0 0 0 1

⎞
⎟⎟⎟⎠ (2.97)

• cylindrical lens with focal length fy (fy > 0: converging) in the y direction
(see Fig. 2.6, p. 27):⎛

⎜⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0

0 − 1
fy

0 1

⎞
⎟⎟⎟⎠ (2.98)

• optical element with matrix M rotated in the xy plane clockwise towards
z by angle φ:⎛

⎜⎜⎝
sinφ − sinφ 0 0
sinφ cosφ 0 0

0 0 cosφ − sinφ
0 0 sinφ cosφ

⎞
⎟⎟⎠ ·M ·

⎛
⎜⎜⎝

cosφ sinφ 0 0
− sinφ cosφ 0 0

0 0 cosφ sinφ
0 0− sinφ cosφ

⎞
⎟⎟⎠

(2.99)



2.5 Ray Matrices 39

The small tilt of lenses can be considered by using an effective focal length.
The tilt angle may be θ as defined in Fig. 2.12.

z

y

x

θ

Fig. 2.12. Tilted thin lenses can be
calculated with effective focal lengths

Tilting of a thin lens with focal length f around the y axis as in the figure
decreases the effective focal length fx for rays and beam dimension in the xz
plane (sagittal) and increases the effective focal length fy for rays and beam
dimension in yz plane (tangential) as:

fx = f cos θ effective focal length fx (2.100)

and

fy =
c

cos θ
effective focal length fy (2.101)

With these effective focal lengths the elements of the matrices of thin
lenses can be modified considering the otherwise complicated calculation.

The 4 × 4 matrices for the tilted spherical interface and the tilted thin
lens are:

• tilted spherical interface (analogous to Fig. 2.12) from refractive index n1
to n2 with curvature R (R > 0: diverging):⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
cos ξ
cos θ

0 0
n1 cos θ − n2 cos ξ

n2R
0

n1

n2
0

0
n1ξ − n2 cos θ
n2R cos ξ cos θ

0
n1 cos θ
n2 cos ξ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(2.102)

with

ξ = arcsin
(
n1

n2
sin θ

)
(2.103)
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• tilted thin lens (see Fig. 2.12, p. 39) with focal length f (f > 0: converging):⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0
0 1 0 0

− 1
f cos θ

0 1 0

0 −cos θ
f

0 1

⎞
⎟⎟⎟⎟⎟⎠ (2.104)

2.5.3 Light Passing Through Many Optical Elements

If light passes n optical elements as, e.g. a sequence of lenses, all lenses and
the distances between them have to be recognized by one matrix Mi each
(see Fig. 2.13).

z

M1 M2 M3 Mnw

w'
w

w'

R

w

out

out

out

in

in

in
Rout

win

Fig. 2.13. Light passing through a sequence of optical elements described by their
matrices Mi

The total matrix is then simply given by the product of all these matrices
in the right order:

Mtotal = Mn ·Mn−1 · · · · ·M2 ·M1 (2.105)

It should be particularly noted that the passed optical element first, with
the matrix M1, is the last one to be multiplied as given in this formula. The
wrong order in this multiplication will lead to a false result.

Reflecting light with planar or spherical mirrors will change the direction
of propagation. Thus the direction of the z axis has to be flipped for correct
use of the signs of all further components.
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2.5.4 Examples – Lenses

This handy method for calculating beam propagation through optical systems
will be illustrated with a few examples.

2.5.4.1 Focusing with a Lens in Ray Optics

In geometrical optics all incident rays parallel to the optical axis will be
focused perfectly by a lens to the focal point at the optical axis (Fig. 2.14).

L=?

w' = 0i

wi

Fig. 2.14. Focusing parallel rays with a lens

Using the ray matrices for the thin lens with the focal length f and the
path L the resulting beam is given by:(

wo
w′o

)
=

(
1 L
0 1

)
·
(

1 0
−1/f 1

)
·
(
wi
w′i

)

=

⎛
⎜⎝ 1− L

f
L

− 1
f

1

⎞
⎟⎠ · (wi

w′i

)
(2.106)

with w′i = 0

wo = 1− L

f
and w′o = − 1

f
, (2.107)

wo = 0 leads to L = f as expected.
It should be noted that with more explicit ray trace calculations based on

geometrical optics the focusing of a lens can also be calculated for nonparaxial
rays. An example is given in Fig. 2.15 (p. 42).

From this example it can be seen that plano-convex lenses should be used
as shown at the left side of the figure with the curved side to the planar wave
front for smaller focusing errors. Biconvex lenses shall be used if short focus-
ing is required as, e.g., in 1:1 imaging or for small spot sizes. For very small
spot sizes of a few µm as, e.g., in scanning microscopy or fiber coupling as-
pheric lenses are necessary. Using biconcave lenses strongly diverging beams
can be produced. In high power laser systems they may be damaged by high
intensities from the backscattered/reflected light. Meniscus lenses consisting
of two equally curved surfaces with slightly different radius can be build as
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10 mm 10 mm
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m

Fig. 2.15. Focusing a beam calculated with a ray tracing computer program based
on geometrical optics showing the quality of focusing for nonparaxial beams and
using a plano-convex lens in two possible ways. The diameter of the beam was
22.5mm and the focal length of the lens 50mm. The left arrangement should be
applied for better focusing

converging or diverging lenses with very long focal lengths of many meters.
Cylinder lenses show all the same properties but in one direction, only. For
small imaging errors lens systems have to be applied. These systems can con-
tain more than 15 single lenses of different materials. Anti-reflection coating
is necessary not to have reflection losses and ghost images from the Fresnel
reflection at the lens surfaces (see Sect. 3.5). For high power laser applications
these lens systems have to especially certified.

2.5.4.2 Focusing a Gaussian Beam with a Lens

If focusing is calculated for a diffraction-limited (Gaussian) beam, the beam
parameter behind the lens has to be calculated from:

qout =
(1− L/f)qlens + L

(−1/f)qlens + 1
(2.108)

with the definition for qi from (2.80). The solution of this equation can be
simplified by using a planar wave front for the incident beam at the lens with
1/Rlens = 0 and a beam radius wlens. The beam will then show its waist at
a distance of the focal length. The q parameter behind the lens is, with this
assumption, given by:

1
q0

=
κ2f2L− w4

lens(f − L)
κ2f2L2 + w4

lens(f − L)2 − i
κf2w2

lens

κ2f2L2 + w4
lens(f − L)2 (2.109)

with κ = λ/πn as defined in (2.88). The beam radius at the waist wwaist
follows to:

wwaist =
fλ

wlensπn
(2.110)

which shows a reciprocal dependency of the waist diameter on the size of the
incident beam in agreement with the above-mentioned properties of Gaussian
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beams. Shorter focal length as well as larger beam radius in front of the lens
result both in larger divergence of the focused beam and thus the constant
beam parameter product of the Gaussian beam results in a smaller beam
radius in the focus. From this formula the minimum possible beam diameter
can be derived using the maximum possible divergence and obviously smaller
wavelengths produce smaller foci.

This solution can be derived more easily from (2.89) by applying the
matrix elements and the assumptions of 1/Rlens = 0 and L = f .

For additional effects in focusing beams, especially of very short pulses,
see [2.33–2.40]. In this case the dispersion of the lens may cause additional
wave front distortions. The lens diameter can be smaller than the beam di-
ameter and thus diffraction may occur. The resulting effects are described in
Sect. 3.9.2 (p. 132) and the references therein.

2.5.4.3 Imaging with Two Lenses

For imaging an object Gaussian beam with two lenses as in a telescope, five
matrices are necessary as shown in Fig. 2.16.

The resulting total matrix for the beam propagation of this example is
given by:

M=
1

f1f2

⎛
⎜⎝
[
f1(f2 − p1 − p2)−
−f2p1 + p1p2

] [
f1(f2(p1 + p2 + px)− px(p1 + p2))−

−p1(f2(p2 + px)− p2px)

]
f1 + f2 − p2 f1(f2 − px)− f2(p2 + px) + p2px

⎞
⎟⎠

(2.111)
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Fig. 2.16. Imaging an object beam with two lenses – calculation with ray matrices
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with the values as defined in Fig. 2.16 (p. 43). As can be seen from this figure
the beam parameter product is constant and the divergence of the out going
beam is reduced as the diameter is increased.

2.5.4.4 Focal Length of Thin Spherical Lenses

Using the matrices of spherical interfaces between air with the refractive
index of approximately one and glass with the refractive index n the focal
length f of spherical lenses can be calculated as a function of the curvature
R of the glass.

For a biconvex lens with curvature radius R at both sides:

biconvex lens f =
1

2(n− 1)
R (2.112)

which leads for BK7 glass with a refractive index of n = 1.5067 at a wave-
length of 1064 nm to a relation of R = (1.0134 · f) for this type of lens.

For a plano-convex lens:

plano-convex lens f =
1

n− 1
R (2.113)

which results again for BK7 glass, in R = (0.5067 · f). This curvature radius
allows an estimation of the maximum diameter of such a lens, which cannot
be larger than twice the curvature radius. For compensation of lens errors
an astigmatic lens surface is necessary. This defines the maximum divergence
angle and thus the minimum focus diameter, as described above.

2.6 Describing Light Polarization

The quantum eigenstates of the spin of a single photon are +� or −� resulting
in a left or right circular polarization. Nevertheless, the single photon can be
prepared with polarizers in mixed states of the spin which can be eigenstates
of the polarization as linearly or elliptically polarized. The superposition of
many photons can lead to linear, circular, elliptical or nonpolarized light
beams. The polarization of the applied light can essentially determine the
properties of the nonlinear interaction in nonlinear spectroscopy and photonic
devices.

The light polarization can be changed by conventional optical elements,
sometimes unintentionally. This can as occur, for example, e.g. which via the
polarizing effect of Fresnel reflection if beam splitters via Fresnel reflection
are set into the beam not under the normal incidence angle. Angles of less
than 10 to 15 deg result in very small depolarization effects as described in
Sect. 3.5.1 (p. 114) and the figures there and are therefore usually not crucial.
Nevertheless the polarization can be changed by conventional optical elements
as, e.g. which beam splitters via Fresnel reflection. Thus the polarization has
to be analyzed carefully.
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The polarization properties can be determined by considering each opti-
cal component using Fresnel’s formula (see Sect. 3.5.1, p. 114) and all other
material influences such as permanent and induced optical anisotropy, bire-
fringence and optical activity.

In more complex cases the use of the following matrix formalism may be
helpful. It allows the global calculation of the polarization of the light beam
as a function of the polarization of the incident light described by Jones or
Stokes vectors and the polarization properties of the optical components in
the beam described by Jones or Mueller matrices.

The two-element Jones vectors and 2×2 Jones matrices are sufficient for
completely polarized light. With the four-element Stokes vectors and 4 × 4
Mueller matrices the nonpolarized component of the light can be considered
in addition. For more details see [2.41–2.56].

2.6.1 Jones Vectors Characterizing Polarized Light

For the description of linear, circular or elliptical polarized light with Jones
vectors, Cartesian coordinates are assumed with z axis pointing in the beam
propagation direction (see Fig. 2.17).

x

y

z
E

Ex

Ey
Fig. 2.17. Components of the electric light
wave field at a certain moment

The components of the electrical field vector E(z, t) at a certain position
z and a certain time t are Ex(z, t) and Ey(z, t) as shown in the figure. The
further temporal and spatial development of these components is a function
of the polarization of the light beam.

In the case of elliptical polarized light, these components can be described
by:

Ex(z, t) = E0,x ei(2πνt−kz+ϕx) (2.114)

Ey(z, t) = E0,y ei(2πνt−kz+ϕy) (2.115)

and by using the total amplitude of the electric field E0:

E0 =
√
E2

0,x + E2
0,y (2.116)
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If the phase difference between the x and the y component is ϕx − ϕy = mπ
the light will linearly polarized. In this case the linear polarization of this
light beam can be described by the Jones vector J of linear polarized light:

J =
1
E0

(
E0,x eiϕx

E0,y eiϕy

)
(2.117)

or with:

δ = ϕy − ϕx (2.118)

and ϕx = 0 follows:

J =
1
E0

(
E0,x
E0,y eiδ

)
(2.119)

For some common polarization of light beams the Jones vectors are col-
lected in Table 2.7.

For obtaining the polarization of superimposed light beams these vectors
can be added after multiplying by the amplitude of the electric field.

Thus, e.g. the sum of right circular and left circular polarized light of the
same intensity results in:

E0,sum =
E0√

2

(
1

+i

)
+
E0√

2

(
1
−i

)
=

2E0√
2

(
1
0

)
(2.120)

which represents linearly polarized light with twice the intensity of each single
beam.

Table 2.7. Jones vectors for some common light beam polarizations

Linear polarized: x direction

x

y
(

1
0

)

Linear polarized: y direction

x

y
(

0
1

)

Linear polarized: θ direction

x

y

θ

(
cos θ
sin θ

)
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Table 2.7. Continued

Left circular polarized
(viewing into beam)

x

y 1√
2

(
1
−i

)

Right circular polarized
(viewing into beam)

x

y 1√
2

(
1
i

)

Left elliptical polarized
(axis parallel x and y axis)

x

y
E

E

0,y

0,x

1
E0

(
E0,x

−iE0,y

)

Right elliptical polarized
(axis parallel x and y axis)

x

y
E

E

0,y

0,x

1
E0

(
E0,x

+iE0,y

)

Elliptical polarized with:
E0,yr = E0,y cos δ
E0,yi = E0,y sin δ

θ

ε

x

y

E0,y

E0,xE0,b

E0,a

1
E0

(
E0,x

E0,yr + iE0,yi

)

tan 2θ =
2E0,xE0,y cos δ
E2

0,x − E2
0,y

tan ε =
E0,b

E0,α

sin 2ε =
2E0,xE0,y sin δ
E2

0,x + E2
0,y
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2.6.2 Jones Matrices of Some Optical Components

Using the Jones matrices the change of polarization properties for polarized
light passing optical elements can be calculated. Such a matrix for any optical
element can be determined from the comparison of their matrix elements with
the result of a separate calculation analog as it was shown for ray matrices
in Sect. 2.5.1 (p. 36). The Jones matrices of some common optical elements
are given in Table 2.8 (p. 48):

Table 2.8. Jones matrices for some common optical elements

Polarizer in x direction

x

y
(

1 0
0 0

)

Polarizer in y direction

x

y
(

0 0
0 1

)

Polarizer 45◦

x

y 1√
2

(
1 1
1 1

)

Polarizer −45◦

x

y 1√
2

(
1 −1
−1 1

)

Phase delay

x

y

ϕxϕy

(
eiϕx 0
0 eiϕy

)

Quarter-wave plate, fast axis
in x direction

x

y

λ /4
eiπ/4

(
1 0
0 −1

)
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Table 2.8. Continued

Quarter-wave plate, fast axis
in y direction

x

y

λ / 4
e−iπ/4

(
1 0
0 −1

)

Half-wave plate, fast axis
in x direction

x

λ /2
eiπ/2︸ ︷︷ ︸

=i

(
1 0
0 −1

)

Half-wave plate, fast axis
in y direction

x

y

λ /2

e−iπ/2︸ ︷︷ ︸
=−i

(
1 0
0 −1

)

Rotator: angle β

x

y

β

(
cosβ +sinβ
− sinβ cosβ

)

For a Faraday rotator the rotating angle β can be given as a function of
the magnetic field strength H in the direction of the light wave vector k/k
and the length of the material used Lrotator:

Faraday rotator β = CverdetHLrotator (2.121)

using the Verdet constant Cverdet. This material constant is about 2.2◦/Tesla
cm for water, 2.7◦/Tesla cm for phosphate glass, 2.8◦/Tesla cm for quartz,
5.3◦/Tesla cm for flint glass, 7.1◦/Tesla cm for CS2 and 40◦/Tesla cm or
77◦/Tesla cm for the Terbium-doped glass or GGG, respectively. Terbium-
Gallium-Granat (TGG) shows twice the rotation as the doped glass and has
the additional advantages of half the absorption and 10-times higher ther-
mal conductivity. The refractive index of this promising material is 1.95 at
1064 nm. Thus 45◦ rotation can be realized with lengths of a few centimeters
and strong permanent magnets or electrical coils.
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2.6.3 Stokes Vectors Characterizing Partially Polarized Light

Light which is only partially polarized, meaning it is mixture of polarized
light as described in the previous section and of nonpolarized light, can be
described by the Stokes vector S with the four elements S0 = 1, S1, S2, and
S3.

Stokes vector S =

⎛
⎜⎝

1
S1
S2
S3

⎞
⎟⎠ . (2.122)

The components of the Stokes vector have the following meaning:

S1 =
E2

0,x − E2
0,y

E2
0,x + E2

0,y
(2.123)

represents the reduced difference of the observable intensities linearly polar-
ized in the x and y direction and

S2 =
2E0,xE0,y cos δ
E2

0,x + E2
0,y

(2.124)

describes the reduced difference of the observable intensities linearly polarized
in 45◦ and −45◦ direction, whereas

S3 =
2E0,xE0,y sin δ
E2

0,x + E2
0,y

(2.125)

is the reduced difference of right or left circularly polarized light. The degree
of polarization p of partially polarized light with the nonpolarized component
Inonpol and the polarized component Ipol is observed from:

degree of polarization p =
Ipol

Ipol + Inonpol
(2.126)

which can be calculated from the Stokes vector by:

p =
√
S2

1 + S2
2 + S2

3 . (2.127)

The Stokes vectors for some polarizations of a light beams are given in
Table 2.9 (p. 51).

In combination with the Mueller matrices the change in the polarization
especially the degree of polarization can be calculated for light beams prop-
agating through optical elements.
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Table 2.9. Stokes vectors for some typical light polarizations

Polarized in x direction

x

y
⎛
⎜⎝

1
1
0
0

⎞
⎟⎠

Polarized in y direction

x

y
⎛
⎜⎝

1
−1
0
0

⎞
⎟⎠

Polarized 45◦

x

y
⎛
⎜⎝

1
0
1
0

⎞
⎟⎠

Polarized −45◦

x

y
⎛
⎜⎝

1
0
−1
0

⎞
⎟⎠

Left circular polarized
(viewing into beam)

x

y
⎛
⎜⎝

1
0
0
−1

⎞
⎟⎠

Right circular polarized
(viewing into beam)

x

y
⎛
⎜⎝

1
0
0
1

⎞
⎟⎠

Left elliptical polarized

tan ε =
b

a

y

x

a
b θ

⎛
⎜⎝

1
cos 2ε cos 2θ
cos 2ε sin 2θ

sin 2ε

⎞
⎟⎠

Nonpolarized

x

y
⎛
⎜⎝

1
0
0
0

⎞
⎟⎠
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2.6.4 Mueller Matrices of Some Optical Components

Mueller matrices are useful for the calculation of the polarization properties
for partial polarized light passing optical elements [2.41, 2.42, 2.48–2.56]. A
collection of Mueller matrices for some common optical elements is given in
Table 2.10:

Table 2.10. Mueller matrices for some common optical elements

Polarizer in x direc-
tion

x

y
1
2

⎛
⎜⎝

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎠

Polarizer in y direc-
tion

x

y
1
2

⎛
⎜⎝

1 −1 0 0
−1 1 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎠

Polarizer 45◦

x

y

1
2

⎛
⎜⎝

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

⎞
⎟⎠

Polarizer −45◦

x

y
1
2

⎛
⎜⎝

1 0 −1 0
0 0 0 0
−1 0 −1 0
0 0 0 0

⎞
⎟⎠

Polarizer
Θ ∈ [0,90◦]

x

y

Θ

1
2

⎛
⎜⎝

1 cos 2Θ sin 2Θ 0
cos 2Θ cos2(2Θ) cos 2Θsin 2Θ 0
sin 2Θ cos 2Θ sin 2Θ sin2(2Θ) 0

0 0 0

⎞
⎟⎠

Quarter-wave plate:
fast axis in x direc-
tion

x

y

λ /4

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 −1 0

⎞
⎟⎠
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Table 2.10. Continued

Quarter wave plate:
fast axis in y direction

x

y

λ / 4
1
2

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎠

Half-wave plate: fast
axis in x or y direction

x

λ /2 1
2

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞
⎟⎠

2.6.5 Using the Formalism

If a light beam passes n optical elements 1, 2, . . . , n with the Jones or Mueller
matrices M1,M2, . . . ,Mn the polarization of the outgoing beam can be cal-
culated from these matrices and the polarization of the incident beam by:

Jout = Mn · · · · ·M2 ·M1 · J in (2.128)

or

Sout = Mn · · · · ·M2 ·M1 · Sin (2.129)

respectively. Please note the order of multiplication of the matrices analogous
to the rule for ray matrices. Of course no matrices have to be used for free
space propagation in contrast to the case of ray matrices.

The resulting Jones or Stokes vectors determine the polarization proper-
ties of the beam behind these elements with respect to the kind of polarization
and, in case of Stokes vectors, also with respect to the degree of polarization
as a function of the polarization of the incident beam.

2.7 Light Characteristics

Light beams have to be described by their spatial, spectral, temporal and po-
larization distributions and in addition the coherence properties have to be
considered. As fundamental limits beams can be diffraction and bandwidth
limited, linearly polarized and coherent. Usually these limits are not reached
or even required in applications. Thus for practical purposes these distribu-
tions have to be covered by a suitable number of parameters. In nonlinear
optics usually all parameters have to be checked carefully for their influence
on the application. Thus a detailed discussion about these parameters and
their measurement seems neccessary.
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2.7.1 Power, Energy and Number of Photons

As shown in Sect. 2.1.3 (p. 17) the light intensity I is a function of the space
vector r, wavelength λ, time t and polarization angle ϕ. It can be determined
by measuring the power or energy of the light. With nonlinear spectroscopic
methods the direct measurement of the number of photons is possible in
principle, e.g. via a photochemical reaction or nonlinear absorption [2.57,
2.58], but usually commercially calibrated devices are used as power meters
for continuously operating light sources and energy meters for pulsed light
[2.49, 2.60]. The light power P is related to the intensity by:

P =
∫ ∫ ∫

Ipulse(r, λ, ϕ) dϕ dλ dr (2.130)

and the energy of a light pulse Epulse is the integral over all these distribu-
tions:

Epulse =
∫ ∫ ∫ ∫

Ipulse(r, λ, ϕ, t) dt dϕ dλ dr. (2.131)

With the average photon energy Ephoton, which can be used in the case
of narrow spectral distributions and calculated from the average wavelength
λphoton, the number of photons in the light pulse can be calculated:

number of photons nphotons =
Epulse

Ephoton
=
λphoton

hc
Epulse. (2.132)

For example, a light pulse of 1 mJ energy and an average photon en-
ergy corresponding to a wavelength of 500 nm which represents a photon
energy of 4 · 10−19 J contains 2.5 · 1015 photons. A continuous stream of
2.5 · 1015 photons s−1 at this wavelength would have a power of 1 mW.

2.7.2 Average and Peak Power of a Light Pulse

The average power P pulse within a light pulse results from its energy Epulse
and a characteristic pulse width ∆tpulse:

average power P pulse =
Epulse

∆tpulse
. (2.133)

The most useful definition of the pulse width ∆tpulse depends on the ex-
ponent of the nonlinearity of the problem which should be described (see
Table 2.11, p. 56). For linear interactions as in conventional optics this defi-
nition is not crucial as long as the conservation of energy is not violated and
this is secured by Eq. (2.134). If the pulse power is measured as a function
of time P (t) the pulse width ∆tpulse can be numerically determined by the
second moment of this temporal profile for any pulse shape:

pulse width ∆t2pulse = 8 ln 2

∫
pulse

(t− t0)2P (t) dt∫
pulse

P (t) dt
. (2.134)
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with the factor 8 · ln 2 � 5.55 and the total pulse energy Epulse as the integral
over the whole temporal structure:

pulse energy Epulse =
∫

pulse
P (t) dt (2.135)

and the time of the temporal pulse center t0:

t0 =

∫
pulse

tP (t) dt∫
pulse

P (t) dt
. (2.136)

These definitions are useful for any pulse shape and are sufficient for linear
optical problems.

Assuming a Gaussian temporal profile (see Fig. 2.18) the pulse width can
be measured as the full width at half maximum power (FWHM) which is
twice the half width half maximum (HWHM).

I(t)
Imax

1

∆tFWHM

0.5

t 0 t
Fig. 2.18. Temporal Gaussian
pulse with characteristic times

If the pulse shape is described by:

Gauss pulse P (t) = Pmax · exp
(
− (t− t0)2

σt

)

= Pmax · exp
(
− (t− t0)24 ln 2

∆t2FWHM

)
(2.137)

then the pulse width ∆tpulse can be chosen equal to ∆tFWHM:

∆tpulse = ∆tFWHM,Gauss. (2.138)

The peak power Pmax of the pulse with Gaussian shape follows with this
definition from its energy Epulse on:

peak power Pmax = 2

√
ln 2
π

Epulse

∆tFWHM
� 0.939

Epulse

∆tFWHM
. (2.139)
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As an example for a pulse with an energy of 1 mJ and a width of
∆tFWHM = 10 ns which corresponds to an optical path length of 3 m the
average power would be 100 kW and the peak power is 93.9 kW. The defini-
tion of the pulse width as the full width half maximum (FWHM) value leads
in case of the Gaussian pulse shape to an artificial “average power” slightly
larger than the peak power of the pulse. Nevertheless, the FWHM definition
is very easy to practice and for linear interactions the value of the light power
is not important as long as the energy is conserved. The product of the pulse
width ∆tFWHM and this average power corresponds to the integral over the
Gaussian pulse and results exactly in the total energy of the pulse. If nonlinear
interactions are designed this problem has to be treated in a more specific way.

Therefore in nonlinear optics the pulse width ∆tpulse and thus the average
power can be adapted to the nonlinearity of the problem. During ∆tFWHM
centered around t0, 76.1% of the whole energy of the pulse is transported.
The power of a flat-top profile pulse PFT with the original energy and this
length would be 1.0645 times Pmax. Other values are given in Table 2.11.

Table 2.11. Relations of power P (t0 − ∆tpulse/2), power PFT during ∆tpulse and
energy E(∆tpulse) during ∆tpulse relative to the peak power Pmax and the total
energy Epulse,tot for Gaussian pulses. The NLP-exponent describes the nonlinear
process which is correctly described by Paverage

∆tpulse/∆tFWHM P (t0 − ∆t/2)/Pmax PFT(∆t)/Pmax E(∆t)/Epulse,tot NLP-exp

1.505 0.2079 1/
√

0.7071 0.8514 2
1.401 0.2566 0.7598 0.8366 3
1.201(= σt) 1/e � 0.3679 0.8862 0.8031 11
1.065 0.4559 1 0.7755 ∞
1 0.5 1.0645 0.7610 –
0.5 0.8409 2.1289 0.5949 –

As listed in the table the choice of ∆tpulse/∆tFWHM equal to 1.505 and
1.401 for a substituting flat-top pulse is useful for quadratic or cubic nonlinear
optical effects, respectively (see Chap. 4 and 5).

For quasi-continuous radiation (qcw) consisting of a series of pulses with
a certain on/off relation the average power during the single pulse and the
average power over the whole series have to be differentiated.

Measuring the pulse width of very short laser pulses can be very compli-
cated. Some examples are described in Sects. 5.5 and 7.1.5 (p. 541). Down
to pulse widths of about 100 ps electronic devices such as oscilloscopes and
boxcar-integrators can be used. Streak cameras can be applied for pulses of
a few picoseconds. Below a few picoseconds nonlinear measurements are the
only possibility. They usually do not allow the determination of the pulse
shape.
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2.7.3 Intensity and Beam Radius

In most nonlinear optical applications the intensity of the light (see (2.27),
(2.28) and (2.49)) is the most characteristic parameter. The intensity is usu-
ally the “driving force” of the nonlinear process via the pump rates or the
field strength. The number of photons per area and time produces excitations
which decay with the time rates of the material relaxation processes.

The average intensity I for a light beam can be determined from its
average power P and the characteristic area A by:

average intensity I =
P

A
. (2.140)

The characteristic beam cross-section A can be determined from measur-
ing the spatial power distribution P (x, y) e.g. with a CCD camera, by:

cross-section A
2

=

∫
A

∫
(x− x0)2(y − y0)2Iuncal(x, y) dxdy∫

A

∫
Iuncal(x, y) dxdy

(2.141)

with the first momentum of x0 and y0 as:

x0 =

∫
A

∫
xIuncal(x, y) dxdy∫

A

∫
Iuncal(x, y) dxdy

and y0 =

∫
A

∫
yIuncal(x, y) dxdy∫

A

∫
Iuncal(x, y) dxdy

(2.142)

describing the average or center position of the beam in x and y direction.
In the case of pulsed light the power P (x, y) has to be temporally averaged

as described in the previous chapter. For rotation-symmetric light beams a
characteristic beam radius wbeam can be defined as:

beam radius w2
beam =

2
∫
r3Iuncal(r) dr∫
rIuncal(r) dr

(2.143)

assuming the beam is centered at r = 0.
In the case of Gaussian beam shapes as described in Sect. 2.4.2 (p. 29) the

beam radius is given at the 1/e2 value of the intensity or the 1/e value for the
electric field amplitude. The transversal intensity distribution is given by:

IGauss(r, z) = I0
w2

0

w2(z)
e
−2

(
r

w(z)

)2

(2.144)

with I0 as the peak intensity at r = 0 and z = 0 and w(z) as the beam diam-
eter changing with propagation in the z direction as described in Sect. 2.4.4
(p. 33).

The full width half maximum value of the beam diameter dFWHM (see
Fig. 2.8, p. 29) follows from the radius w(z) of (2.144) as:

beam diameter (FWHM) dFWHM(z) =
√

2 ln 2w(z) ≈ 1.177w(z) (2.145)

Inside the beam radius w(z) or beam diameter d1/e2(z) = 2w(z) �= dFWHM(z),
86.5% of the whole beam power is obtained whereas, inside rFWHM or
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dFWHM = 2rHWHM, 75% occur for Gaussian shaped beams. The two-
dimensional Gaussian curve of the plane cut through the maximum of the
three-dimensional intensity distribution contains 95.4% of the whole area in-
side the radius w(z).

If e.g. two identical beams with the beam radius w0 are separated transver-
sally by a distance Lcenter between their maxima the beam waist wcomb of
the new resulting beam profile in the direction of the separation is given by:

beam radius of separated beams: wcomb =

√
w2

0 +
(
Lcenter

2

)2

(2.146)

This results in about w0 if Lcenter is very small compared to w0 and in about
Lcenter/2 if Lcenter is very large compared to w0 as expected.

The transversal intensity distribution of a super-Gaussian beam is given
by:

super-Gaussian beam

ISuperGauss(r, z) = I0,SG(z) e
−2

(
r

w(z)

)m
(2.147)

with the even super-Gauss exponent m ≥ 2 realizing a Gaussian profile for
m = 2. For values above m = 50 an almost flat-top profile is found as shown
in Fig. 2.19.

The beam radius can be determined from (2.143) or by analogy to the
Gaussian-shaped distribution at the 1/e2 value of the intensity. The power
contents inside these radii will be different.

For theoretical modeling of nonlinear processes the transversal Gaussian
beam shape may be approximated by a beam with a flat-top intensity profile
with intensity IFT and beam radius wFT. In this case the flat top should rep-
resent the same energy content as the original beam. The radius of this cylin-
drical beam shape can be selected for different values wFT and the intensity
IFT will vary, accordingly. If the radius is equal w0 of the Gaussian beam the
flat-top intensity will than be I0/2. If the nonlinear process is quadratically

-2 -1 0 1 2
0.0
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Fig. 2.19. Spatial intensity
profile of a super-Gaussian
beam shape for exponents m
of 2, 4, 6, 10, 50 and 100.
For m values of more than 50
an almost flat-top profile is
found
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Table 2.12. Relations of the intensity IFT of a flat-top beam with the same energy
as a Gaussian beam as a function of the radius of this beam wFT in comparison of
the intensity I(wFT) and the energy E inside wFT for the Gaussian beam relative
to the peak intensity Imax and the total energy Etot of the Gaussian beam. The
NLP-exponent describes the nonlinear process which is correctly described by the
flat-top beam with wFT and IFT

wFT/w0 IFT/Imax I(wFT)/Imax E(wFT)/Etot NLP-exp

0.5 2 0.606 0.394
0.589 1.694 0.5 0.5
0.707 1 0.368 0.632 ∞
0.93 0.577 0.177 0.823 3
1 0.5 0.135 0.865 2

dependent on the intensity this flat top would produce the same effect as the
Gaussian beam. If the nonlinear process depends on the third power the flat-

top intensity should be I0/
√

3 resulting in a radius of w0 ·
√√

3/2 = w0 ·0.93.
For a flat-top intensity equal to I0 the corresponding diameter is equal to
w0/
√

2. These results are summarized in Table 2.12.
The beam profile and beam radius can be measured via different methods

[see, for example, 2.61–2.84]. One way for determining the beam radius is
the knife edge method [2.66–2.68]. A sharp edge, such as, e.g. a razor blade,
is moved across the beam cross-section and the transmitted relative power
Pkn or energy Ekn is measured as a function of the coordinates x and y. The
signal Ekn(x/y) will change from 0 to Emax as shown in Fig. 2.20.

0 2 4 6 8 10
0.0
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E
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/E
m
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Knife position (mm)

T = 16 % 

T = 84%
w = 3.4 mm

Fig. 2.20. Pulse energy signal Pkn of a Nd:YAG laser measured with the knife edge
method as a function of the coordinates x (or y) perpendicular to the propagation
of a Gaussian beam for determining the beam radius
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The coordinate difference between the 16% and 84% value of the measured
power Pkn or energy Ekn gives the beam radius in this direction for 86.5%
power content of the Gaussian beam and this value is identical with the 1/e2

intensity radius w0. For non Gaussian beams corrections may be necessary.
Details are described in [2.80].

2.7.4 Divergence

The divergence of the light beam is measured as the angle θ describing the
approximately linear increase of the beam radius w at large distances (far-
field) from the beam waist (see Fig. 2.21).

θ
z

w

w

1

z z

w

1 2

2

Fig. 2.21. Divergence angle
θ of light beam

This divergence angle θ can be determined experimentally by measuring
the beam radius w1 and w2 at two different distances z1 and z2 from the
waist as shown in Fig. 2.21:

θ =
w2 − w1

z2 − z1
. (2.148)

For an accuracy of better 98% a minimal distance of five times the
Rayleigh length (see Sect. 2.4.3, p. 30) is necessary and 10 times this dis-
tance would lead to an accuracy of 99.5% for Gaussian beams.

Another possibility of determining θ is to measure the beam waist diam-
eter in the focal plane behind a focusing lens with focal length flens as shown
in Fig. 2.22 (p. 61).

The divergence angle can be determined from the focal length f and the
diameter dfocus in the focal distance of the lens by:

θ =
wfocus

f
=
dfocus

2f
. (2.149)

Sometimes the full angle 2θ is called the divergence, which can cause
confusion. In any case the divergence is minimal for Gaussian beams and the
angle θ can be calculated from the waist radius wwaist and vice versa by:
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2θ
f

d focus 
Dlens

Fig. 2.22. Divergence deter-
mined by measuring the waist
size behind a focusing lens

θ = M2 λ

πnwwaist
(2.150)

with the beam propagation factor M2 which is M2
gauss = 1 for diffraction-

limited Gaussian beams.
Laser beams described by higher transversal modes as given in Sect. 6.6.5

(p. 399) have larger divergence angles. A detailed discussion is given in
Sects. 6.6.5 (p. 399)–6.6.9 (p. 412).

Some light sources emit from areas (e.g. tungsten band light bulbs) or
volumes (e.g. some excimer lasers, the luminescence of dyes or synchrotron
radiation) without coherent coupling. The divergence of this light is usually
a function of the geometrical dimensions of the source and the apertures in
the beam. In some cases even two divergence angles may be useful for the
description, as shown in Fig. 2.23. The first divergence angle is then related
to the beam those light is not at all blocked by the aperture(s) and the second
angle describes the limit of the light rays which are just not blocked. Between
the two divergence angles a continuous shadowing takes place and therefore
the local light intensity decreases from its maximum to zero while increasing
the diameter from the D1 value to D2.

The possibly very complicated conditions can be analyzed using a combi-
nation of geometrical and Gaussian beam propagation formalism. The latter

θ1

θ2

d
D1

D2

Fig. 2.23. Divergence angles of a conventional light source of diameter d with
aperture
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is necessary for the z positions with Fresnel numbers that are not too large
compared to 1 (see Sect. 2.3.1, p. 24).

A general and nice formalism for the experimental characterization and
theoretical description of the propagation of any more or less coherent light
beam was given in [2.69–2.73]. This formalism is based on a Wigner func-
tion for the beam. If this function is determined, further propagation can
be calculated based on the ray matrices in a simple way. Unfortunately the
experimental determination of this function for a given beam that is only
partially coherent in two dimensions is difficult.

2.7.5 Beam Parameter Product – Beam Quality

For applications of light beams the characterization of their transversal mode
structure is usually necessary. Both the beam diameter at the waist 2wwaist
and the beam divergence θ have to be determined for this purpose [2.79,
2.80]. For commercial lasers often only the divergence is given. The beam
waist is mostly inside the laser suited and can thus not easily be determined.
Therefore the beam characterizing parameters as the waist radius and the
divergence have to be determined externally using the methods described in
the last two sections.

The quality of light beams can be described by the beam parameter prod-
uct BP:

beam parameter product BP = θ · wwaist (2.151)

which is minimal for diffraction-limited beams.
The values wwaist and θ have to be determined experimentally, e.g. from

the caustic of the focused beam (see Fig. 2.24).
The curve is fitted with:

w(z) = Mwwaist

√
1 +

(
(z − z0)λ
w2

waistnπ

)2

(2.152)
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Fig. 2.24. Measurement of
the beam diameter using
the knife edge method as a
function of the z position
behind a focusing lens for the
determination of the beam
propagation factor M2
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with position z and wavelength λ. The square of M is the beam propagation
factor describing the beam quality as described below. Special care has to be
taken to determine the size of the waist diameter. Careful error estimations
should be made. From this curve both the beam waist radius wwaist and the
divergence angle θ can be determined.

Another simpler method is the measurement of the spot size diameter
dfocus of the beam at the focal length of a lens as shown in Fig. 2.22 (p. 61).
The beam parameter product can be calculated from

BPbeam = θ · wwaist =
Dlensdfocus

4f
(2.153)

with the beam diameter Dlens at the position of the lens and focal length
f . For this measurement the incident beam has to have its waist at the lens
position and both diameters have to be measured carefully including possi-
ble background signals. Therefore this method is more crucial for possible
measuring errors than the knife edge method as shown in Fig. 2.24 (p. 62)
because of the larger number of measuring points and the possibility of de-
creasing the measuring error as necessary by choosing a sufficiently large
number especially in the region of the beam waist.

Further examples are given in references [2.74–2.84]. Commercial beam
profilers are available now. They are able to measure the M2 factor directly
in some cases, in a way similar to the knife edge method. For M2 values larger
than 10, and very close to 1, special care has to be taken in the measurements.

The quality of a measured beam is described by the ratio of the beam
parameter products of this beam BPbeam relative to the best possible value
BPGauss of a Gaussian beam of the same wavelength λ in the same material
with refractive index n (nair ≈ 1). This ratio is defined as the beam quality
BQ or the beam propagation factor M2 [2.79–2.81]:

beam quality BQ = M2 =
BPbeam

BPGauss
= (θ · wwaist)

πn

λ
. (2.154)

For known transversal laser modes these values are given by the M2 in
Sect. 6.6.6 (p. 409) and 6.6.8 (p. 412). Thus BQ = 1.5 means the beam param-
eter product is 1.5 times worse than the best possible value for this wavelength
and thus the focus for a given lens would show 1.5 times larger diameter as
for a perfect beam. So far the beam quality as described here gives a direct
measure for the possibilities and the usefulness of the light beam as it is.

2.7.6 Diffraction Limit and Potential Beam Quality

The beam quality BQ and the beam propagation factor M2 do not count
for the detailed structure as e.g. the coherence of the light if it is not Gaus-
sian beam. Gaussian beams contain perfect transversal coherence and are
therefore also diffraction limited, they are “1*DL”.

But if the Gaussian beam is changed in its transversal beam profile via
not absorbing optical elements (e.g. phase plates) the coherence properties
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of the beam may be still conserved. The simplest example is the use of a
beam splitter which produces two Gaussian beams which are still coherent
but their total beam quality will be a function of the transversal separation
of the beam centers Lcenter. Assuming the separation occurs in x direction
the beam quality and the beam propagation factor M2 will be perfect in
y direction but will be larger than 1 in x direction. The beam radius of the
two separated beams follows after the second momentum calculation as given
above to:

two beams in x separated by Lcenter wx =

√
w2

0 +
(
Lcenter

2

)2

(2.155)

The beam propagation factor of this light pattern would be:

two beams in x separated by Lcenter Mx =

√
1 +

(
Lcenter

2w0

)2

(2.156)

My = 1 (2.157)

Because of their coherence these beams can be reunited using a beam split-
ter again at a suitable position where the electrical fields of the two beams
sum up perfectly for one exit of the beam splitter and annihilate for the other
(see Sect. 3.5.1 (p. 114) for the phase conditions at the glass surfaces of the
beam splitter). As the result a perfect Gaussian beam which is diffraction
limited occurs again. It contains the total energy of both separated beams.
Deviations can be caused by the imperfectness of the non perfect planar
surfaces of the beam splitter and by the non perfect alignment. Neverthe-
less as long as the coherence is not disturbed the two separated Gaussian
beams with a potentially very bad total beam quality can be transformed to
a perfect diffraction limited Gaussian beam. Therefore sometimes even light
structures of such separated beams contain the potential to be transformed to
a diffraction limited beam. Precondition for this potential is the undisturbed
coherence of the light.

This definition of being more or less potentially diffraction limited can
be extended to all light structures containing the necessary coherence. Thus
beams are M2 times potentially diffraction limited if they contain the poten-
tial for this beam propagation factor independent how the transformation to
the useful beams can be realized:

potentially times diffraction limited in x direction = Mpotentially,x ·DL
(2.158)

potentially times diffraction limited in y direction = Mpotentially,y ·DL
(2.159)

As a consequence of these considerations it is clear that also the different
laser modes as they are described in Sect. 6.6.5 (p. 399) can be transformed to



2.7 Light Characteristics 65

beams with better beam quality. The theoretical and especially the technical
limits of these transformations are not yet completely understood but it is
obvious that such transformations may offer a high potential in the generation
and in the application of laser light. Some more details will be discussed in
Sect. 6.6.5 (p. 399) and in [2.85, 2.86].

The measurement of the beam quality is also possible with the power in
the bucket method [e.g. 2.87]. In this measurement the beam is transmitted
through an aperture of the size of the beam diameter of a Gaussian beam
in the focus of a lens. Both the perfect Gaussian beam and the beam to
be measured shall have planar wave fronts at the position of the lens. The
transmitted power/energy of the beam is than compared to the transmitted
share of the perfect beam and the ratio is a measure for the factor of being
diffraction limited.

2.7.7 Brightness

The brightness L of a laser beam describes its potential for realizing high
intensities in combination with large Rayleigh lengths or small focusing an-
gles (e.g. a large working distance in nonlinear spectroscopy or in material
processing). Thus it is calculated from the beam quality BQ and the beam
power P by:

brightness L =
π2

λ2

P

BQ2 =
P

BP2
beam

. (2.160)

Thus high brightness demands high power, good beam quality and short
wavelengths λ. The brightness can be given for average power or peak power
values with respect to different applications. For quasi-continuous radiation
the average for the single pulse or for the series has to be distinguished. High
values are in the range of 100 W mm−2 mrad−2 for average powers and more
than 1012 times more for fs pulses.

2.7.8 Brilliance

The brilliance BL includes the characterization of the spectral distribution
of the radiation. It is defined as the brightness L per 0.1% bandwidth and
is thus a function of the wavelength λ or frequency ν of the radiation. It is
calculated from:

brilliance BL(λ) = L
λ/1000

∆λ
BL(ν) = L

ν/1000
∆ν

(2.161)

for small spectral ranges.
Thus brilliance is, e.g. useful for comparing synchrotron radiation with

laser beams in the different spectral ranges. It is as higher as spectral narrower
the emission spectrum. For lasers the brilliance can be more than a million
times larger than the brightness (see Sect. 6.9.1, p. 445). But it can also be
smaller than the brightness if the bandwidth of the laser is larger than 0.1% of
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the wavelength. Broad band lasers with some 10% bandwidth compared to the
center wavelength were realized (see Sect. 6.9.3, p. 446). For quasi-continuous
radiation, again, the average brilliance and the brilliance during single pulses
have to be differentiated, similarly to power or brightness characterization.

2.7.9 Radiation Pressure and Optical Levitation

The moments of all photons in the light beam result in a radiation pressure
if light is reflected or absorbed [2.88–2.92]. It has sometimes to be explicitly
considered in designing high-power optical setups or in high-resolution spec-
troscopic measurements [e.g. 2.83]. For a light pulse with energy Epulse the
total momentum ppulse for absorption is given by:

radiation momentum ppulse =
Epulse

c
(2.162)

and for 100% reflection twice this value is observed.
As an example a free iodine molecule with a mass of 4.2 · 10−22 g will

have an additional speed of 0.3 m s−1 after absorbing a photon at 530 nm.
If a pulse with duration ∆tpulse is reflected at a 100% mirror the resulting
average force Fpulse during this time is:

force on reflector Fpulse =
dpsum

dt
≈ pmax

∆tpulse
=

2Epulse

∆tpulsec
(2.163)

which can be several kp. A continuous light beam with intensity I produces
a radiation pressure on this 100% mirror of:

pressure on reflector Plight = 2
I

c
(2.164)

which can reach several bar for high-power beams with good beam quality
under strong focusing. If in Eq. (2.164) the pulse energy is given in J, the
pulse duration in s and the speed of light in m/s the force has the unit of
N or 1/9.81 kp. In Eq. (2.165) the radiation pressure has the unit of 100 kPa
= 1/9.81 kp/cm2 = 1 bar if the intensity is given in W/cm2 and the speed
of light again in m/s. Both values are not dependent on the wavelength. An
excimer laser pulse with an energy of 100 mJ and a duration of 10 ns at a
wavelength of 308 nm produces at a high-reflecting mirror a force of 0.067 N
which corresponds to about the weight of 0.7 g. If this light beam is focused
to a diameter of 1 mm2 the resulting pressure on the 100% mirror is 670 kPa
or 0.68 kp/cm2 or 6.7 bar at the focusing area during the pulse.

This effect can be used for optical levitation of small particles by laser
beams [2.93–2.100]. A particle with transmission T and reflection R will ex-
perience a force Flev:

levitation force Flev = (R+ 1− T )P/c (2.165)

Thus in the waist region of a suitable beam with a power P of a strong
than a watt the gravitation of particles with diameters in the µm range can
be compensated.
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Another possibility to fix particles in the waist region of a strong laser
beam is based on the interaction of the electric light field with the induced or
permanent dipole moment of the particle [2.101–2.120]. Thus it is possible to
attract particles into the beam waist and stabilize them there even against
the radiation pressure in an optical trap.

Using this light force an optical tweezer can be realized and single
molecules can be manipulated, for example they can be stretched, with laser
beams [2.121–2.124].

2.8 Statistical Properties of Photon Fields

As described in Sect. 2.1.2 (p. 15) photons as quantum particles fulfill the
uncertainty conditions for position and momentum as well as for time and
energy. Thus these pairs of values are determined to the limit of h/π and h/2π,
only. Because photons with spin 1 are bosons, they are not distinguishable
and can be in the same quantum state. But the quantum mechanical uncer-
tainty results in certain photon statistics [2.125–2.130]. These statistics can
be observed if the photon number is small or the measurements are very pre-
cise or the experiments are phase sensitive. Commonly the photon statistics
can be observed as quantum noise in the measurement.

2.8.1 Uncertainty of Photon Number and Phase

As a consequence of the energy-time uncertainty (Sect. 2.1.2, p. 15) the sta-
tistical appearance of photons shows an uncertainty, too. The number of
photon fluctuations ∆nph and the phase ∆ϕ of the photons are related to the
uncertainty ranges of the energy ∆E and time ∆t by:

∆E = ∆nphhν and ∆ϕ = ∆t2πν (2.166)

and thus the resulting uncertainty follows from (2.20):

∆nph∆ϕ ≥ 1 (2.167)

which can be important in single photon counting experiments.

2.8.2 Description by Elementary Beams

The best possible light beam is diffraction and bandwidth limited. This beam
has the lowest possible products of beam waists wx and wy with divergence
angles θx and θy as well as bandwidth ∆ν with pulse duration ∆tpulse. This
beam will be called an elementary beam:

elementary beam (wxθx)(wyθy)(∆ν∆tpulse) =
c2

2π3ν2
0

(2.168)

where ν0 is the mid-frequency and c the speed of light. All photons in this
elementary beam are in principle indistinguishable. These photons can in-
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terfere with each other and thus they are coherent, as will be described in
Sect. 2.9.2 (p. 74).

The average number of photons per time n in this elementary beam is
a function of the temperature T and the mid-frequency ν0 for thermal light
sources (blackbody radiation):

blackbody radiation n = Csource
1

ehν0/kBT − 1
(2.169)

with the Boltzmann constant kB and a technical constant Csource describing
the parameters of the source. In laser radiation this average photon number is
given by the laser parameter but usually is not a function of the temperature.

If the photons are detected one after the other, e.g. with a photomultiplier
or with an avalanche diode, the statistical appearance of the two sources is
drastically different. The thermal source will show a Bose–Einstein distribu-
tion:

thermal light (Bose-Einstein distribution) (2.170)

Pthermal(nph) =
1

(1 + nph)
(

1 +
1
nph

)nph

nph→∞≈ 1
nph

exp(−nph/nph)

for the probability P (nph) of finding n photons per unit time in the elemen-
tary beam. Laser light shows a Poisson distribution:

laser light (Poisson distribution) (2.171)

Plaser(nph) =
1

nph!
(nph)nph e−nph

The two distributions are shown in Fig. 2.25.
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Fig. 2.25. Probability P (n) of finding n photons per time interval for an average
photon number of 20 in this time interval
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Laser

Thermal

Fig. 2.26. Statistical distribution of photons for a thermal source and a laser
as measurable with a single photon detector over the time for an average photon
number of 20 per time interval as in Fig. 2.25 (p. 68)

Note that the thermal distribution shows its probability maximum at zero
photons per unit time and a monotone decrease up to high values. Thus the
photon number per time is lumped (see Fig. 2.26).

The width of the distributions is also different. Thermal sources show a
1/e-width of

thermal light ∆n2
ph,term = nph + n2

ph (2.172)

and laser sources a half width of the distribution measured at about 60.7%
height of the maximum on both sides of

laser light ∆n2
ph,laser = nph. (2.173)

The width of this Poisson distribution is asymmetrical positioned around
the peak of the distribution towards higher values starting with 31% shift at
an average of one photon, with 3% shift for 10 photons and below 1% shift
above 35 photons per time unit.

For large numbers of photons the laser distribution is much narrower com-
pared to thermal sources as is obvious from Fig. 2.25 (p. 68). As a result the
signal-to-noise ratio (SNR) of light behind a beam splitter with transmission
TBS is proportional to TBS for laser radiation and TBS/(TBS + 1) for thermal
sources. Thus the SNR can be decreased with increasing power using lasers
as planned, e.g. in gravitational wave detectors. In thermal light the SNR is
constant for large photon numbers. Changes in the photon statistics can be
observed if nonlinear elements are placed in the beam [see, for example, 2.127,
2.128].

2.8.3 Fluctuations of the Electric Field

Fluctuations in the photon number per unit time result in fluctuations of the
amplitude and the phase of the resulting electric field E. Thus the electric
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field and its phase can be determined only with an uncertainty of:

∆|E|2∆ϕ ≥ 2hν
c0ε0nA∆t

(2.174)

with light frequency ν, speed of light c0, refractive index n, average cross-
section of the beam A and duration of the light pulse ∆t; see (2.27, p. 18)
and (2.49, p. 23). In the case of continuous light, set ∆t = 1 s. Thus in high-
precision interference experiments the size of the electric field and its phase
can be determined only to this uncertainty. As a solution for very accurate
measurements the light power has to be high, but in this case other problems
caused by the radiation pressure, absorption and heating may occur.

As a further uncertainty the components of the electric E and magnetic
H fields of light cannot be measured at the same place exactly. The resulting
uncertainty relation is given by Eq. (2.52, p. 24) as a function of the distance
L in the measurement of the two vertical components (see Fig. 2.2, p. 21).

2.8.4 Noise

In any experimental setup noise occurs as a consequence of the vacuum fluc-
tuations and its influence on all matter [2.131–2.141]. For high precision mea-
surements or photon counting experiment the noise may be of crucial impor-
tance. Different techniques have been developed to decrease the influence of
the noise in the desired application (see e.g. squeezing in next section).

First of all technical noise and physical noise have to be distinguished.
Technical noise results from instabilities of the measuring system and can
be removed. The physical noise is generated by the quantum properties of
nature and can sometimes be transformed between different physical observ-
ables to a certain degree. In photonics the noise arises from the statistics
of the photon arrivals at the detector, the shot noise. For laser light as one
of the light sources with lowest noise the statistics is given by the Poisson
distribution. Their photon number uncertainty is given by Eq. (2.174). Thus
the fluctuations decrease with the square root of the average photon num-
ber. If measured electronically the resulting current iphoto shows shot noise
fluctuations ∆iphoto which are given by:

noise of detector current ∆iphoto =
√

2eeiphoto∆νmeasured (2.175)

with the electron charge ee, the average current iphoto and the spectral band
width ∆νmeasured of the measurement. This equation represents the electron
generation by the photon statistics. Thus the average current is proportional
to the photon number and using Eq. (2.174) the current noise results from the
square root of the average current. For zero photon number fluctuations the
current noise is theoretically also zero. Some practical results are described
at the end of the next subsection.
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2.8.5 Zero Point Energy and Vacuum Polarization

Using quantum electrodynamics the minimum energy E0 of any system lim-
ited in space even at zero temperature is given by:

zero point energy E0 =
1
2
hνbox =

c0h

4Lbox
(2.176)

with the radiation frequency νbox given by the linear box dimension Lbox as
νbox = c0/2Lbox. This calculation has to be done for all three dimensions. The
lowest energy is correlated with the largest box dimension. This radiation will
occur as minimum noise in any experiment. Its spectral density (as a function
of the frequency) is given by:

vacuum spectral density ρ0(ν) =
2hν3

c3
(2.177)

This frequency dependence of the vacuum field causes also the high proba-
bility of spontaneous emission at high frequencies as described in Sect. 3.3.3
(p. 107). It is also responsible for the attractive Casimir force between two
metal plates in the vacuum which is given by:

Casimir force F (d) = − πhc0
1440 d4L

2 (2.178)

with the distance d between the sheets and L as the dimension of the
quadratic areas of it.

Furthermore the vacuum will change its properties if fields with very high
values are applied. If the electric field exceeds

field for vacuum polarization |E| ≥ 1018 V
cm

(2.179)

the vacuum will show dispersion and birefringence as in matter. But this value
is so high that the necessary intensities of more than 1033 W cm−2 usually do
not occur in photonic applications.

2.8.6 Squeezed Light

Although light has to fulfill all uncertainty relations, as mentioned above, for
special purposes the uncertainty can be assigned mostly to one value of the
quantum mechanical pair. Thus the other value can be determined with very
high accuracy. One simple example is to increase the beam diameter which
decreases the divergence and thus the momentum uncertainty is decreased at
the expense of the position uncertainty.

In other cases it may be important to decrease the uncertainty of the
electric field value and thus the noise of the light beam. In this case the phase
fluctuations will increase. These light beams are called squeezed [2.142–2.170].
For illustration the light beams can be characterized in an E-ϕ-diagram in
polar coordinates (see Fig. 2.27, p. 72).
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ϕ
|E|

∆ϕ|E|∆ϕ|E|

Fig. 2.27. E-ϕ-diagram in polar coordinates for characterizing amplitude and
phase fluctuations of different light sources as squeezed light(left), coherent state
(middle) and laser light (right). The monochromatic classical wave is represented
by one point in the diagram

If the electric field vector is written as a complex value the diagram axes
represent the real (horizontal) and the imaginary (vertical) part of the field.

In the single photon picture the intensity is given by the number of pho-
tons per time interval. A very regularly or predictable photon source will
show very little intensity fluctuation and thus little noise. Quantum noise also
causes fluctuations of the polarization. Thus polarization squeezed states can
be produced.

Squeezed light can be generated by optical nonlinear interactions (see
Chap. 4). Second order processes as second harmonic generation, optical para-
metric amplification or spontaneous parametric down conversion (SPDC) or
third order nonlinear processes as the Kerr effect can be applied. But also
lasers, as e.g. diode lasers, can be realized with squeezed light output if the
are highly stabilized.

Thus laser with a sub-Poisson emission characteristics of the photon
statistics allowed 70% reduction of the shot noise. An improvement of 20% of
the sensitivity was obtained in a band width of 10 Hz [2.161]. Another promis-
ing way is the use of spontaneous parametric down conversion (SPDC) and
generation of entangled photons (see Sect. 4.4.5, p. 196). As will be described
there a theoretically perfect correlation of the two photons can be realized
and thus a prediction of the appearance of the measuring photon is pos-
sible except detectors the limited quantum efficiency of the detectors will
disturb.
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2.9 Interference and Coherence of Light

Superposition of light has to be described by the sum of the local electric
field vectors. Because of the temporal and spatial structure of the light and
its wavelength, polarization and coherence properties complicated intensity
structures can occur in space and time. The electric field structures can be
even more complicated, showing variable size and direction of the field vector
as an almost any function of the three space dimensions and time.

These intensity and electric field modulations can interact nonlinearly
with matter as will be discussed in Chaps. 4 and 5. Well-designed inter-
ference patterns may result in light-induced refractive index or absorption
gratings which are one of the key techniques for controlling light by light.
These are useful for many nonlinear optical devices. Phase conjugating mir-
rors, distributed feedback lasers and very sensitive measuring techniques may
serve as examples.

These processes have to be analyzed in three steps: the generation of
interference patterns, the interaction of the intensity pattern with matter
and the scattering of the light by the induced gratings. The first step will be
described in this chapter.

2.9.1 General Aspects

The interference pattern I(r, t) can be calculated from the vector addition
of all electric field vectors Ei(r, t) of the superimposed light beams at any
location and at any time to be considered in the experiments given by:

I(r, t) =

{∑
i

Ei(r, t)

}2

(2.180)

and as a function of the experimentally realized preconditions the resulting
intensity pattern can be significantly different from the sum of the light beam
intensities Ii = E2

i (r, t). There exists an infinite number of possibilities for
combining light beams with different spatial, temporal, spectral, coherence
and polarization structures, but only a few cases are commonly discussed in
more detail. Usually only two, three or four different beams are considered.

Most important for realizing useful interference patterns is a constant
phase between the different beams. This demands coherence of the single
beam which has to be compared with the conditions of experiment:

coherence length > interaction length
coherence time > observation time (2.181)

lateral coherence > transversal interaction range,

These conditions, which will be described in the following chapters in more
detail, demand, e.g. sufficiently narrow spectral band widths of the beams.
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If the beams are orthogonally polarized no intensity pattern will occur.
Nevertheless a polarization grating can be induced in polarization-sensitive
materials such as liquid crystals and scattering can occur from this. The
general case of any polarization can be described by the superposition of the
effects from parallel and perpendicular polarization in a simple way.

Interference experiments are also used for characterizing the incident light
beams or for investigating optical samples with a very high accuracy. There-
fore, several types of interferometers have been developed, such as the Michel-
son interferometer shown in Fig. 2.28 (p. 75), the Mach–Zehnder interferom-
eter with two separate arms building a rectangle and beam combined with a
second beam splitter [M42], the Jamin interferometer [M42], and the Fabry–
Perot interferometer, as described in Sect. 2.9.6 (p. 84). Different measuring
techniques have been developed [see, for example, 2.171–2.185, and the ref-
erences of Sect. 1.5]. Further examples are given in [2.186–2.188].

2.9.2 Coherence of Light

Sufficient light coherence is necessary for interference effects, but even poor
coherence can cause induced grating effects as, e.g. very short interaction
lengths are applied or very short net observation times are relevant. This net
observation time can be much shorter than the laser pulse duration if, e.g.
the matter has very short decay times. Thus the coherence conditions and
possible interference effects have to be checked carefully.

The light beam coherence [2.189–2.192] can be determined with conven-
tional interference experiments. In complex photonic applications based on
induced gratings it is usually more appropriate to determine the coherence
conditions under the conditions of the application itself.

2.9.2.1 Coherence Length

The temporally limited longitudinal coherence of the light can be described
by the coherence length and the coherence time of the beam. The coherence
length can be measured via the observation of the modulation depth of the
intensity in an interference experiment as a function of the optical delay
between the beams. A setup for this purpose is shown in Fig. 2.28 (p. 75).
The incident beam is split into two equal parts via the beam splitter BS,
which can be, e.g. a 50% mirror. The single beams were reflected at the high
reflecting mirrors M1 and M2 and superimposed again at BS. By moving the
mirror M1 along the x axis of this Michelson interferometer the light beams
can be delayed with respect to each other.

The resulting intensity modulation is measured as fringe visibility V (x)
via the intensity maxima Imax(x) and minima Imin(x) across the beam di-
ameter measured, e.g. with a CCD camera as a function of the delay x:

fringe visibility V (x) =
Imax(x)− Imin(x)
Imax(x) + Imin(x)

(2.182)



2.9 Interference and Coherence of Light 75

CCD

M 2

M 1

BS: 50%
delay x

Fig. 2.28. Interferometer for
measuring the coherence length lc
of a light beam

The coherence length lc is defined as the delay for which the fringe visi-
bility is decreased by

√
2 compared to no delay [e.g. M33]:

coherence length lc V (lc) =
1√
2
V (x = 0) (2.183)

Sometimes 1/2 or 1/e2 instead of 1/
√

2 is used as factor and thus care
has to be taken in comparing different data. In any case the coherence length
is a measure of the “length” of the coherent light waves. Dividing by the
wavelength of the light gives the number of oscillations in the wave which are
synchronized.

Coherence length is related to the spectral bandwidth of the light source.
From the full width half maximum wavelength bandwidth ∆λFWHM at the
mid-wavelength λpeak it follows that the coherence length lc is using the above
definition of the 1/

√
2 visibility:

coherence length lc

lc =
2
√

2
π

ln 2
λ2

peak

|∆λFWHM| ≈ 0.624
λ2

peak

|∆λFWHM| (2.184)

The coherence length is directly related to the coherence time τc and it
can be calculated from (2.185) if τc is known.

2.9.2.2 Coherence Time

The coherence time τc of the light wave or pulse is defined analogous to the
coherence length (see above). It is the time the light needs to propagate over
the coherence length and so it is calculated from the coherence length lc
(see (2.183)) and the velocity of light in the matter cmaterial in which lc was
measured as:

coherence time τc =
lc

cmaterial
. (2.185)

Again, multiplying by the light frequency results in the number of synchro-
nized oscillations in the wave. Thus it is a measure of the possible accuracy
reachable in interference experiments.
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The coherence time is limited by the spectral bandwidth of the light
emitters as shown above. It can be calculated from the FWHM width ∆ν of
the spectrum or from the width ∆λ of the related wavelength distribution
by:

τc =
2
√

2
π

ln 2
1
|∆ν| ≈ 0.624

1
|∆ν| (2.186)

using the relation:

∆ν = νpeak
∆λ

λpeak
= cmaterial

∆λ

λ2
peak

(2.187)

where νpeak and λpeak describe the frequency and wavelength of the maximum
of the spectrum and it is assumed that the bandwidths are small compared to
these values. It should be noted that the coherence time so defined is different
from the spontaneous life time of the emitter (about four times larger) or the
pulse duration.

In addition to different emitted wavelengths in the light, phase fluctua-
tions can disturb the coherence. If the phases of the emitters are not coupled,
as in thermal light sources, phase fluctuations can decrease the coherence
length which finally also results in an increase of the bandwidth of the light
(see Fig. 2.29).

Fig. 2.29. Phase fluctuations of noncoupled emitters decrease the coherence of the
light

In nonlinear experiments the coherence time has to be related to the
relevant time constants of the experiment (net observation times). They can
be shorter than the pulse duration of the excitation pulses. Thus, e.g. the
material can have absorption recovery times of several ps. Inducing absorption
gratings in such a material would demand coherence times of some ps, only,
although the laser pulse may be several ns long. This also means that short
coherence does not necessarily exclude induced grating effects or in other
words, the appearance of induced gratings has to be checked.

In Table 2.13 (p. 77) the coherence length and the coherence time of sev-
eral typical light sources are given. In addition the spectral bandwidth ∆ν
and the value ν0/∆ν are depicted. The mid-light-frequency νpeak of these
sources is assumed to be in the visible range and thus the mid-frequency is
νpeak = 6 · 1014 Hz.
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Table 2.13. Coherence length and time, bandwidth ∆ν and ν0/∆ν of light sources
given for a wavelength of 500 nm

Light source Coherence Coherence time Bandwidth ν0/∆ν
length [mm] [s] [Hz]

Sunlight 3 · 10−4 10−15 6 · 1014 1
Spectral filter (1 nm) 0.16 5.2 · 10−13 1.2 · 1012 5 · 102

Spectral lamp 190 6.2 · 10−10 109 6 · 105

Interferometer 1900 6.2 · 10−9 108 6 · 106

Laser 106 6.2 · 10−6 105 6 · 109

It can be seen that the coherence properties of laser light cannot be re-
alized with conventional light sources. The coherence of lasers can still be
much better than above given values. Bandwidths in the Hz range or even
mHz are possible (see Sect. 6.9.1, p. 445). The resulting coherence lengths
are 105 km or 108 km, respectively. The corresponding coherence times are
1 s and 10 min. However, commercial lasers usually show bandwidths in the
sub-nm range and therefore coherence lengths in the mm to m range, only,
as given in Table 2.13.

2.9.2.3 Lateral Coherence

Light from different parts of the cross-section of a beam can be incoherent.
Thus this coherence has to be checked with an interference experiment using
different shares of the cross-section for a double slit or double “point source”
interference experiment as shown in Fig. 2.30.

D1

D2

∆x

Fig. 2.30. Measuring lateral
coherence: two spots out
of the beam are selected
by apertures D1 and D2
and interfere at the screen.
The interference contrast is
measured

These apertures can be shifted perpendicularly to the beam propagation
direction. The lateral coherence length lc,lat is defined from the visibility in
this experiment analogous to the longitudinal coherence length lc as given in
(2.183).
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But even in the case of poor lateral coherence of the light source, as,
e.g. from thermal emitters, interference experiments can be carried out if the
lateral dimension of the source multiplied with the observation angle is suf-
ficiently small. Thus light sources “gain” lateral coherence if the observation
distance is increased.

If different shares of the cross-section were superimposed at a planar
screen the phase difference resulting from the different paths has to be smaller
than λ/2. For this negligible influence of the lateral dimension of the inco-
herent source their distance zscreen−source from the screen should be chosen
bigger than:

zscreen−source >
DscreenDsource

λ
(2.188)

with the diameter Dscreen of the screen and Dsource of the light source. The
wavelength is described by λ. It should be noted that under this condition
Fresnel’s number F is not � 1 and thus the approximation of geometrical
optics is not applicable.

In most photonic applications based on interference of different light
beams the analysis of path lengths and phases has to be made in three di-
mensions. Sufficient lateral coherence of the beams is usually necessary for
efficient operation of such applications.

2.9.3 Two-Beam Interference

Two light beams 1 and 2 produce an intensity modulation in the range of
their superposition if the electric field vectors of the two fields have a parallel
component.

1E

2E

1r

2r

θ

1k

2k

Fig. 2.31. Interference of two
light fields

The perpendicular component as the sum of the electric fields will show
a spatial and temporal modulation of the direction of the resulting electric
field vector but the intensity will be constant as the sum of the intensities of
the two beams, as described in the next chapter.

The intensity pattern from (2.180) can be analyzed using the parallel
components of the electric field vector E1 and E2 written in complex form
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(2.43) but considering the transversal structure of, e.g. a Gaussian beam in
the amplitude E0/1,2(r1,2):

E1/2 =
E0,1/2(r)

2
ei(2πν1/2t±k1/2·r+ϕ1/2) + c.c. (2.189)

or not complex:

E1/2 = E0,1/2(r) cos(2πν1/2t− k1/2 · r + ϕ1/2) (2.190)

with wave vectors k1 and k2, frequencies ν1 and ν2 and the phases ϕ1 and
ϕ2.

The general description can often be simplified by assuming spectral de-
generation of the two beams ν1 = ν2 and fixed phases. This is realized, e.g.,
if the two beams are shares of the same laser beam split by a beam splitter.
With respect to photonic applications it is usually the slowly varying part
of the modulation which may be important. Thus the analysis may be aver-
aged over the time period 1/2πν. The intensity Itotal is then calculated using
(2.49) from:

Itotal =
c0ε0n

2
(E1 +E2)2 (2.191)

to:

Itotal =
c0ε0n

2
[
E2

0,1 + E2
0,2 + 2E0,1E0,2 cos{∆k · r + ∆ϕ}] (2.192)

or

Itotal = I1 + I2 + 2
√
I1I2 cos

{
2π
λ
|(r2 − r1)|+ ∆ϕ

}
. (2.193)

The spatial cosine modulation of the total intensity Itotal results in the
ratio Itotal,max/Itotal,min and is maximum if the amplitudes E0,1 and E0,2
are equal. The maximum intensity in the interference structure is then four
times I = I1 = I2 and the minimum is 0. The modulation wavelength Λ of
the intensity maxima in the direction r1 − r2, which is transversal to the
average propagation direction r1 + r2 of the two beams, is a function of the
angle θ between the two beams and their wavelength λ:

Λ = λ sin
(
θ

2

)
. (2.194)

It is zero for parallel beams and maximal as λ for antiparallel beams. This
effect is used, e.g. for tuning the emission wavelength of distributed feedback
dye lasers by changing the grating constant via the angle of excitation (see
Sect. 6.10.4, p. 472). Another example is in the production of holographic
gratings where the grating constant is varied via this angle between the two
exciting beams.

The interference pattern resulting from two Gaussian beams crossing un-
der 90◦ in their waist region is shown in Fig. 2.32.
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Fig. 2.32. Interference intensity pattern from two spectrally degenerate Gaussian
beams with different propagation directions superimposed at waist

Fig. 2.33. Interference intensity pattern from two spectrally degenerate Gaussian
beams superimposed at the waist in the xy plane of Fig. 2.32 which is perpendicular
to the paper plane

A planar cut through this pattern perpendicular to the plane of the paper
results in interference stripes as shown in Fig. 2.33.

Two beams with different frequencies result in temporal intensity modu-
lations in addition to the spatial ones which will be described in Sect. 2.9.6
(p. 84).

2.9.4 Superposition of Two Vertical Polarized Light Beams

The superposition of two beams with perpendicular linear polarization with
respect to each other does not produce an intensity modulation independent
of the direction and phase of the light. But as a function of these parameters
the direction of the vector of the resulting electric field will usually vary in
space and time in a complicated manner. This vector has to be calculated
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from the vector addition of the two electric field vectors of the beams. Its
direction will always be in the plane of the two polarizations.

If two spectrally degenerate light beams with linear polarization are ap-
plied the resulting field will show a grating structure in space:

Etotal = E0,1 ei(2πνt−k1·r) +E0,2 ei(2πνt−k2·r+∆ϕ) (2.195)

with the wave vectors k1 and k2 of the two beams, the light frequency
ν1/2 = c

2π |k1/2| and the phase difference ∆ϕ between the beams. The result-
ing nonmodulated intensity can be calculated using (2.49) under the slowly
varying envelope assumption and considering the perpendicular vectors of
the two electric fields from:

Itotal =
c0ε0n

2

⎡
⎣E2

0,1 + E2
0,2 + 2E0,1 ·E0,2 cos{k · (r1 − r2) + ∆ϕ}︸ ︷︷ ︸

=0

⎤
⎦

= I1 + I2 (2.196)

The direction of the field vector can be calculated from:

Etotal = E0

[
cos(2πνt)(e1 cos(k1 · r) + e2 cos(k2 · r))

− sin(2πνt)(e1 sin(k1 · r) + e2 sin(k2 · r))
]
. (2.197)

In case one beam is linearly polarized perpendicular and the other par-
allel to the plane of the two wave vectors the electric field vector will rotate
perpendicular to the wave vector of the latter beam (see Fig. 2.34).

x

y

z

k1

k2

Fig. 2.34. Direction of resulting electric field vector for superposition of two spec-
trally degenerate beams with different propagation directions and perpendicular
polarization to each other, one in the plane of the paper and the other vertical

In the case of 45◦ polarization of both beams to the plane of their prop-
agation directions the resulting electric field will rotate in a plane of 45◦ to
the propagation plane (see Fig. 2.35, p. 82).
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Fig. 2.35. Direction of resulting electric field vector for superposition of two spec-
trally degenerate beams with different propagation directions and perpendicular
polarizations to each other and 45◦ to the plane of the paper

If these two beams propagate in parallel the resulting beam will be el-
liptically polarized which can degenerate to circular or linear polarized light
as a function of the phases and amplitudes of the two beams. Circular po-
larization occurs if the field amplitudes are equal and the phase difference a
quarter of the wavelength. Linear polarization requires the same phase of the
two beams but the amplitudes can be different.

2.9.5 One-Dimensional Multibeam Interference

Multibeam interference occurs in devices with two reflecting surfaces as, e.g.
Fabry–Perot filters. In the simplest cases the light beams have the same
wave vector direction. The analysis shall be focused on beams with the same
wavelength. For the superposition of p equal light beams with parallel electric
field vectors but with constant phase difference Φ:

E1 = Re{E0 ei(2πνt−kz)}
E2 = Re{E0 ei(2πνt−kz+Φ)}

...
Ep = Re{E0 ei(2πνt−kz+(p−1)Φ)}

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (2.198)

the superposition leads to:

Etotal = E1 + E2 + · · ·Ep
= Re{E0 ei(2πνt−kz)[1 + eiΦ + · · ·+ ei(p−1)Φ]} (2.199)

which results in:

Etotal = Re
{
E0 ei(2πνt−kz) 1− eipΦ

1− eiΦ

}
(2.200)

and the intensity in the slowly varying amplitude approximation follows from
this with (2.49) as:
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I =
c0ε0n

2
E2

0

2
sin2(pΦ/2)
sin2(Φ/2)

(2.201)

which is illustrated for two different numbers p of interfering beams in
Fig. 2.36.

1ππππ 2ππππ 3ππππ 4ππππ ΦΦΦΦ

p = 10

4ππππ
p

p = 5

0

I

Fig. 2.36. Intensity of p
interfering collinear spec-
trally degenerate beams
as a function of their
phase shift Φ

The width of these intensity peaks decreases linearly with the number p
of interfering beams and the maximum intensity increases with p2. Thus the
higher p the more sensitive is the device to the phase shift. If the same device
is used for beams with different wavelengths they are better distinguishable
in case of larger p.

If the amplitudes of the interfering single beams decrease with p, as occurs
in reflection at a mirror with reflectivity R < 100%,

E0,p = E0R
p with R < 1 (2.202)

and infinite reflections are assumed, the equations at (2.200) with an indefi-
nite number of terms leads with (2.49) to:

I =
c0ε0nE

2
0

4(1 +R2 − 2R cosΦ)
(2.203)

and Fig. 2.37 shows the influence of R.
This easy to realize interference scheme is applied for the investigation of

the spectral structure of light or for spectral filtering using interference filters
and Fabry–Perot interferometers.
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Fig. 2.37. Intensity of in-
finite interfering collinear
spectrally degenerate beams
with decreasing amplitude
by Rp as a function of their
phase shift Φ

2.9.6 Fabry–Perot Interferometer

The Fabry–Perot interferometer (also called the Fabry–Perot etalon) consists
of two high-quality planar reflectors in a parallel arrangement as shown in
Fig. 2.38.

At the mirror surfaces the Reth share of the electric light field will be
reflected and the Teth share will be transmitted. The index e indicates the
reflectivity and transmission related with the electric field of the light. The
reflectivity R and the transmission T related to the intensity will be:

R = R2
e and T = T 2

e . (2.204)
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2
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Fig. 2.38. Interference of reflected and transmitted light at a Fabry–Perot inter-
ferometer of length L and with two mirrors with the intensity reflectivity R and
the intensity transmission T
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The transmitted and reflected light waves will interfere with their phase
relations as a function of the incident wavelength and the thickness L and
the reflectivity of the interferometer. The path length difference between
one transmitted beam and the next transmitted beam, which is twice more
reflected, is equal to ∆z = l1 + l2, as shown in Fig. 2.39.

θ

E1

L

2θ

l1

l2

E0

E
2

Fig. 2.39. Path length differ-
ence between two neighboring
transmitted beams in a Fabry–
Perot interferometer

This path length difference ∆z follows from:

∆z = l1 + l2 =
L

cos θ
+
L cos 2θ

cos θ
= 2L cos θ (2.205)

resulting in a phase difference Φ:

Φ = |k|∆z =
4π
λ
L cos θ (2.206)

with light wavelength λ. The total transmitted field Etransmitted (see Fig. 2.38,
p. 84): ET follows from:

Etransmitted = E0T
2
e

∞∑
m=0

R2m
e eimΦ

= E0T
2
e

1
1−R2

e eiΦ (2.207)

and thus the total transmitted intensity Itransmitted is given by:

Itransmitted = I0
T 2

(1−R eiΦ)2 (2.208)

with transmission T and reflectivity R related to intensity and I0 as the
intensity of the incident light. The phase shift Φ can also contain possible
additional phase shifts from the reflection at the mirrors.

The formula can be written in real form as:

Itransmitted = I0
T 2

(1−R)2

1

1 +
4R

(1−R)2 sin2
(
Φ

2

) (2.209)
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including the Airy function:

Airy function f(Φ) =
1

1 +
4R

(1−R)2 sin2
(
Φ

2

) (2.210)

which describes the total transmission of a Fabry–Perot interferometer with
no absorption losses (T +R = 1) as shown in Fig. 2.40.
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Fig. 2.40. Total transmission
(Airy function) of a loss-free
Fabry–Perot interferometer as a
function of the phase difference
Φ = k∆z measured in π for dif-
ferent reflectivity values R

It has to be noticed that even Fabry–Perot interferometers with very
high reflectivity values R > 0.999 will show 100% total transmission if the
wavelength is tuned to the path length L and the spectral bandwidth is
small enough. This astonishing but understandable result is a consequence
of accumulated high intensity inside the interferometer. Thus this demands
sufficiently long coherence lengths and thus long pulse durations of the light
used. For high power applications the damage threshold of the mirror surfaces
has to be checked for increased internal intensity.

The mth transmission maximum occurs at Φmax = 2mπ and thus it fol-
lows that

position of transmission maxima
L

λ
cos θm =

m

2
(2.211)

and the transmission minima occur in the middle between these values. The
minima will show transmissions of:

transmission minima Tminimum =
T 2

(1 +R)2 ≈
T 2

4
(2.212)

with the approximation for large reflectivities R ≈ 1.
The full width half maximum spectral width ∆λFWHM of the device fol-

lows from:

spectral width ∆λFWHM =
4πL cos θ

arcsin
(

1−R
2
√
R

) ≈ 8L
π
√
R

1−R (2.213)



2.9 Interference and Coherence of Light 87

again with the approximation for large R and in addition for perpendicular
incidence.

The ratio of the free spectral range which is the distance of the wavelength
maxima ∆λfreespec divided by the spectral width ∆λFWHM is given by the
finesse F:

finesse F =
∆λfreespec

∆λFWHM
=

π
√
R

1−R. (2.214)

Thus the finesse counts the number of different wavelengths distinguish-
able by the etalon. For an interferometer with two mirrors with different
reflectivities R1 and R2 the finesse is given by:

F =
π(R1R2)1/4

1− (R1R2)1/2 . (2.215)

which represents the geometrical average of the two mirror reflectivities. For
perpendicular incidence, θ = 0, it follows that the total transmission Ttotal of
the etalon with equal reflectivity R for both mirrors is given by:

Ttotal =
Itransmitted

I0
=

T 2

(1−R)2 + 4R sin2(2πL/λ)
(2.216)

and the spectral resolution is then:

spectral resolution
λ

∆λFWHM
=

2L
λ

π
√
R

(1−R)
=

2L
λ
F (2.217)

If the Fabry–Perot etalon is realized as a thick material plate, e.g. from
glass, with the refractive index n and, for reflection, with two polished and
coated surfaces, the wavelength has to be replaced in all formulas by λ/n.

The Fabry–Perot etalon can be used for measuring spectral features with
high spectral resolution. An etalon of 10 mm thickness with a reflectivity of
95% of both mirrors will have at a wavelength of 1 µm a spectral bandwidth
of 0.83 pm which is equal to a frequency difference of 250 MHz. The finesse
of this etalon is F = 60. The free spectral range results in 15 GHz for this
device.

If the etalon is illuminated with a slightly diverging light beam the in-
terference will produce a ring structure as shown in Fig. 2.41 (p. 88). In
these interference rings the larger wavelengths are observable at the inner
rings [M15]. If the interference pattern is imaged on a screen with a lens
of the focal length fim the dispersion DFP of the Fabry-Perot etalon at the
screen can be calculated from:

Dispersion of FP
∆DFP

∆λ
=

fim

λ sin θ
(2.218)

The dispersion can easily be higher than several mm/nm allowing wavelength
resolutions of some pm.

Besides their use as a measuring device, Fabry–Perot etalons are used
in lasers for decreasing the spectral width of the radiation and the laser
resonator itself can be treated as a Fabry–Perot interferometer.
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Fig. 2.41. Interference pattern be-
hind a Fabry–Perot interferometer
produced by a single mode laser
beam. The parameters were L =
40mm, R = 95%, ∆νfreespec =
3.75GHz, F = 61, ∆ν = 62MHz and
λ = 1064 nm

In practical applications the finesse F of a Fabry–Perot etalon is decreased
by the roughness of the optical surfaces of the mirrors. The surface quality
is measured as the roughness ∆xsurface which is the deviation from planarity
and is compared to the wavelength of the light λlight:

roughness ∆xsurface =
1
m
λlight (2.219)

which results in the determination of the deviator m which is typically in the
range of 2–100. The surface finesse is then given as a function of m by:

roughness finesse Froughness =
m

2
(2.220)

and thus the final finesse of the Fabry–Perot etalon Ftotal as a device is given
by:

1
Ftotal

=
1
FR

+
1

Froughness
(2.221)

with the finesse FR resulting from the reflection at the mirrors as given in
(2.214) and (2.215).

Therefore the quality of the mirror substrates has to be in the range
m > FR to take advantage of the high reflectivity of the mirrors. This can
result in very expensive devices. In addition it should be noted that the
planarity of plane substrates is often specified at a very long wavelength as,
e.g. 1 or even 10 µm to offer large m-values as “planarity is lambda over 20”.
However, the applied wavelength has to be used for these calculations.

2.9.7 Light Beats: Heterodyne Technique

If two light beams with the same amplitude but different frequencies with
the electric field amplitudes E1 and E2

E1/2 = Re
{
E0 ei2πν1/2(t− z

c )
}

(2.222)
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are superimposed collinearly, the resulting field is:

E = E1 + E2 = Re
{
E0 ei2πν0(t− z

c ) ·
[
e−iπ∆ν(t− z

c ) + eiπ∆ν(t− z
c )
]}

(2.223)

with

ν0 =
ν1 + ν2

2
and ∆ν = |ν1 − ν2|. (2.224)

In practical cases the two frequencies can be similar and then the resulting
intensity using (2.49) shows a slowly varying modulation with the difference
frequency ∆ν:

I = c0ε0nE
2
0 cos2

(
π∆ν

[
t− z

c

])
. (2.225)

This can be used for electronically based detection of small differences in
light frequencies up to values of several GHz which is of the order of 10−6 of
the light frequency as shown in Fig. 2.42.
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Fig. 2.42. Heterodyne technique for detection of small frequency differences of two
light beams with photodiode PD and oscilloscope Osc

In this heterodyne technique the photodiode in combination with an os-
cilloscope acts as a low-frequency pass filter and detects the slowly varying
part of the intensity and not the light frequency itself. Thus as a function of
the detection limit of the photodetector and the electronic measuring device,
beat frequencies up to 109−10 Hz can be detected.

As an example the superposition of two pulses with slightly different wave-
lengths is shown in Fig. 2.43. The first pulse was generated by a Q-switched
Nd laser with λlaser = 1064 nm and the second and delayed pulse is the re-
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Fig. 2.43. Heterodyne
measurement of two light
pulses with slightly differ-
ent frequencies. The second
pulse was shifted by stimu-
lated Brillouin scattering in
CO2. The beat frequency of
430MHz is the frequency of
the hyper-sound wave in CO2
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flected signal from stimulated Brillouin scattering (see Sect. 4.5.8, p. 222)
in CO2 at 56 bar. The second pulse was delayed in this example for better
demonstration of the beginning of the temporal modulation of the measured
signal in Fig. 2.43 (p. 89). The period of the modulation frequency corre-
sponds directly to the frequency difference of the two light pulses. The Fourier
analysis of this pulse shows a frequency component of 430 MHz which belongs
to the pulse distance of 2.3 ns as shown in the figure. This is the frequency
of the hyper-sound wave of the Brillouin process in the nonlinear material.

The method will be more precise for small differences below 1 GHz which
are otherwise very difficult to measure. Many schemes have been developed
using this method for high-precision measurements [see, for example, 2.193–
2.211].

2.9.8 Frequency Spectrum of Light Pulses

Light pulses with temporal intensity profile I(t) contain a mixture of different
frequencies. The intensity distribution over the frequencies can be calculated
by a Fourier analysis using the temporal structure of the electric field of the
pulse:

Ĕ(ν, ν0) =
1√
2π

∫ ∞
−∞

E(t, t0) e±i2π(ν−ν0)(t−t0) dt (2.226)

with the back transformation:

E(t, t0) =
1√
2π

∫ ∞
−∞

Ĕ(ν, ν0) e±i2π(ν−ν0)(t−t0) dν (2.227)

For a bandwidth limited Gaussian temporal shaped pulse as described in
Sect. 2.7.2 (p. 54)

I(t) = I0 exp

[
−4 ln 2

(
t− t0

∆tFWHM

)2
]

(2.228)

the electric field follows from Eq. (2.49) in the complex form to:

E(t) = E0e−i2πν0t e
− 2 ln 2(t−t0)2

∆t2FWHM (2.229)

there the first exponential function contains the basic light frequency ν0 and
the second the pulse envelope with the duration ∆tFWHM. The intensity I0
relates to the field by I0 = 1

2c0ε0n|E0|2.
T intensity spectrum follows from

Ĭ(ν, ν0) = I0
∆t2FWHM

4 ln 2
exp

[
−4π2(ν − ν0)2∆t2FWHM

4 ln 2

]
(2.230)

which is a Gaussian shaped frequency spectrum. The full width half maximum
bandwidth of this spectrum follows from the duration of the pulse width by:

Gaussian bandwidth ∆νFWHM =
2 ln 2

π∆tFWHM
. (2.231)
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Fig. 2.44. Fourier spectrum
of a light pulse with an av-
erage wavelength of 500 nm
and a pulse length of 1 ps
(FWHM) showing a spectral
FWHM width of 441GHz

The product ∆νFWHM∆tFWHM ≈ 0.44 describes the bandwidth limitation of
Gaussian shaped pulses as discussed in Sect. 6.10.3 (p. 460) in more detail. An
example is illustrated in Fig. 2.44 for a light pulse with an average wavelength
of 500 nm and a pulse length of 1 ps resulting in a FWHM width of ∆ν =
441 GHz or ∆λ = 0.368 nm.

The same band width limited light beam but with a pulse width of 10 ns
would have a 104 times narrower bandwidth of 0.037 pm. Thus shorter pulse
widths scale linearly with larger frequency spectra which have to be provided
by the light emitter. Thus by using shorter pulses spectral resolution becomes
worse in the same manner.

Lorentzian line shapes result in a temporal pulse structure constructed
from two exponential curves with a peak at the center. The half-width of the
line is related to the 1/e value of the pulse as described in Sect. 2.1.2 (p. 15).
For more details see Sect. 6.10.3 (p. 460) and Eqs. (6.151)–(6.153).



3. Linear Interactions
Between Light and Matter

Linear or conventional optics is the basis of all photonic applications. In these
linear interactions of light with matter the relative change of the intensity
is not a function of the used intensity. This in these conventional optical
experiments the applied incident intensity is not important and often not even
measured. This is in contrast to nonlinear interactions which are crucially
dependent on the incident intensity, as will be described in the next chapter.

Dispersion, refraction, reflection, absorption, luminescence, birefringence,
optical activity, diffraction and scattering are observable in the linear range.
But all these linear interactions may become nonlinear if the intensity is high
enough.

In this chapter the linear effects will be described briefly to provide the
basics for the nonlinear interactions which are discussed in the following
chapters. For a more detailed description, especially of the usual linear ap-
plications, common optics textbooks should also be used [e.g. M5, M8, M24,
M29, M38, M42, M43, M49, M54]. Some aspects of linear interactions were
already discussed in the previous chapter, e.g. in Sect. 2.5 for ray matrices.

3.1 General Description

As mentioned in Sects. 2.2 and 2.3 the interaction of light with matter can
be described by Maxwell’s equations [M29]:

curlE = −∂B
∂t

(3.1)

curlH =
∂D

∂t
+ j (3.2)

divD = ρ (3.3)
divB = 0 (3.4)

with
electric field E V m−1

magnetic field H A m−1

electric displacement D A s m−2

magnetic induction B Vs m−2

current density j A m−2

electrical charge density ρ A s m−3
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In these equations the interaction with the material is described by D,
B, j and ρ. This leads to the additional equations:

D = ε0E + P (E) (3.5)

B = µ0H + J(H) (3.6)

j = ξE (3.7)

with the values:
electrical polarization P A s m−2

magnetic polarization J V s m−2

electrical conductivity ξ A V−1 m

In linear interactions the changes in the matter are linearly dependent on
the incident fields and thus:

P (r, t) = ε0 χ(r)E(r, t) (3.8)

J(r, t) = µ0 χm(r)H(r, t) (3.9)

using

electric susceptibility χ

magnetic susceptibility χm.

With these values the material equations result in:

D(r, t) = ε0E(r, t) + ε0χ(r)E(r, t) = ε0εr(r)E(r, t) (3.10)
B(r, t) = µ0H(r, t) + µ0χm(r)H(r, t) = µ0µr(r)H(r, t) (3.11)

with the:

electric permittivity εr = 1 + χ (3.12)

magnetic permeability µr = 1 + χm. (3.13)

The material parameters ξ, χ, χm, εr and µr are tensors with nine compo-
nents in general as a consequence of the three space dimensions. In the case
of isotropic materials they can degenerate to scalar numbers.

Because of the linearity of the interaction the theoretical analysis can be
based on the superposition of fields with different spatial, temporal, spec-
tral and polarization components resulting, e.g. in pulsed light beams with
certain spectral distributions and polarization. Thus the single light matter
interaction can be described by the wave equation for the electric field vector
of monochromatic light as given in the previous chapter. Assuming isotropic
matter this results in:

light matter interaction ∆E − 1
c20

∂2E

∂t2
= µ0

∂2P (E)
∂t2

(3.14)

As mentioned above in photonics the influence of the magnetic component
of the light can usually be neglected. Thus µr can mostly be set equal to 1 as
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applied in Eq. (3.13). The tensor of the electrical susceptibility χ is generally
complex counting for absorption with the imaginary part χabsorption and for
phase changes with the real part χphase. The refractive index then follows
from:

refractive index n =
√

1 + χphase − iχabsorption. (3.15)

which is also a complex tensor. The detailed description of linear interac-
tions can require the full set of Maxwell’s equations including Eqs. (3.10)
and (3.11). The material parameters ξ, χ, χm, εr and µr can be derived from
a detailed quantum mechanical description of the interaction. But often phe-
nomenological equations, as given in the following chapters, are sufficient.

Some general aspects can be derived by the following analysis. The inter-
action of light with matter results from the forces of Coulomb and Lorentz
to the charged particles. This force F acting on an electron with charge e is
given by:

F = eE + ev ×B. (3.16)

If this electron with the mass me is elastically bound in a parabolic poten-
tial as it is in the linear approximation and the magnetic force is neglected the
differential equation for the linear motion of this electron in the x direction
is given by:

meẍ+
1
τ
meẋ+ (2πν0)2mex = e|E(ν)| = eE0 ei2πνt (3.17)

which can be solved under steady state conditions to give:

x =
1

(2πν0)2 − (2πν)2 + i2πν/τ
eE0 ei2πνt

me
. (3.18)

If no interaction takes place between these electrons (in the linear approx-
imation) the polarization P (t) of the matter with an electron density N0 is
given by:

P (t) = eN0x(t) (3.19)

Using (3.8) the complex susceptibility χ can be determined:

χ = χphase − iχabsorbtion

=
[

1
(2πν0)2 − (2πν)2 + i2πν/τ

]
e2N0

ε0me
(3.20)

with components:

χphase =
[

ν2
0 − ν2

(2π)2(ν2
0 − ν2)2 + (ν/τ)2

]
e2N0

ε0me
(3.21)

χabsorbtion =
[

2πν/τ
(2π)4(ν2

0 − ν2)2 + (2πν/π)2

]
e2N0

ε0me
. (3.22)

The real and imaginary parts of this value show a resonance structure at
frequencies close to ν0 as shown in Fig. 3.1 (p. 96).
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Fig. 3.1. Components of the complex susceptibility of matter with electrons in
parabolic potential as a function of the light frequency ν around resonance ν0. The
solid line shows the absorptive and the dashed line the phase component

The imaginary part of this function describes a Lorentzian “absorption”
function with a width (FWHM) of ∆ν = 1/2πτ . At the positions ν0 ± ∆ν/2
the real part of χ, the phase function, shows a maximum and a minimum,
respectively. At large distances from resonance the absorption is negligible
and the phase change dominates the interaction, resulting in the dispersion
of the material.

In the case of small electron density N0, meaning also small absorption,
the real refractive index is:

real refractive index nreal =
√

1 + χphase =
√
εr (3.23)

whereas the absorption coefficient a is given by the expression:

absorption coefficient a =
2πν0

c

χabsorption√
1 + χphase

. (3.24)

This simple model describes the basics of amplitude and phase changes of
the electric field by absorption and dispersion of light from a single absorption
transition. This phenomenological description may be helpful in understand-
ing the fundamental principles of linear optics. A further consequence of the
complex refractive index is a phase shift ϕE−H between the electric and the
magnetic field. It is given by:

tanϕE−H = − c

4πν0

a

nreal
(3.25)

and thus the intensity is decreasing with propagation of the light wave in the
z-direction by:

absorption I(z) = I(z = 0)e−az (3.26)

if the material begins at z = 0 as will be discussed in Sect. 3.4 in more detail.
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In nonlinear optics the parameters of the interaction will be functions of
the intensity and thus the description is more complicated. Usually quantum
effects have to be explicitly considered in nonlinear optics.

From the above equations it follows that in linear optics the real part and
the imaginary part of χ can be determined from each other if the spectrum of
one part is known for all frequencies. For a measured discrete absorption line
spectrum a(m ·∆ν) at frequency m ·∆ν the discrete values of the dispersion
n(p ·∆ν) at the frequencies p ·∆ν follows from the Kramers–Kronig relation
[M8, M45]:

n(p · ∆ν)− n(ν =∞) =
1

2π2∆ν

∞∑
m=0,�=p

1− (−1)m+p

m2 − p2 a(m · ∆ν) (3.27)

if the spectra are given with the step width ∆ν.

3.2 Refraction and Dispersion

Conventional optical elements such as lenses, prisms and fibers are based
on the refraction and dispersion of light as a consequence of a refractive
index larger than one in the material and its wavelength dependence. Thus
the speed of light is different in matter compared to the vacuum and is a
function of its wavelength or frequency.

If light frequencies are much smaller or larger than the resonance or ab-
sorption frequencies ν0 of the matter, this nonresonant interaction – without
absorption – is dominated by phase changes of the light wave. This interac-
tion is based on the forced oscillation of electric dipoles in the matter with
the light frequency. The speed of the phase of the light wave cp is reduced
from the vacuum light speed cvacuum to:

phase light velocity cp =
cvacuum

nmatter
=

1√
ε0µ0εrµr

= νlightλin-matter (3.28)

where nmatter describes the usual (real) refractive index of the material. In
optical materials µr � 1 applies as mentioned above. The light frequency in
matter is unchanged but the wavelength λin-matter is shortened to:

λin-matter =
λvacuum

nmatter
. (3.29)

The refractive index is close to 1 for gases but reaches values around and
even of more than 2 for special crystals (see Table 3.1, p. 98). The refrac-
tive index can be determined using different methods as given, for exam-
ple, in [3.1–3.4], or via the measurement of Brewster’s angle as described in
Sect. 3.5.2 (p. 121) and the references therein.

If the light is a mixture of frequencies the speed of these components
will be different as a consequence of a spectrally varying refractive index.



98 3. Linear Interactions Between Light and Matter

Table 3.1. Refractive indices of some gases liquids and solids

Material n λ (nm) Material n λ (nm)

Air 1.00029 546 Plexiglass 1.49 546
CO2 1.00045 546 Diamond 2.42 546
Water 1.33 546 Nd:YLF 1.45 1060
Ethanol 1.36 546 Ruby 1.76 694.3
Benzene 1.51 546 Ti:Al2O3 1.76 735
CS2 1.63 546 Nd:YAG 1.82 1064
Quartz 1.46 546 Nd:YALO 1.90 1078

The refractive index variation as a function of the light frequency n(ν) or
wavelength n(λ) is called dispersion:

dispersion n(λ) or n(ν) (3.30)

For spectral ranges without (meaning transparent material with negligi-
ble absorption) absorption we observe normal dispersion. The conventional
refractive index, which is the real part of the complex refractive index, will
decrease with increasing wavelength in these ranges:

normal dispersion
dn
dλ

< 0 (3.31)

Thus, e.g. refraction at an air–glass interface leads to a spreading of the
colors of a white light beam as sketched in Fig. 3.2.

red
yellow
green
blue

λ

n = 1 n = f(λ) > 1

white light

Fig. 3.2. Refraction at an air–glass interface leads to a spreading of the colors
given for normal dispersion

For normal dispersion the refraction of the shorter wavelengths is larger
than for the longer ones, as it can be demonstrated by Huygen’s principle.

In the range of absorption within the FWHM value of the spectral line
the conventional refractive index increases with the wavelength of the light
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(see Fig. 3.1, p. 96) and this is called anomalous dispersion:

anomalous dispersion
dn
dλ

> 0 (3.32)

This anomalous dispersion may sometimes be difficult to observe because
the imaginary part of the complex refractive index may be dominant in this
spectral range of the absorption. In Sect. 7.5 (p. 575), the z scan method
is described which allows the determination of both parts of the complex
refractive index in nonlinear spectroscopy.

In any case the velocity of a spectrally mixed light is given by the group
velocity:

group velocity cg = cp − λdcp
dλ

(3.33)

and so a group refractive index can be defined as:

ngroup = n(λ)− λdn(λ)
dλ

. (3.34)

In the case of spectral broad light with several nm bandwidth, as, e.g.
in fs pulses, the dispersion will cause significant different delays between the
spectrally different components of the light. This is called as chirp (see Sec-
tion 6.10.3, p. 460, 6.11.3, p. 480 and 6.14.2, p. 523). With the combination
of two gratings or prisms or with special mirrors it is possible to compen-
sate this effect by arranging different optical path lengths for the different
wavelengths.

The conventional refractive index can be determined from the refraction
at a planar surface between two materials with different refractive index. The
angles between the propagation direction of the beams and the perpendicular
on the mentioned surface are related by the Snellius law (see Fig. 3.3):

refraction law n1 sinϕ1 = n2 sinϕ2 = f(λ). (3.35)

ϕ1

n1 n2

ϕ2

Fig. 3.3. Refraction at an optical
surface between two materials with
different refractive indices of e.g. 1.0
and 1.5

If light beams are not perpendicular to the material surface the refrac-
tion will change the intensity of the beam by changing the beam size in the
dimension which is not parallel to the surface (see Sect. 3.5.1, p. 114).
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The group velocity may be determined from the measurement of light
pulse propagation through the material. Often the difference can be neglected.

The refractive indices as a function of the wavelength for CS2 and some
technical glasses are shown in Fig. 3.4. The wavelength dependence of the re-
fractive indices is different for different materials and thus the compensation
of dispersion is possible, e.g. by combining suitable glasses. If the total re-
fraction is the same for two wavelengths the system will be called achromatic
and if the compensation works for three wavelengths the system is called
apochromatic.
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Fig. 3.4. Refractive indices of some materials as a function of wavelength (disper-
sion)

For the phenomenalogical description of dispersion as a function of wave-
length several suggestions have been made [3.5]. A simple approach was given
by Hartmann as:

n(λ) = n0 +
Cdisp

(λ− λ0)α
0.5 < α < 2 (3.36)

with the constants Cdisp, λ0 and α. Another approach which can result in
useful values for large spectral ranges from the UV to the IR spectral range
was given by Sellmeier as:

n(λ) = 1 +
∑
m

λ2

λ2 − λ2
m

Adisp,m (3.37)

with the coefficients Adisp,m and the resonance wavelengths λm. If three terms
are used then two of them should have wavelengths λm in the UV and one
in the IR. These coefficients are available especially for crystalline materials
as used in nonlinear optics for frequency transformation from the suppliers.
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3.3 Absorption and Emission

Absorption and emission of light are complicated quantum processes which
can be described correctly only by using quantum electrodynamics. Some
aspects are described in Sect. 7.1 especially regarding the possibilities of
quantum chemical calculations. For the purpose of this book some impor-
tant results of the theoretical analysis will be discussed briefly here. Further
descriptions will be given in Sect. 5.3 considering nonlinear interactions.

Today we are only able to calculate the absorption and emission spectra
for a limited number of interesting materials with good accuracy. Thus the
experimental investigation of the absorption and emission properties of mat-
ter in the linear, and even more in the nonlinear range are important fields
of research. Better understanding of these spectra and the decay mechanisms
will help us to design more suitable materials for photonic applications in the
future.

3.3.1 Theoretical Description of Absorption and Emission

For analyzing the interaction of the electric field of the photons with the
electric charges in the material, i.e. the electron and ion potentials, the time-
dependent Schroedinger equation has to be used:

H(r, t)Ψ(r, t) = i
h

2π
∂Ψ(r, t)
∂t

(3.38)

with the Hamilton operator H representing the total energy of the matter–
light system and the wave function ψ representing the quantum state of this
system with all detailed spatial and temporal information of all particles in it.
Because the energy of the system and the wave function are not known, this
eigenvalue equation cannot usually be solved in general. Thus a large number
of approximations have to be used (for more details see also Sect. 7.13.2).

First, the stationary Schroedinger equation for the matter particles with-
out any external interaction is usually applied:

Hmatter(r) · ϕm(r) = Em · ϕm(r). (3.39)

As a solution of this time-independent equation the eigenstates numbered by
m and characterized by the wave functions ϕm as well as by the energy Em
of these states of the investigated material particles, e.g. atoms or molecules,
occur. With respect to the interaction with photons it is assumed that the
eigenstates of the material will not change under the influence of the light
field. For this approximation the electric field strength of the light has to be
much smaller than the internal fields of the particle. Most of these analysis
do not include the influence of the environment of the particle and even the
internal interactions of the different parts of the particle are often neglected.

The solution of this equation is analytically still only possible in the sim-
plest cases such as the H atom and numerical solutions need a large number of
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further approximations even for small molecules. Nevertheless, several prin-
cipal results about the energy levels and the selection rules can be evaluated
from this.

Under these assumptions the wave function can be used with the ansatz:

Ψ(r, t) = Ψ1(r) · Ψ2(t) (3.40)

and with the solution of the stationary undisturbed system the total wave
function Ψ can be described as a superposition of the wave functions of the
system with time-dependent coefficients cm(t):

Ψ(r, t) =
∞∑
m=1

cm(t)ψm(r, t) (3.41)

with the wavefunctions ψm:

ψm(r, t) = e−i(2π/h)Emtϕm(r). (3.42)

The interaction with the light field can be described by first-order per-
turbation theory. The Hamiltonian of (3.38) is split into the material steady-
state Hamiltonian of (3.39) and the Hamiltonian of the interaction as a small
disturbance:

H(r, t) = Hmatter(r) + Hinteraction(t). (3.43)

With this equation the temporal change of the coefficients describing the
transitions of the particle under the influence of the light can be calculated
from:

∂

∂t
cp(t) = −i

2π
h

∞∑
m=1

[
cm(t)

∫
V

ψ∗pHinteractionψm dV
]

(3.44)

with the integration over the whole volume V of the wavefunctions. Usually
the system is in one eigenstate before a transition takes place and then the
sum is reduced to one element representing a single transition from state m to
state p in this example. The probability of the population of state p is given
by the square of cp and the transition probability wp←m for the transition
from state m to state p is given by:

wp←m =
∂

∂t
|cp(t)|2 ∝ µ2

p←m (3.45)

which is proportional to the square of the transition dipole moment µp←m:

transition dipole moment µp←m =
∫
V

ϕ∗pHinteractionϕm dV (3.46)

The interaction operator is given for a one-electron system in the dipole
approximation, assuming a radiation wavelength large compared to the di-
mension of the particle which are typically 10−10 m for atoms and 10−9 to
10−8 m for molecules, by:

Hinteraction(t) = −erE(rparticle) (3.47)
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with the electrical charge e, the position of the particle center at rparticle
and r as the relative position of the charge from the particle center and the
electric field vector E.

For the more general case, including large molecules the electrical field can
be better expressed with the vector potential A(r, t) which is source free:

vector potential divA(r, t) = 0 (3.48)

The electrical field follows from this potential by:

E(r, t) = −1
c

∂

∂t
A(r, t) (3.49)

and the magnetic field by:

H(r, t) = rotA(r, t). (3.50)

With respect to the quantum description the vector potential can be writ-
ten as:

A(r, t) =
∑
m

em

√
hλm

8π2V ε0c0

[
bm eikmr + b +

m e−ikmr
]

(3.51)

with the counterm for the different waves of light and thus of the electric field,
em as the direction of the field vector, λm as the wavelength of the light wave,
V as the volume the waves are generated in and km as the wave vector of
the mth wave. The bm and b+m are photon absorption and emission operators
which would be light amplitudes in the classical case. These operators fulfill
the following relations:

bmb +
p − b +

p bm = δmp

bmbp − bpbm = 0 (3.52)

b +
m b +

p − b +
m b +

m = 0

which result in the description of the energy of the electrical field by a sum
over harmonic oscillators as:

Hfield =
∑
m

b +
m bmhνm (3.53)

The Hamilton operator for a single electron in the potential of the cores V
and the electric field A is given by:

Helectron =
1

2melectron
[p− eeA(r, t)]2 + V(r, t) (3.54)

with the mass melectron and charge ee of the electron and the momentum
operator:

p = −i
h

2π
∇ (3.55)



104 3. Linear Interactions Between Light and Matter

With these definitions the interaction operator for a one-electron system
follows from:

Hinteraction(r, t) = − ee

melectron
A(r, t) · p +

e2
e

2melectron
A2(r, t). (3.56)

For linear interactions the second term can be neglected. But the inter-
action has to be considered for all charges in the particle which are, e.g. in
molecules for all electrons and core charges. The resulting interaction opera-
tor is given by:

Hinteraction(r, t) =
∑
p

[
− ee

melectron
A(rp, t) · pp

]

+
∑
q

[
−Zcore,qee

Mcore
A(Rq, t) · Pq

]
(3.57)

with the position rp and momentum pp of the p-th electron and the charge
Zcore,q of the qth core, the coordinate Rq of this core and its momentum Pq.
In the dipole approximation the interaction operator for such a system can
be written as:

Hinteraction(r, t) =
∑
m

[
−Zcharge,mee

mcharge,m
E(rp, t)

]
(3.58)

and thus the transition dipole moment in the dipole approximation follows as:

transition dipole moment

µp←m = ee

∫
V

ϕ∗p

(∑
m

[
− Zcharge,m

mcharge,m
E(rp, t)

])
ϕm dV. (3.59)

It can be shown that for absorption or emission of photons the material
has to perform a transition between two eigenstates Em and Ep of the mate-
rial and thus the photon energy Ephoton has to fulfill the resonance condition:

resonance condition Ephoton = hνphoton = |Ep − Em|. (3.60)

Because of the uncertainty relation (see Sect. 2.1.2, p. 15) a certain spec-
tral width for this resonance condition has to be added as a function of the
transition time. This bandwidth results from the natural life time of the
involved states. The line shape function is described below in Sect. 3.3.3
(p. 107).

In addition to this condition, the resonance condition, as a second condi-
tion a certain overlap of the wave functions of the initial state ϕm and the
final state ϕp of the material is necessary for an absorption or emission pro-
cess as given in (3.46) and (3.59). The larger this integral and thus the larger
the transition dipole moment µp←m (meaning the larger the overlap of the
two wave functions) the larger the probability for the transition.

Other useful values for describing this transition probability are the os-
cillator strength f , Einstein’s coefficients B and the cross-section σ [3.6].
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The oscillator strength f [e.g. M54, 3.7] is related to the transition dipole
moment for a two-level system as:

oscillator strength fp←m =
gp
gm

8π2melectronνp←m
3he2

e
µ2
p←m (3.61)

with the electron mass melectron, the multiplicities gj/i of the two states and
the frequency of the transition νj←i. The oscillator strength of, e.g. molecules
is about one but is larger for very strong transitions and much smaller for
forbidden transitions:

f ≥ 1 allowed transitions
f � 1 forbidden transitions.

The Einstein coefficients for absorption and stimulated emission of this
transition are related to the oscillator strength by:

Einstein’s coefficients

Bp←m = Bm←p =
πe2

e

2ε0melectronhνp←m
fp←m. (3.62)

Molecules show absorption and emission bands instead of a single elec-
tronic transition frequency which result from broadening effects. Thus the
oscillator strength of the electronic transition is “distributed” over this band.
The experimental absorption band measured, e.g. as the cross-section σ (see
Sect. 3.4) as a function of the light frequency or wavelength λ can be related
to the oscillator strength by integrating over the cross-section of the band:

fp←m =
4melectronc0ε0

e2
e

∫
band

σ(ν) dV

� 3.76788 · 105 s
m2

∫
band

σ(ν) dν (3.63)

or in the wavelength scale

fp←m =
4melectronc

2
0ε0

e2
e

∫
band

1
λ2σ(λ) dλ

� 1.12958 · 1014 1
m

∫
band

1
λ2σ(λ) dλ (3.64)

with the mass melectron and charge ee of the electron. For measured spectra
a band shape analysis may be necessary to isolate the different electronic
transitions overlapping in one observable band which may homogeneously and
inhomogeneously be broadened as described in Sects. 5.2 (p. 265) and 7.2.4
(p. 552). The emission cross-section can be determined from the fluorescence
measurements as described in Sect. 7.3.4 (p. 559).

This integral formula can be used for comparing the results of quan-
tum chemical calculations with experimental spectra. Sometimes the ex-
tinction coefficient εa(λ) instead of the cross section is used to character-
ize the observed absorption spectra. The conversion formula is given in
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Sect. 3.4 (p. 110). Changes in the shape of the absorption spectrum should
not change the resulting oscillator strength because the change in the broad-
ening mechanism’s usually affects the overlap of the electronic wave functions
very weakly only.

From this tape of analysis a few general selection rules for transitions be-
tween two energy levels can be given. Transitions between vibrational energy
levels of molecular systems are allowed for neighboring levels only, changing
the vibration quantum number by ∆vvib = ±1 and are otherwise strictly for-
bidden. Transitions between molecular rotation states are allowed for changes
of the rotational quantum number by ∆Jrot = ±1 and are otherwise theo-
retically not possible. Electronic transitions are much less probable between
electronic states of the same symmetry of the wave function as even–even or
odd–odd which may be known from quantum chemical calculations or gen-
eral symmetry analysis of the molecule. Further transition between electronic
systems with different spin such as singlet–triplet transitions are usually for-
bidden.

Table 3.2. Selection rules for light induced transitions in matter

Type of transition Allowed Forbidden

Electronic Even–odd Even–even
Odd–even Odd–odd
Singlet–singlet Singlet–triplet
Triplet–triplet Triplet–singlet

Vibronic ∆vj←i = ±1 Else
Rotational ∆Jj←i = ±1 Else

In practical cases in almost all systems except atoms in gases commonly
not just two energy levels are involved. For example, the energy level den-
sity of molecules with 10 atoms reaches values of more than 104 states per
cm−1 energy range for molecular energies of 200 cm−1. This is the molecular
energy which is provided at room temperature Troom by the Boltzmann en-
ergy kTroom � 204 cm−1. Interactions of the particle, e.g. electronic states of
molecules, with their environment, e.g. solvent, or with other internal states,
e.g. vibrations, may shift these electronic states by several 10–100 cm−1. Fur-
ther the motion of the particles changes the resonance frequency by the
Doppler shift. Thus in spectroscopic measurements usually a large number
of quantum eigenstates is active. Therefore the measured cross-section com-
monly shows a continuous spectrum. This spectrum can be homogeneously
or inhomogeneously broadened (see Sect. 5.2) which does not usually matter
in linear spectroscopy but can be very important in photonic applications.
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3.3.2 Properties of Stimulated Emission

As mentioned in the previous chapter the Einstein coefficients and the cross-
sections are the same for absorption as for stimulated emission in the case of
a two-level system. Stimulated emission is a more complicated process as it
includes at least two photons, one which stimulates and the emitted one (see
Fig. 3.5).

B12 B21

Stimulated
Emission

E1

E 2
Absorption

E

ν

ν

21

12

Fig. 3.5. Stimulated emission of
a photon in a two-energy-level E1

and E2 system

As a most important fact of this process and as the basis of all lasers it
should be noted that:

The stimulated photon is almost perfectly identical with the incident
photon.

Thus identical photons occur after the stimulated emission takes place and
therefore by repeated stimulated emission a very large number of identical
photons can be generated. Nevertheless the perfect cloning of a single photon
is not possible because there is always noise involved which adds background
radiation to the modes of the involved photons. It should also be noted that
photons in the same mode (“identical photons”) are not distinguishable. They
are quantum mechanically shares of this mode resulting in these sometimes
anti-intuitive results of certain correlation experiments.

In natural systems the probability of stimulated emission is smaller than
for absorption because of the lack of high populations in the upper energy
state (see Sect. 5.3.4, p. 274 and 6.1).

3.3.3 Spontaneous Emission

Besides stimulated emission a spontaneous emission of light can happen while
the matter undergoes a transition from the upper energy level to the lower
one (see [3.8–3.11] and Sect. 7.3 and references there). Of course the resonance
condition (3.60) will be fulfilled by the spontaneous emitted photon, too.

This emission is a statistical process which has to be analyzed with quan-
tum electrodynamics including the vacuum fluctuations, and thus the time
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of emission is not determined. The emission probability is given by the Ein-
stein coefficient Am←p which is related to the B coefficients of absorption
and stimulated emission under the assumption of constant bandwidth by:

spontaneous emission Am←p =
8πh
c3

ν3Bm←p =
8πh
c3

ν3Bp←m (3.65)

where ν is the resonance frequency of the transition. From this coefficient it
follows that there is a relative increase of the probability of the spontaneous
compared to the stimulated emission towards shorter wavelengths. This can,
e.g. disturb the emission of UV laser light.

Further the emission probability is usually constant over time and thus an
ensemble of excited particles will show an exponentially decaying spontaneous
emission intensity Ispont.emission:

Ispont.emission(t) = I0(t = 0)e−t/τm←p (3.66)

with the decay time of this emission:

decay time τm←p =
1

Am←p
(3.67)

which is in the case of a two-level system also the lifetime of the upper energy
state with the energy Ep and therefore also called natural lifetime.

From the uncertainty relation it follows that this transition must have a
minimum homogeneous spectral width (FWHM) of:

bandwidth ∆νm←p =
1

2πτp
+

1
2πτm

(3.68)

with lifetimes τp and τm of the involved upper and the lower energy state.
The second term is zero if the lower state is the ground state of the system.
This spectral width represents a Lorentzian line shape function:

Lorentzian profile f(ν − ν0) =
{

(∆νFWHM/2)2

(ν − ν0)2 + (∆νFWHM/2)2

}
(3.69)

with the integral:∫ ∞
−∞

f(ν − ν0) dν = π∆νFWHM (3.70)

which is taken for practical cases for ν > 0, only. This Lorentzian line shape
function is depicted in Fig. 3.6 (p. 109).

This minimal spectral width can be broadened by further parallel de-
cay processes as, e.g. by radiationless transitions, as mentioned above and
described in the next chapter, which shorten the lifetimes of the states in-
volved. As a consequence the share of spontaneous emission among the re-
laxation processes of the excited energy level becomes less than 100% and is
called quantum efficiency, e.g. of the fluorescence or phosphorescence of the
particle.
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Fig. 3.6. Lorentzian line shape
of spontaneous emitted light

In practical cases the superposition of homogeneously broadened transi-
tions are frequently observed. In these cases the spectral shape of the resulting
inhomogeneously broadened spectrum can mostly be described by Gaussian
or Voigt spectra as a result of statistically superimposed narrow Lorentzian
spectra (see Sect. 7.2.4, p. 552).

Spontaneous emission is observed after excitation of the system, for ex-
ample via the pump mechanisms described in Sect. 6.3. In addition, sonolu-
minescence was observed and is still being investigated [3.12–3.14]. Several
mechanisms are known to reduce the lifetime of the upper state via radia-
tionless transitions as discussed in the following Section.

3.3.4 Radiationless Transitions

The optically excited energy states of matter can also decay without emitting
photons. Further, a part of the absorbed energy can undergo radiationless
conversion, which is, e.g. the difference between the energy of the absorbed
photons and the emitted photons. This energy is sometimes called the excess
energy. For more details see also Sect. 7.3.4 (p. 559).

The radiationless transitions usually result from the coupling of the ex-
cited state with states of only slightly smaller or equal energy but of a differ-
ent kind. For example, the electronically excited but vibrationally nonexcited
state of a molecule can transfer to a vibrationally highly excited but electronic
ground state. This energy transfer can be followed by a fast transfer of the vi-
brational energy to the environment of the molecule and thus the dissipation
of the energy.

The calculation of the radiationless transitions demands precise knowl-
edge of all energy states which have to be considered and their quantum cou-
pling mechanisms. This is sometimes possible under favorable circumstances
and only in a phenomenological way.

A further common energy transfer process can be activated by the dipole–
dipole interaction, e.g. in molecular systems. Coherent and incoherent cou-
pling between the partners is possible and excitons can occur [3.15–3.18]. In
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this case new narrow absorption and emission bands may be obtained. For
strong coupling the transfer rate is proportional to the third power of the
distance between the partners and reaches values of 1011–1014 s−1. For weak
coupling the transfer rate is proportional to the sixth power of the distance
and shows values of 106–1011 s−1 [3.19–3.21]. These processes are also known
as the Foerster mechanism. Finally transfers over distances up to 10 nm can
be observed.

Regardless of the detailed energy dissipation mechanism the resulting
energy storage should be considered in the matter. In linear interactions
the deposited thermal energy can usually be neglected because of the small
excitation light powers.

But the radiationless transitions often shorten the lifetime of the excited
states, significantly. If the lifetime of the radiationless transition alone is
τi,radless the resulting lifetime of the upper level p will decrease to:

τp,final =
[

1
τp,rad

+
1

τp,radless

]−1

. (3.71)

The mechanism of parallel decays is comparable to parallel resistance;
the resulting lifetime has to be calculated as the sum of the inverse lifetimes
which is the sum of the transition rates (see Sect. 5.3.6, p. 277).

Thus the radiationless transitions will broaden the homogeneous linewidth
of optical transitions. Further details are given in Chap. 7.

3.4 Measurement of Absorption

Absorption is observed as a decrease of the number of photons in the beam
while transmitting in the material. In linear optics the incremental decrease
of the intensity I, e.g. in the z direction, is proportional to the intensity itself:

linear optics dI(z) = −aI(z) (3.72)

with the absorption coefficient a measured in cm−1.

3.4.1 Lambert–Beer Law

Integration of this equation leads to the Lambert–Beers law:

Lambert–Beer law I = I0 e−aL (3.73)

with the definitions of Fig. 3.7 (p. 111).
The absorption coefficient a is related to the imaginary part of the refrac-

tive index ncomplex = nreal + inimag by:

a =
4π
λ
nimag (3.74)

as can be compared with (3.24).
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Fig. 3.7. Linear absorption of light in a
sample of thickness L

For determining the absorption the incident intensity I0 and the transmit-
ted intensity I have to be measured. The quotient of these is the transmission
or transmittance T :

transmission T =
I

I0
. (3.75)

Besides the well-defined transmission a lot of further definitions are used
to characterize the absorption of matter. Quite common is the optical density
OD especially for optical filters which is defined as:

optical density OD = − lg10(T ) or T = 10−OD. (3.76)

Sometimes “absorption grades”, “extinction”, “absorption” or other val-
ues are used as measures. The definitions of these values can differ from
author to author as, e.g. 1− T or 1/T and thus it is strongly recommended
to relate these values to the clearly defined T .

As the intensity is a five-dimensional function of the photon parameters
it is obvious that the transmission can also depend on these parameters. In
the linear optics the light has almost no effect on the material and thus the
absorption can be characterized by the material parameters alone. It is not a
function of the intensity. Most common is the characterization of the spectral
absorption resulting in T = f(λ). In addition this function can be dependent
on the polarization of the applied light.

Using the Lambert-Beers law it is very simple to calculate the transmis-
sion for different thicknesses of the same material, e.g. while combining filters
of the same kind. In this case the resulting optical density OD is just the sum
of all applied ODs in the beam.

3.4.2 Cross-Section and Extinction Coefficient

As mentioned above, the absorption coefficient in linear optics will usually
be a function of the wavelength λ and sometimes of the polarization φ with
respect to the sample structure and orientation. In special cases it can be a
function of space and time. It will depend on the material parameters such
as concentration, temperature and pressure. Thus four further values are
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commonly used in optics for sample characterization:

cross-section σ(λ) =
a

Npart
= − 1

NpartL
ln(T ) (3.77)

with

[σ] = cm2 and [Npart] = cm−3 (3.78)

where the particle density Npart is measured in particles per cm3.
In chemistry the extinction coefficient is popular:

extinction coefficient εa(λ) = − 1
CconcL

lg10(T ) (3.79)

with:

[εa] =
l

mol cm
and [Cconc] =

mol
l

(3.80)

The extinction coefficient and the cross-section are related by:

εa(λ) = σ(λ)
NL

ln 10
� σ(λ) · 2.6154 · 1020 1

cm2

l

mol · cm
(3.81)

with Loschmidt’s number NL = 6.0221367 · 1023 mol−1.

3.4.3 Absorption Spectra of Some Optical Materials and Filters

For photonic applications optically transparent materials for the required
wavelengths are needed for conventional optical elements such as lenses, win-
dows and beam splitters [3.22, 3.26]. Thus especially in the infrared (IR) and
in the ultra violet (UV) region special materials are required. In Fig. 3.8 and
3.9 (p. 113) the transmission spectra of some common materials for applica-
tions in the UV and IR are shown.
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Fig. 3.8. Transmission spectra of some optical glasses for a geometrical thickness
of 100m
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The maximum transmission, e.g. in the visible range, is a function of
the purity and optical quality of the glass and not so much determined by
absorption. In fibers the absorption can be as low as 0.2 dB/km for the suit-
able wavelengths. For very small losses the surface quality is also important
and it should be anti-reflection coated to avoid Fresnel reflection losses (see
Sect. 3.5.1, p. 114).

If materials have to be investigated in the far IR spectral range around
10 µm glasses are no longer useful. The most common materials for optical
windows in this spectral region are shown in Fig. 3.9. Polymers may be useful
in some cases [see, for example, 3.4].
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Fig. 3.9. Transmission spectra of materials usable in the IR for a geometrical
thickness of 3mm for MgF2, CaF2 and sapphire, of 6mm for ZnS and of 10mm for
NaCl

Further Kaliumbromide (KBr) is also used in the IR, e.g. for diluting
molecules if their vibronic or rotational transition is to be measured. Thus
the mixture of fine KBr with the sample molecule can be pressurized with
a special crammer to get transparent samples several 10 mm in diameter.
Using NaCl demands very dry conditions, otherwise the window will become
matt or even dissolve.

Special care has to be taken working with UV or with high intensities.
Materials may degrade or show color-center formation or other photochemical
reactions [3.27, 3.28].

In Fig. 3.10 (p. 114) the spectra of some common filters used in optical
setups are shown. They are used in photonic applications in linear and non-
linear measurements to vary the light intensities to illuminate the samples or
the detectors in the right way.

As can be seen the absorption of the neutral density (NG) filters is only
flat in narrow spectral ranges. Thus the spectral transmission curve has to be
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Fig. 3.10. Spectral transmission curves of some common filters as used in photonic
applications: neutral density filters NG4, NG11, NG12 and color glass filters UG1,
UG11, KG4 (Schott-Glas)

considered in the evaluation of spectral measurements. Care has to be taken
for nonlinear effects in these filters if laser light is applied as described in
Sect. 7.1.7 (p. 548).

3.5 Polarization in Refraction and Reflection
(Fresnel’s Formula)

If light waves meet the border of two materials with different refractive indices
some light will be reflected and the rest will be refracted and absorbed. If the
wave propagation is not perpendicular to the border surface the polarization
of the reflected and the refracted light will be different compared to the
polarization of the incident light. Phase jumps in the oscillation of the electric
and magnetic light fields can also occur. The analysis of these processes can be
based on Maxwell’s equations. Some results will be given in this chapter. They
have to be carefully considered in all linear and nonlinear measurements,
because neglecting polarization effects can cause serious measuring errors.

3.5.1 Fresnel’s Formula

The evaluation of reflection and refraction is carried out here first by neglect-
ing absorption. The propagation direction of the incident beam with total
power Pinc meets the surface between the refractive indices n1 and n2 at the
angle ϕ relative to the perpendicular to the surface (see Fig. 3.11, p. 115).
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Fig. 3.11. Incident, reflected and refracted light beams with parallel and nonpar-
allel polarization components relative to the refractive index boundary

The propagation direction of the reflected beam shows the same angle ϕ
towards the perpendicular but the refracted light will show the angle ϕ2. One
polarization component is parallel to the plane of all beams and is marked
by ‖. It has a component perpendicular to the surface. The other component
will be perpendicular to this one and will be called perpendicular ⊥. It is
polarized parallel to the border surface.

3.5.1.1 General Formula

Neglecting absorption the sum of all components of the reflected and trans-
mitted powers have to be equal to the total incident power. The relation of
the refractive indices of the two homogeneous and isotropic materials will be
described by:

relative index change nrel =
n2

n1
. (3.82)

With these definitions the reflected and transmitted shares with the two
polarizations are given by:

• reflectivity R of the perpendicular polarized intensity component:

R⊥ =
Prefl,⊥
Pinc,bot

=
Irefl,⊥
Iinc,⊥

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(√
n2

rel − sin2 ϕ− cosϕ
)2

n2
rel − 1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

2

(3.83)
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• transmission T of the perpendicular polarized intensity component:

T⊥ =
Ptrans,⊥
Pinc,⊥

= F (ϕ, nrel)

⎧⎨
⎩2 cosϕ

√
n2

rel − sin2 ϕ− 2 cos2 ϕ

n2
rel − 1

⎫⎬
⎭

2

(3.84)

• reflectivity R of the parallel polarized intensity component:

R‖ =
Prefl,‖
Pinc,‖

=
Irefl,‖
Iinc,‖

=

⎧⎨
⎩n2

rel cosϕ−
√
n2

rel − sin2 ϕ

n2
rel cosϕ+

√
n2

rel − sin2 ϕ

⎫⎬
⎭

2

(3.85)

• transmission T of the parallel polarized intensity component:

T‖ =
Ptrans,‖
Pinc,‖

= F (ϕ, nrel)

⎧⎨
⎩ 2nrel cosϕ

n2
rel cosϕ+

√
n2

rel − sin2 ϕ

⎫⎬
⎭

2

. (3.86)

The factor F (ϕ, nrel) considers the change of beam area in the direction
not parallel to the surface.

It is given by:

F (ϕ, nrel) = nrel

√
1 + (1− 1/n2

rel) tan2 ϕ (3.87)

and the intensities of the transmitted light can be calculated by:

Itrans,⊥ = T⊥Iinc,⊥F (3.88)

and

Itrans,‖ = T‖Iinc,‖F. (3.89)

In addition to these formulas the angle ϕ2 is given by the Snellius law
(3.35). It is important to notice that only for perpendicular incidence no

∼  ∼          ∼      ∼   ∼ ∼       ∼

∼  ∼          ∼      ∼   ∼ ∼
ϕ

ϕ

2

Fig. 3.12. Change of the beam dimension passing an optical surface between dif-
ferent materials via refraction
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change of polarization occurs and both the transmitted and reflected light
have the same polarization as the incident beam. But in any case reflection
takes place.

For perpendicular incidence in an isotropic material the reflectivity is
obviously, for symmetry reasons, not polarization dependent. The reflectivity
for the light power or intensity is given by:

R0◦ =
Prefl

Pinc
=
Irefl

Iinc
=

(
1− nrel

1 + nrel

)2

(3.90)

and the transmitted share T0◦ is:

T0◦ =
Ptrans

Pinc
=
Itrans

Iinc
=

4nrel

(1 + nrel)2 . (3.91)

It is worth noting that for the air–glass transition the minimum power or
intensity reflection is 4% per surface. All optical elements with two optical
surfaces as lenses and glass plates would produce 7.84% reflection losses.
High refracting materials such as laser crystals with n = 1.8 reflect even
more than 8% per surface. Thus the coating of surfaces with thin layers of
suitable refractive indices is an important technique in photonics, and the
reflection losses of optical surfaces can be decreased to 0.1% or less [e.g.
M5]. Another useful possibility, especially in high power laser setups, is the
application of Brewster’s angle for the linearly “parallel” polarized incident
light. As can be seen from Fig. 3.13 (p. 118), and as will be discussed in
more detail in Sect. 3.5.2 (p. 121), the reflectance in this case is theoretically
zero. Therefore, e.g., solid state laser rods for high power applications can be
used with Brewster angle end faces. This leads of course to a high degree of
polarization for the laser radiation. The disadvantage of this arrangement is
the high aligning demands of the setup.

For illustrating these formulas the special case of an air–glass surface will
be shown in graphs below. The results are different if the light passes the
border from the optically thinner to the optically denser material (n1 < n2)
or vice versa.

3.5.1.2 Transition into Optically Denser Medium

If the light passes the material surface from optically thinner to optically
denser material, meaning n1 < n2, the angle ϕ can be 0–90◦ and over the
whole range reflection and transmission is observed. But at a certain angle ϕB
the reflection of the prallel polarized component will become zero and thus
the reflected light will be perfectly linearly polarized parallel to the surface
which is perpendicular polarization as can be seen in Fig. 3.11 (p. 115) (see
next chapter).

It shall be noticed that:

The electric field vector of light reflected at an optically denser material
shows a phase jump of π.
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Fig. 3.13. Power reflectivity R of the two perpendicular polarized components of
the light beam as a function of the angle of incidence for the transition from the
optically thinner air with n = 1 to an optically denser glass with n = 1.5
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Fig. 3.14. Power transmission T of the two perpendicular polarized components
of the light beam as a function of the angle of incidence for the transition from the
optically thinner air with n = 1 to an optically denser glass with n = 1.5

In Figs. 3.13 and 3.14 the reflectivity and the transmission of the two
perpendicular polarized components of the light beams are given as a function
of the angle between the surface perpendicular and the propagation direction.

For nonpolarized light the transmission T and the reflectivity R are given
in Fig. 3.15 (p. 119) for the transition of light from air to an optically denser
material with n = 1.5.
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Fig. 3.15. Power reflectivity R and power transmission T of a nonpolarized light
beam as a function of the angle of incidence for the transition from the optically
thinner air with n = 1 to an optically denser glass with n = 1.5

3.5.1.3 Transition into Optical Thinner Medium

If light passes the optical surface from the higher refracting to the lower re-
fracting material (n1 > n2) total reflection will occur (see Sect. 3.5.3, p. 122).

There is no phase jump in the electric field vector, but the magnetic field
of the reflected light experiences a shift of π, which is usually not important
for photonic applications.

The graphs showing the reflectivity and the transmission for a transition
from glass with n = 1.5 to air are given in Figs. 3.16 and 3.17 (p. 120).
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Fig. 3.16. Power reflectivity of the two perpendicular polarized components of
the light beam as a function of the angle of incidence for the transition from the
optically denser glass with n = 1.5 to air with n = 1
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Fig. 3.17. Power transmission of the two perpendicular polarized components of
the light beam as a function of the angle of incidence for the transition from the
optically denser glass with n = 1.5 to air with n = 1

Again the parallel to the surface polarized light shows zero reflection at
an angle ϕB which is smaller than the angle for total reflection. This fact
can be used to polarize light with simple glass plates which are applicable for
high powers. Again, the transmission T and the reflectivity R are given for
nonpolarized light in Fig. 3.18 for the transition of the light from an optically
denser material with n = 1.5 into air.
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Fig. 3.18. Power reflectivity R and power transmission T of a nonpolarized light
beam as a function of the angle of incidence for the transition from the optical
denser glass with n = 1.5 into air with n = 1

Of course all formulas become much more difficult if the material is
anisotropic. In photonics anisotropic crystals are widely used for frequency
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transformation, switching, deflection, etc. If necessary detailed analysis may
be needed. Usually these crystals are well transparent for the required light.
The antireflection coatings can be designed for the average refractive index
and for the applied polarization and entrance angle of the applied light.

3.5.2 Brewster’s Law

As mentioned above at a certain angle of incidence ϕB, the Brewster angle,
the reflected light is perfectly polarized with a polarization direction parallel
to the surface. Under these conditions the reflected and the transmitted beam
or the wave vectors of these two waves are perpendicular to each other (see
Fig. 3.19) and therefore the electric field of the transmitted parallel polarized
light points directly in the propagation direction of the reflected light.

ϕB ϕB

90°
n1

n2

n2
n1

tan ϕ =B

Fig. 3.19. Brewster angle for perfect po-
larization of the reflected light

The Brewster angle can be determined by:

Brewster angle ϕB = arctan
(
n2

n1

)
(3.92)

with values of 55.6◦–60.3◦ for the transition from air to different glasses with
refractive indices of 1.46 (quartz) to 1.75 (flint). Stacks of such thin glass
plates can be used to build technical polarizers for high-power beams in a
simple way. The share of perpendicular polarized light, which has its electric
field vector parallel to the surface, is split into reflected and transmitted light
as can be seen from Figs. 3.13 (p. 118) and 3.14 (p. 118). Thus the polarizing
effect of this Brewster polarizer is strong for one polarization direction, only.

Because the Brewster angle can be very precisely measured the refractive
indices of optical materials can be determined this way [see, for example,
3.29].
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3.5.3 Total Reflection

Total reflection of the incident light beam can be obtained if the light reaches
the optical surface from the higher refracting side with n1 towards the lower
refracting material with n2 (n1 > n2) (see Fig. 3.20).

n2

n1

ϕ
1

dref

Pin Pout

Fig. 3.20. Total reflection of incident light beam at the index transition plane
towards a smaller refractive index with beam displacement d and evanescent wave

Total reflection will occur for all incident angles greater than or equal to
ϕtot:

total reflection ϕtot = arcsin
(
n2

n1

)
. (3.93)

For transitions from glasses with refractive indices of 1.46 (quartz) to
1.75 (flint) the minimum angle for total reflection will be 43.2◦–34.9◦ which
is smaller than 45◦. Thus these materials are frequently used as 45◦ prisms
for the 90◦ reflection of light, e.g. in binoculars or cameras. This reflection is
100% for a wide range of wavelengths covering, e.g., the whole visible range.
However, the dispersion in the prism will cause different phase shifts for the
different wavelengths of the light. This effect has to be considered, e.g., in
short pulse applications using fs-pulses. On the other hand, prism dispersion
can be used to compensate for the chirp of such pulses (see Fig. 6.81, p. 466).

For angles ϕ1 > ϕtot the reflected light is not linearly but elliptically po-
larized. The phase shift between the parallel and the perpendicular polarized
reflected light δtot can be calculated from:

tan
(
δtot

2

)
=

1
sin2 ϕ

√
(1− sin2 ϕ)(sin2 ϕ− n2

rel) (3.94)

with its maximum value:

tan
(
δtot,max

2

)
=

1− n2
rel

2nrel
(3.95)
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at the matching angle of incidence ϕtot,max:

sinϕtot,max =

√
2n2

rel

1 + n2
rel

(3.96)

For very small nrel close to 1 the phase shift will be a maximum and close
to π. Circularly polarized light would occur. Phase differences of π/4 can eas-
ily be achieved with usual glasses and then the combination of two reflections
using, e.g., a Fresnel’s parallelepiped which is a parallelogram glass block with
the angle ϕtot,max. This arrangement would produce circular polarization.

For the necessary conservation of total spin there must exist an additional
transmitted light wave which is also depolarized. The phase shift of this light
is half of the value of the reflected light. This wave is a maximum after a few
wavelengths thickness and moves from point Pin to point Pout in Fig. 3.20
(p. 122). It does not consume energy but it is useful to test the material with
n2 in a very thin layer above the surface with high sensitivity. Thus thin films
are investigated with this method of evanescent light waves [3.30–3.35].

Further, it should be noted that a very small displacement d of the light
beam occurs during total reflection. This displacement d can be calculated
from [3.36]:

dref =
λ sinϕ cos3 ϕ

π(cos2 ϕ+ sin2 ϕ− n2
rel)

√
sin2 ϕ− n2

rel

(3.97)

which is in the range of a few percent of the wavelength. Nevertheless, this
displacement can be increased by orders of magnitude from multiple reflec-
tions in thin samples. For this purpose Fresnel’s parallelepiped can be applied
if one surface is metal coated for high reflectivity.

3.6 Relation Between Reflection, Absorption
and Refraction

In the previous section absorption of light in materials was neglected in order
to get analytical formulas. The influence of the absorption can be discussed
analytically in the case of perpendicular incidence from air to a material with
refractive index n and absorption coefficient a (see Sect. 3.4). The simple
formula (3.90) has to be extended by the absorption coefficient a to:

R0◦,abs =
Prefl

Pinc
=
Irefl

Iinc
=

(1− nrel)2 + (aλ/4π)2

(1 + nrel)2 + (aλ/4π)2 . (3.98)

If the absorption is very small this equation reduces to (3.90). If the
absorption coefficient a is much larger than 4π/λ, which means a penetration
depth of less than the wavelength, the second term becomes dominant and
the reflectivity becomes R0◦ (a > 4π/λ) ≈ 100% as, e.g. for metals.
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In metals the refractive index can be below 1 as a function of the angle of
incidence. Thus the phase speed can be higher than the vacuum light speed.
But because of the high absorption the light wave has a penetration depth of
only a few nm. For more details see [M8]. Therefore the reflection of light at
metal surfaces is high over a very large spectral range as shown in Fig. 3.21.
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Fig. 3.21. Reflection of polished metal surfaces as a function of the wavelength

These metals are therefore used as mirrors if very wide spectral reflectivity
is needed. Usually the metal is deposited at glass surfaces in thin films with
good optical quality. These films are often coated with thin layers of, e.g.
silicon oxide to protect the metal from oxidation. Commercial mirrors with
metal coatings are available for the VIS-IR spectral range with reflectivities
above 95% whereas in the UV a slightly lower reflectivity above 80% can be
obtained.

If very high reflectivity is needed, another possibility is the coating of sur-
faces with thin layers of dielectric material. With well-designed layer thick-
nesses, applying the interference effects described in Sect. 2.9.6 (p. 84), it is
possible to reach very high reflectivities, above 99.999% for reasonably large
wavelength ranges of a few tens of nanometers. For this purpose a combina-
tion of up to 10–20 different layers with an optical thickness of λ/4 is usually
applied. In combination with the phase jump this leads to a constructive in-
terference for the reflected light and is destructive for the transmitted beam.
The dielectric coatings usually have a higher damage threshold in the range
above 100 MW/cm2 compared to metal coatings. These mirrors are used in
lasers and high-powers photonic applications. Some newer examples are given
in [3.37–3.42].
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3.7 Birefringence

Anisotropic materials which usually have an inner structure such as, e.g.
crystals, liquid crystals, organic molecules in structured environments or thin
films, can show different light speeds for different light propagation directions
relative to the material orientation. This effect is used in nonlinear optics,
e.g. for phase matching in frequency conversion (see Sect. 4.4.2, p. 183).

In the simplest case of optically uniaxial crystals the incident light is split
into two beams, the ordinary (o) and the extraordinary (e), which have a
perpendicular polarization to each other. The ordinary beam shows known
refraction (see Fig. 3.22).

o

e

optical
axis

Fig. 3.22. Birefringence at an optically uniaxial crystal with ordinary (o) and
extraordinary (e) beams and their polarization

This effect is called birefringence. In this case the vector of the speed of
light of the extraordinary beam in the material describes a rotational ellipsoid
and the ordinary beam shows equal light speed in any direction. The ellipsoid
of the extraordinary beam can be narrower or wider compared to the sphere of
the ordinary beam. This corresponds to an ellipsoid of the refractive index for
the extraordinary light which is wider or narrower compared to the isotropic
refractive index of the ordinary beam (see Fig. 3.23).

Thus the refractive index ellipsoid for the extraordinary beam has a gradi-
ent at the surface of the crystal positioned as in Fig. 3.22, so the extraordinary
beam is refracted by this gradient and so a refraction angle occurs although
the beam was perpendicular to the geometrical crystal surface as shown in
the figure.

The refractive indices of the two beams differ by a few percent as shown in
Table 3.3 for some materials. In the direction of the optical axis of the crystal
no birefringence can be obtained and perpendicular to it the birefringence is
a maximum.
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Fig. 3.23. Ellipsoid of the refractive index of the extraordinary beam in an optically
uniaxial crystal in comparison to the spherical index of an ordinary beam. Left:
optically negative uniaxial crystal (e.g. calcite, see Tab. 3.3), right: optically positive
uniaxial crystal (e.g. quartz, see Tab. 3.3)

Table 3.3. Refractive indices for optically uniaxial crystals for the ordinary beam
o and for the extraordinary beam e perpendicular to the optical axis of the crystal
for light wavelength of 589 nm [M42]

Material no ne 1− no/ne Character

Ice 1.309 1.313 0.3% +
K2SO4 1.455 1.515 4.0% +
Quartz 1.544 1.553 0.6% +
Tourmaline 1.642 1.622 −1.2% −
Calcite 1.658 1.486 −11.6% −
Corund 1.768 1.660 −6.5% −

The angle of refraction can be determined for the ordinary beam as usual.
The refraction of the extraordinary beam can be calculated from:

sinϕ1

sinϕ2
= ne(ϕ2 ∓ θ) =

n0
√

1 + tan2(ϕ2 ∓ θ)√
1 +

(
n0

ne

)2

tan2(ϕ2 ∓ θ)
(3.99)

using the definitions of Fig. 3.24 (p. 127). The minus sign is valid for the
situation of this figure and the plus sign is valid if the optical axis is mirror
symmetric to the perpendicular at the incident surface. The extraordinary
beam will experience a different refractive index compared to the ordinary one
even at perpendicular incidence. The refractive index for the extraordinary
beam will change from the value of the ordinary beam up or down to the
value of perpendicular to the optical axis along the elliptical surface.

For the analysis of this process the speed of extraordinary light beams will
vary also as an ellipse but with inverted dimension cvacuum/ne(r). The beam
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Fig. 3.24. Refraction of the extraordinary beam in an optically uniaxial crystal

propagation per unit time can be used for the construction of the new wave
fronts of the extraordinary beam in the material as shown in Fig. 3.24. The
polarization of the extraordinary and ordinary beams will be perpendicular
to each other as depicted in Fig. 3.22 (p. 125).

Thus the intensities of the two beams as well as the shares of the reflected
light will depend on the polarization of the incident light, the angle of inci-
dence and the direction of the optical axis of the material. Fresnel formulas
analogous to the set given for isotropic materials can be used but the two
beams with their different polarization have to be evaluated separately with
their different refractive indices.

If the material shows even lower symmetry than optically uniaxial crys-
tals two extraordinary beams and no ordinary beam can be observed. Two
different rotational ellipsoids occur for the two beams similar to the single
ellipsoid in uniaxial crystals. Materials with two extraordinary beams are
optical biaxial.

In this case three refractive indices nu, nv and nw will be defined as the
half axes of the three-dimensional ellipsoids (see Fig. 3.25, p. 128).

The two optical axes are defined as the directions of equal light speed for
the two extraordinary beams as shown in Fig. 3.26 (p. 128), which gives the
planar cut through Fig. 3.25 (p. 128) in the paper plane. The two optical axes
are determined from the tangents T to the ellipse and the circle, as given.
The optical axes are different to the directions S1 and S2, and, therefore, the
propagation in the direction of the optical axis as well as in the direction of
Si will produce new beams which show a cone symmetry in three dimensions.

The difference between the three main refractive indices nu, nv and nw
(as given in Fig. 3.25, p. 128) can be in the region of a few percent.
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Fig. 3.25. Refractive indices of optically biaxial
material
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Fig. 3.26. Optical axis of
optically biaxial material
(figure is a planar cut through
Fig. 3.25)

Optical birefringent crystals are frequently used for changing the polariza-
tion of beams for adapting to the experimental setup. They are also used in
nonlinear optics for frequency conversion of light. The different refractive in-
dices allow for the phase matching of the different frequencies (see Sect. 4.4.2,
p. 183).

Furthermore in nonlinear optics the material symmetry can be broken by
strong laser fields and thus induced optical birefringence is applied in photon-
ics, too. Some other applications are given in [3.43–3.46]. In laser crystals the
induced birefringence is one of the limiting factors for realizing good beam
quality, as described in Sect. 6.4.2 (p. 385).
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3.8 Optical Activity (Polarization Rotation)

In some materials with helical symmetry the light polarization is rotated with
propagation as, e.g., well known in the analysis of sugar solutions. Tradition-
ally this property of matter is called optical activity. The rotation angle βrot
is proportional to the propagation length and follows from:

rotation angle βoa = κoa(λ)d (3.100)

with the coefficient κoa describing the optical activity of the material as the
angle per unit length d as a function of the wavelength. For solutions the
coefficient is proportional to the concentration cconc of the optically active
matter and thus optical activity can be used for concentration analysis. It
is positive if the polarization is rotated anticlockwise with propagation and
the material called right rotating. This becomes comprehensible if one looks
in the direction of the beam source. In Table 3.4 some materials with their
optical activity are listed.

Table 3.4. Optical activity κoa of some materials at 589 nm

Material κoa (deg/mm)

Quartz (Crystalline, Uniaxial) 21.7
NaBrO3 (Isotropic) 2.8
Menthol (Liquid) −0.5
Sugar (10 g l−1 solution in water) 0.67

The optical activity can be observed for uniaxial crystals with light prop-
agation in the direction of the optical axis only. Otherwise the birefringence
would overlay. The wavelength dependence of the optical activity is shown
for crystalline quartz in Fig. 3.27 (p. 130) as an example.

This rotation dispersion can be used for selecting the wavelength of linear
polarized light with a polarizer. As crystalline quartz is used for rotating the
polarization in photonic applications such as, e.g. a 45◦ or 90◦ rotator, the
wavelength has to be recognized carefully in order to choose the length of
the crystal. Thus quartz rotators have to be ordered not only for a certain
rotation but also for the applied wavelength. For detailed calculations of the
polarization rotation in complex optical setups the formalism of Sect. 2.6 can
be used.

Optical activity can be expressed as circular birefringence. If the linearly
polarized beam is represented by equal right and left circular polarized beams
the positive polarization rotation is equivalent to the delay of the left circular
polarized light:

κoa =
π

λ
(nleft − nright) (3.101)
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Fig. 3.27. Optical activity κoa of
crystalline quartz as a function of
wavelength

Thus in this case the refractive index of the left circular wave nleft is
slightly larger than nright but the absolute difference is of the order of 10−5

as can be calculated from Table 3.4 (p. 129) or Fig. 3.27.
Some materials can show optical activity if magnetic fields are applied

(the Faraday effect as described in Sect. 2.6.2 (p. 48)). If light propagates
parallel to the magnetic field the polarization is anti-clockwise rotated. The
rotation angle is dependent on Verdet’s constant as given in Eq. (2.122) and
the following text. If the light is backreflected for a second pass through a
Faraday rotator the total rotation of the polarization is doubled, whereas in
other rotators the rotation is compensated. Therefore, Faraday rotators are
used in double-pass amplifier schemes (Sect. 6.11.3, p. 480) and in optical
isolators between two polarizers. Some applications are given in [3.47–3.52].

3.9 Diffraction

If part of a light beam is completely absorbed or reflected, e.g. by apertures,
edges or small objects, further propagation of the residual transmitted light
will be modified. The uncertainty principle for photons, or in other words the
wave character of the light, results in a change of the wave front curvature.
The light will be diffracted in setups with Fresnel numbers (see Sect. 2.3.1,
p. 24) not large compared to one. In cases of large Fresnel numbers repre-
senting mostly the near field case the geometrical optics approximation is
useful.

The diffraction limits the resolution of optical devices such as magnifiers
or microscopes. Usually complicated theoretical calculations are necessary for
a detailed description. The resulting light beams are usually not diffraction
limited behind the aperture, but if apertures with Gaussian transmission pro-
files are used the new beam will be diffraction limited with a new divergence.
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Because apertures are widely used in photonic applications some basic
configurations will be described and the diffraction results will be given. The
diffraction is in general described by the Kirchhoff integral which can be
simplified to expressions useful for the calculation given below. Therefore
only the spatial change of the amplitude of the electric field is described,
based on the SVA approximation.

Often periodical structures, such as, e.g. gratings, are used for diffracting
light beams. In these cases besides the diffraction interference of the different
new beams also occurs. Thus diffraction takes place as a consequence of the
small dimensions of the structures and produces a wide distribution of light.
The interference effect shows a narrow structuring of the signal. Both effects
have to be carefully held apart.

3.9.1 General Description: Fresnel’s Diffraction Integral

It is assumed that the electric field vector Eap(r) is zero at the aperture and
undisturbed elsewhere. Thus the detailed interaction of the field with the
surface of the aperture edges is neglected. Following Huygen’s principle [e.g.
M8, 3.53] spherical waves are assumed at any place of the wave front. The
electrical field behind the aperture can now be calculated by the superposition
of all spherical waves.

If the dimension of the aperture is large compared to the wavelength
and the Fresnel number is not large compared to 1 the resulting electric
field amplitude E0,diff(x, y, z) of the diffracted light at a distance z from the
aperture (see Fig. 3.28) can be calculated in the xy plane as a function of the
field amplitude at the position of the aperture E0,ap(xap, yap, z = 0) by:

E0,diff(x, y, z) =
Cdiff

z

∫
aperture

∫
E0,ap(xap, yap)

· exp
{−ik

2z
[
(xap − x)2 + (yap − y)2]} dxap dyap.

(3.102)

x

z

ϕx

yϕ

y

Fig. 3.28. Definitions of the direc-
tions of the electrical field amplitudes
in the x and y directions, the distance
in the z direction and the angles for
diffraction at an aperture
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This is the Fresnel integral. The intensity of the light field follows from this
integral for the amplitude of the electric field with wavelength λ and wave
vector k by the square. The oscillating electric field results from multiplying
this integral by exp(−i(2πνt + kz)). The amplitude factor Cdiff has to be
calculated from the energy balance of the total powers at the aperture and at
the screen. If the field distribution at the aperture position is Gaussian the
diffracted field will reproduce the Gaussian shape as can be shown with this
equation. Thus the Gaussian beam is a solution of this diffraction integral.
For some examples see [3.54–3.57].

3.9.2 Far Field Pattern: Fraunhofer Diffraction Integral

For very large distances from the aperture the Fresnel number is much smaller
than 1 (F � 1). In this case the quadratic terms of the dimension of the
aperture xap and yap can be neglected in the exponent of (3.102). Thus the
Fresnel integral can be simplified. By using the substitution:

ξx = k sinϕdiff,x = k
x

z
and ξy = k sinϕdiff,y = k

y

z
(3.103)

it follows from (3.102) that

E0,diff(ξx, ξy, z) = Cdiff i
e{iz(ξ

2
x+ξ2

y)/2k}

z

∫
aperture

∫
E0,ap(xap, yap)

· exp {−ik(ξxxap + ξyyap)} dxap dyap. (3.104)

This Fraunhofer integral describing the far-field of the diffraction with
the field pattern E0,ap(xap, yap, z = 0) is the Fourier transformation of this
distribution to the angle distribution of the diffracted pattern [3.58].

Discussing Eq. (3.104) first the 1/z dependence of the field strength equiv-
alent to the 1/z2 decrease of the intensity is obvious as it was already ob-
tained in Gaussian beam propagation. The general phase of the electric field
propagates in exp(−ikz)-surfaces representing the wave front independent of
the amplitude distribution. The values ξx and ξy are propagation “angles”
which are normalized by k. Thus the far-field angle distribution is the Fourier-
transformation of the lateral field distribution at the aperture location. The
exponential term exp{iz(ξ2

x + ξ2
y)/2k} compensates for the phase front at the

flat screen in relation to the spherical propagation.
Conceptually this Fourier-transformation represents a transformation of

spatial frequencies in “direction” modulations. The smaller the slit as a high
spatial frequency modulation of the light distribution, the broader the diffrac-
tion pattern and vice versa. This type of Fourier-transformation is the basis
of Fourier-optics which allows spatial filtering and image processing. In this
case the far field pattern can be realized in the focal plane of a lens and a
back-transformation is possible by a second lens. Thus, e.g., the imaging with
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two lenses of equal focal lengths f at a distance f to the object on one side
and also to the picture plane on the other with a distance 2f in between
them, which is called 4f -setup, allows the spatial filtering in the center plane
between the two lenses. Phase and/or amplitude filters are possible.

3.9.3 Diffraction in First Order Systems: Collins Integral

For so-called first-order systems such as lenses, mirrors and free space prop-
agation the diffraction integral can be written based on the ray matrix ele-
ments a, b, c, d as described in Sect. 2.5. Assuming, further, constant light
polarization the expression for one-dimensional systems follows as:

E0,diff(x, y, z) = i
eikz

bλ

∫
aperture

∫
E0,ap(xap, yap)

· exp
{
−i

π

bλ
(ax2

ap + dx2 − 2xapx+ ay2
ap + dy2 − 2yapy)

}
dxap dyap.

(3.105)

This is the Collins integral in the Fresnel approximation [3.59]. Thus including
the involved optical elements by building the total ray matrix with their
elements a, b, c and d, the resulting wave propagation can be calculated in
one step based on this integral in a simple manner.

3.9.4 Diffraction at a One-Dimensional Slit

In the simplest case a transversally indefinite spread light wave is diffracted
by a one-dimensional slit perpendicular to the light propagation direction. In
the direction parallel to the slit no diffraction will occur (see Fig. 3.29).

d

I0

ϕdiff

I diff

Fig. 3.29. Diffraction of light at a one-
dimensional slit of the width d
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I(ϕ)

sin ϕ0 λ/d 2λ/dλ/d2λ/d

Fig. 3.30. Diffracted
intensity as a function of
the observation angle ϕdiff

behind a one-dimensional
slit

Perpendicular to this direction the far-field intensity distribution Idiff as
a function of the angle ϕdiff is given by:

Idiff(ϕdiff) = I0
d2

λL

sin2
(
πd

λ
sinϕdiff

)
(
πd

λ
sinϕdiff

)2 (3.106)

with the slit width d and the light wavelength λ. The graph of this formula
shows characteristic maxima and minima (see Fig. 3.30).

The main maximum occurs at ϕdiff = 0◦. The mth minimum can be
obtained at an angles of

ϕdiff,minimum = arcsin
(
mλ

d

)
(3.107)

with the integer value m and the maxima between these values.
At these angles the intensity is zero. At the angle arcsin(λ/2d) the inten-

sity is 4Idiff,max/π
2 = 0.406Idiff,max. The full far-field angle for full width half

maximum intensity follows from:

∆ϕdiff,FWHM = 0.8859
λ

d
(3.108)

and for comparison with a light beam with a Gaussian profile in the direction
of the slit the full far-field angle at 1/e2 intensity of the diffraction of Fig. 3.30
is given by:

∆ϕdiff,1/e2 = 4
λ

πd
(3.109)

and for the Gaussian beam by:

∆ϕGauss,1/e2 = 4
λ

πdwaist
(3.110)

with the beam waist diameter dwaist.



3.9 Diffraction 135

From these formulas and Fig. 3.30 (p. 134) it obviously follows that the
diffracted light from a hard edge aperture has no Gaussian intensity distri-
bution. The divergence of the main peak of this beam would be 0.49 times
smaller than the divergence of a diffraction-limited beam.

Thus the main maximum of such diffracted light allows for significantly
sharper focusing or smaller divergence than with the best possible homoge-
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Fig. 3.31. Intensity distribution of a planar wave behind a slit of 2 mm width at
distances of 0.1m, 0.2 m, 0.5m, 1m, 1.6m and 10m calculated for a wavelength of

500 nm. The Fresnel number F =
D2

aperture

λL
(see Eq. (2.53)) describes the transition

from geometrical optics F � 1 to wave optics F ≈ 1
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neous beam, as it is a Gaussian beam. The trade off is the wide spread inten-
sity distribution with small intensities around the central peak. Although this
discussion is based on one-dimensional calculation, all these general results
are also valid for two dimension of diffraction.

The power content in the main maximum is for ratios of d/λ smaller 200
larger than 90.27% between the minima, 87.76% between the 1/e2 intensity
values and 72.19% inside FWHM. The first side maxima then contain more
than 2.36% each and the second more than 0.82%. All other maxima have a
power content of less than 1% altogether.

The transition between the near-field (Fresnel) and far-field (Fraunhofer)
pattern is illustrated for the example of the one-dimensional slit in Fig. 3.31
(p. 135).

As can be seen from this figure the near-field “shadow” of the slit trans-
forms to the far-field diffraction pattern with increasing distance. The result-
ing Fresnel number is 8 for 1 m distance and 0.8 for 10 m which is almost
equal to the far-field pattern. At a distance of 0.1 m the Fresnel number is
80 but modulations in this near-field pattern can still be observed. Although
the far field distribution shows one maximum at the center as already dis-
cussed, in between different structures can appear. Surprisingly, at Fresnel
numbers around F = 8 the intensity distribution shows a local minimum in
the middle.

3.9.5 Diffraction at a Two-Dimensional Slit

Diffraction in two orthogonal dimensions can be analyzed as the superposition
of the two one-dimensional results of diffraction. If the right angular aperture
has dimensions dx and dy (see Fig. 3.32, p. 137) then the light beam with an
equal intensity over the cross-section dx times dy passes the aperture perpen-
dicular towards the z direction. The diffracted intensity Idiff can be calculated
from:

Idiff = I0
1
λL

d2
x

sin2
(
πdx
λ

sinϕdiff,x

)
(
πdx
λ

sinϕdiff,x

)2 d2
y

sin2
(
πdy
λ

sinϕdiff,y

)
(
πdy
λ

sinϕdiff,y

)2 (3.111)

with an analogous definition as in the previous chapter. The diffraction in-
tensity is calculated in Fig. 3.33 (p. 137).

The diffracted intensity shows the same symmetry as the aperture. In
the linear x or y dimension the result is similar to Fig. 3.30 (p. 134). Thus
the far-field divergence angle can be calculated as given for the slit in the
previous chapter for the x and y components of the beam separately.
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Fig. 3.32. Two-dimensional diffrac-
tion at a right angular aperture

Fig. 3.33. Far-field diffrac-
tion intensity as a function
of the observation direction
behind a two-dimensional
aperture of dimension
dx = dy = 200 µm and a
wavelength of 532 nm

For a quadratic aperture of length d the power content in the main peak
is 81.49% inside the area of the zero value of the intensity, 77.03% inside the
1/e2 value and 52.11% inside the FWHM of the intensity.

3.9.6 Diffraction at a Circular Aperture

For the circular aperture with diameter D the diffraction pattern is given by:

Idiff = I0
π2D4

4λ2L2

J2
1

(
πD

λ
sinϕr

)
(
πD

λ
sinϕr

)2 (3.112)

as the diffracted intensity Idiff observed in the direction of the angle ϕr to
the z direction (see Fig. 3.34, p. 138). I0 denotes the intensity of the incident
beam at the position at the aperture. J1 stands for the first-order Bessel
function and it is assumed that the incident light has a planar wave front and
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Fig. 3.34. Diffraction at a circular
aperture with diameter D

a constant intensity across the transverse infinitely large beam. The angles
ϕr for which the first minima and maxima of the Bessel function occur can
be calculated from:

ϕr,p-min/max = arcsin
(
CBess,p-min/max

λ

D

)
. (3.113)

The values of CBess,p-min/max are given in Table 3.5:

Table 3.5. Values of C for the calculation of the diffraction angles for which the
first-order Bessel function has minima and maxima

CBess1,1 CBess1,2 CBess1,3 CBess1,4 CBess1,5 CBess1,6 CBess1,7

minimum 1.220 2.233 3.238 4.241 5.243 6.244 7.245
maximum 1.635 2.579 3.699 4.710 5.717 6.722 7.725
Imax,p/Imax,0 1.750% 0.416% 0.160% 0.078% 0.044% 0.027% 0.018%

The diffraction intensity is given in Fig. 3.35 (p. 139).
The shape of this diffracted light is again not Gaussian. The full far-field

angle for full width half maximum intensity in the circular geometry follows
from:

∆ϕdiff,FWHM = 1.029
λ

D
(3.114)

and the full far-field angle at 1/e2 intensity of the diffracted beam is given
by:

circular aperture ∆ϕdiff,1/e2 = 2.45
λ

πD
(3.115)

The power content of the diffracted beam is 83.8% in the main peak,
76.7% in the 1/e2 intensity area and 47.5% inside the FWHM area [3.60].
For comparison a Gaussian beam is shown in Fig. 3.36 (p. 139).
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Fig. 3.35. Far-field diffrac-
tion intensity as a function
of observation direction be-
hind a circular aperture with
diameter D = 200 µm for a
light wavelength of 532 nm

Fig. 3.36. Far-field intensity as
a function of observation direc-
tion of a Gaussian beam with di-
ameter D = 200 µm for a light
wavelength of 532 nm

This beam with a waist diameter 2w0 = DGauss shows a far-field full
divergence angle of

Gauss beam ∆ϕGauss,1/e2 = 4
λ

πDGauss
(3.116)

and the 1/e2 power content is 86.5%. Again, the divergence angle of the main
peak of the diffracted pattern is smaller than the beam waist of the diffraction
limited beam as was discussed in the one-dimensional case (see Sect. 3.9.4,
p. 133). Thus care has to be taken in measuring the beam size using electronic
sensors such as, e.g., CCD cameras. The low intensity diffraction rings around
the main peak may not be obtained if the dynamic range of the camera is
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not sufficient and very good beam qualities may be determined in error by
underestimating this problem. Thus knife edge or similar methods may be
preferred to avoid this problem (see Sect. 2.7.5, p. 62).

3.9.7 Diffraction at Small Objects (Babinet’s Theorem)

Diffraction at small objects has to be recognized if the characteristic di-
mension Dobject (wire width; sphere diameter) is not large compared to the
product of the light wavelength λ multiplied by the observation distance
Lobservation:

diffraction at objects Dobject ≤ λLobservation. (3.117)

Otherwise shadows are obtained which are given by geometrical optics
(see Fig. 3.37).

LL >> D / lL << D / l

object

aperture

D

Fig. 3.37. Diffraction and
shadow behind small objects
or apertures

It can be shown that a small object and an aperture of the same shape
and size cause the same diffraction pattern in the far-field, which is known
as Babinet’s theorem. These pattern can be calculated by the Fraunhofer
diffraction integral as described in Sect. 3.9.2 (p. 132). It turns out that the
sum of the electric far fields of the object and the aperture is equal to the
planar wave as is expected if no distortion is present. Thus the electric far
fields of both distortions show different signs but equal size and the intensity
far field distribution (as the square of the electric field) is the same for the
object and the aperture of the same shape.

3.9.8 Spot Size of Foci and Resolution of Optical Images

Diffraction limits the size of focused light beams or the resolution of optical
images. If a diffraction-limited Gaussian beam with a plane wave front and a
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beam diameter of 2wlens = Dlens at a lens of focal length flens is focused the
resulting spot has a diameter of 2wfocus = dfocus:

dfocus =
4
π

λflens

Dlens
� 1.27

λflens

Dlens
(3.118)

If the beam size at the lens is limited by a conventional aperture of dia-
meter Dlens,ap the spot can be calculated from the value of the first minimum
in Table 3.5 (p. 138). By focusing, the angle ϕr from the previous sections
will be transformed to a spot diameter dfocus,ap:

dfocus,ap � 2.44
λflens

Dlens,ap
(3.119)

which is nearly twice the value of the diffraction-limited system. If the aper-
ture has a Gaussian transversal transmission profile the beam would be
diffraction limited and thus the above mentioned smaller focus could be ob-
served.

This minimal spot size limits the resolution of optical imaging. Assuming
that two images have to be at least separated by the angle difference equiv-
alent to their diffraction spot size the limit of optical resolution, OR, can be
calculated from the given angles. If small angles are assumed the sine and
the angle are equal and thus the resolution can be calculated from:

optical resolution OR =
1
ϕr
. (3.120)

Several approaches, for example near-field techniques, have been tried to get
much higher resolution [see, for example, 3.65–3.74]. With laser techniques,
resolutions of tens of nanometers are approached using visible light (see also
Sect. 1.5).

The resolution of the human eye is about 0.6 arcmin per line pair measured
at sufficient light levels of > 0.032 candela/πcm2. In a field of vision of about
20◦ around the sharpest point at the center of the retina the resolution drops
to about 6 arc min. Thus the human eye is able to resolve roughly about
100 million pixels over the total field of vision.

A more detailed analysis of optical resolution shows different results de-
pending on the level of investigation. If, as commonly assumed, two objects
can be safely distinguished if the intensity maximum of one point source
(e.g. a star) is positioned at the first intensity minimum of the other, the
calculation of the Bessel function leads to the size of this disc of diffraction:

r1,min imum = 0.61
λflens

Rlens
= 0.61

λ

NA
(3.121)

as already given in Eq. (3.119) but with the lens radius Rlens as the size
of the circular aperture. The wavelength is the value in the material where
the focusing takes places, i.e. the vacuum wavelength has to be divided by
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the refractive index of the material. The numerical aperture (of the lens) is
defined as:

numerical aperture NA =
Rlens

flens
(3.122)

This leads to an optical resolution distance δres of:

optical resolution distance δres = 0.61
λ

NAlens
(3.123)

which is known as Rayleigh’s optical resolution criterion. The resolution is
then given by:

OR = 0.82
Dlens,ap

λ
(3.124)

which is especially interesting for astronomical telescopes which are better
the larger they are.

However, the Rayleigh criterion does not consider the changes in the shape
of the observed image and this contains the information of the closely posi-
tioned objects. Theoretically from a perfect measurement of this shape the
original objects could be calculated to very small sizes. This would demand
an infinite number of photons and thus the photon statistics limits this type
of evaluation. It was shown that, for equally emitting object points (such as,
e.g., fluorescing molecules in microscopy), the more precise result is:

δres =
1√

4πΛ0(t− t0)Γ0(d)
λ

NAlens
(3.125)

where Λ0 denotes the photon detection rate (intensity) per point source,
(t− t0) is the acquisition time interval and Γ0(d) is given by:

FREM (3.126)

Γ0(d) =
∫∫

x,y

1
J2

1 (αr01)
r2
01

+
J2

1 (αr02)
r2
02

·
[(
x+

d

2

)
J2

1 (αr01)J2
2 (αr01)

r3
01

−
(
x− d

2

)
J2

1 (αr02)J2
2 (αr02)

r3
02

]2

dxdy

with Jn as the n-th order Bessel function of the first kind, α = 2πNA/λ,
r01 =

√
(x+ d/2)2 + y2 and r02 =

√
(x− d/2)2 + y2. This optical resolution

criterion was called Fundamental Resolution Measure (FREM). Thus the res-
olution is a function of the detected photons Λ0(t− t0) and, as expected, the
resolution can be enhanced by using as many photons as possible. Unfor-
tunately, the number of photons is often limited to a maximum of several
thousands, e.g. by photo bleaching of the emitters. Nevertheless as example
if GFP (green fluorescing molecules) are used at 520 nm and 3.000 photons
are available from both single molecules a distance of 10 nm can be mea-
sured theoretically with an error of not better than ±5.7 nm and 50 nm with
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an accuracy of ±2.7 nm and 200 nm with ±1.9 nm. If 105 photons would be
available about ±1 nm accuracy could be reached at 10 nm distance. The
Rayleigh criterion gives a limit of 220 nm for this wavelength and aperture.
The practical resolution is typically 3 to 5 times worse than the FREM. New
quantum techniques may allow for further improvements to increase resolu-
tion (see [3.61–3.64] and Sect. 1.5).

3.9.9 Modulation Transfer Function (MTF)

In imaging diffraction is the principal limit of resolution. In addition all kinds
of technical problems may decrease the resolution further. Therefore a tech-
nical standard is necessary to define the quality of imaging systems as, e.g.
photographic lenses or microscopes. This modulation transfer function is very
helpful in designing scientific high resolution devices because it contains all
kind of lens and imaging errors. The modulation M:

modulation M(νsp) =
Imax − Imin

Imax + Imin
(3.127)

is determined via the measured high and low intensities Imax/min as a function
of the distance d resulting in a spatial frequency νsp = 1/d while imaging
a grating of black and white lines in different orientations. This modulation
before and after imaging leads to the valuesMorginal andMimage. The quotient
of these modulations is the modulation transfer function (MTF):

MTF MTF(νsp) =
Mimage(νsp)
Moriginal(νsp)

(3.128)

which has to be measured for radial and tangential spatial frequencies νsp,
separately.

The upper limit of the spatial frequencies νmax is given by the diffrac-
tion limit of the imaging system regarding the Rayleigh criterion for optical
imaging as given by (3.119) and defined as:

νmax =
2.44

dfocus,ap
=

Dlens,ap

2.44λflens
=

1
2.44λFN

(3.129)

which is typically measured in lines per mm. The quotient of flens and Dlens,ap
of an imaging system, e.g. a photo lens, is called the F -number FN:

F -number FN =
flens

Dlens,ap
. (3.130)

It is the largest stop of the lens. If the photographic lens is closed the depth
of focus is increased but the diffraction limits the sharpness of the image.
Both effects are the same as the so-called beneficial stop which is especially
important in macro photography. In conventional photography the resolution
is usually limited by the film or pixel size of the detector. The theoretical limit
of the MTF for an imaging system is given by:
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MTF(νsp) =
2
π

⎡
⎣arccos

(
νsp

νmax

)
−

(
νsp

νmax

)√
1−

(
νsp

νmax

)2
⎤
⎦ . (3.131)

This theoretical MTF decreases up to the maximum spatial frequency
νmax by less than 10%, only. For optical imaging systems, values of less than
20% are possible at the highest spatial frequencies and at the border of the
imaging frame. For examples see [3.75–3.77].

3.9.10 Diffraction at a Double-Slit

Diffraction at two slits of width d and distance Λ leads to a doubly modulated
intensity profile:

I(ϕdiff) ∝
sin2

(
πd

λ
sinϕdiff

)
(
πd

λ
sinϕdiff

)2 cos2
(π
λ
Λ sinϕdiff

)
(3.132)

which is shown in Fig. 3.38.
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Fig. 3.38. Far-field intensity profile of a light beam with a wavelength of 500 nm
behind a double slit of widths d = 0.1 mm at a separation Λ = 1mm

The two periods are λ/d and λ/Λ. The maximum intensity Idiff,max follows
from the cross-sectional constant intensity I0 of the perpendicular incident
beam with planar wave front over the slits from:

Idiff,max = I0
4d2

λLscreen
(3.133)

with the distance Lscreen between the aperture and the screen.
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The diffraction pattern can be understood as an overlay of the interference
pattern of two beams resulting in the short period λ/Λ which is modulated by
the diffraction resulting in the decreasing intensity in the subsidiary maxima.
A modern example using an atom is given in [3.78].

3.9.11 Diffraction at One-Dimensional Slit Gratings

Diffraction at induced (slit-) gratings is repeatedly applied in photonics.
These induced gratings allow for influencing light by light which is not possi-
ble directly because of the small cross section of photons. Via the generation
of grating structures by nonlinear interaction of light with matter further
light beams can be diffracted and thus, e.g., switched. These grating struc-
tures can also be produced by electronic excitation of the matter. Thus the
diffraction pattern behind a fixed slit grating may serve as a model for these
processes. The p slits are arranged at equal distances Λ and have width d
(see Fig. 3.39).

z screen

d

Λ

Fig. 3.39. Diffraction of planar wave at a one-dimensional slit grating with p = 4
slits

The diffraction intensity follows from:

I(ϕdiff) ∝
sin2

(
πd

λ
sinϕdiff

)
(
πd

λ
sinϕdiff

)2

sin2
(
pπΛ

λ
sinϕdiff

)
sin2

(
πΛ

λ
sinϕdiff

) . (3.134)

The intensity of the diffracted light Idiff results from the incident intensity
I0 by:

Idiff,max = I0
p2d2

λLscreen
. (3.135)
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The diffraction pattern is shown in Fig. 3.40. It shows periodic structure with
different periods. The parameters of this figure were chosen as d = 0.1 mm
and Λ = 0.3 mm and a light wavelength of 500 nm. First the main maxima j
of the pattern occur in the directions:

main maxima ϕdiff,m maxj = arcsin
(
jλ

Λ

)
(3.136)

and their peak intensity increases quadratically with the number of slits p2.
The width of these maxima become narrower with 1/p. The number of minor
maxima between the main maxima is equal (p− 2). Their intensity decreases
with p. This interference effect is overlaid by diffraction. Thus the intensity
distribution over the different main maxima is given by the diffraction curve
of a single slit. Therefore the intensity relation of the different maxima cannot
be increased by changing the number of slits but by decreasing d or Λ!
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Fig. 3.40. Diffraction
pattern behind a slit
grating of p slits with
width d and separation
Λ as defined in Fig. 3.29
(p. 133)

3.9.12 Diffraction at a Chain of Small Objects

If the light is diffracted at a chain of small objects or an equidistant series of
small holes the diffraction pattern will be different from the pattern of slits
because of the different symmetry. If the plane wave with wave vector in the
z direction is incident on a chain arranged in the x direction with the object
distance Λch (see Fig. 3.41, p. 147) the diffraction pattern in the xz plane will
be given by the above formula for slits (3.134).

The main intensity maxima are observable in this plane in the directions
given by (3.134), but in the y direction the diffraction intensity is not con-
stant. Because of the cylindrical symmetry along the x axis the constant
diffraction angle ϕdiff as, e.g. for the intensity maxima of (3.134) leads to
hyperbolas in the xy plane of the screen (see Fig. 3.42, p. 147).
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Fig. 3.41. Diffraction at a chain of
small objects or holes along the x
direction
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maxima from the diffrac-
tion of light with a wave-
length of 500 nm at a
chain of objects at a dis-
tance of Λch = 0.1mm
at the screen position in
a distance of 10 cm of
Fig. 3.41 (p. 147). Note
the different scales for
the x and y axes

The mth intensity maximum at the screen has, for the definitions of
Fig. 3.41 the positions given by:

y2 =
[
tan

(
arccos

mλ

xch

)]2

x2 − y2. (3.137)

In case of the long distances lscreen the hyperbolas sometimes appear
nearly as straight lines in the observation field.

3.9.13 Diffraction at Two-Dimensional Gratings

If the linear chains of the last paragraph are arranged at regular distances
in the y direction, too, as shown in Fig. 3.43 (p. 148), the diffraction at this
two-dimensional grating will show a superposition of the x and y diffraction
patterns [e.g. 3.79].

Thus two sets of hyperbolas occur and the intensity maxima of this pat-
tern are given by the intersection of these two curves as dots on the screen.
Their position can be calculated from (3.136) for the two different angles
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Fig. 3.43. Diffraction at a two-dimensional grating with the constants Λx and Λy

ϕdiff,x and ϕdiff,y as functions of the two grating constants Λx and Λy. The
result is illustrated in Fig. 3.44. The complete intensity distribution has to
be calculated by including the diffraction at the single particles or holes.
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Fig. 3.44. Schematic diffrac-
tion intensity pattern of a
two-dimensional grating as a
superposition of two hyper-
bolas

Again in many practical cases the hyperbolas will be well approximated
by straight lines and the complete intensity distribution has to be calculated
by including the diffraction at the single particles or holes.
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3.9.14 Diffraction at Three-Dimensional Gratings

If the diffraction grating of the previous paragraph is extended to three di-
mensions one additional interference condition has to be fulfilled. The grating
in the z direction with grating constant Λgr leads to a circular distribution
of the diffracted intensity maxima at the screen. The radius of the mth circle
is given by the direction:

ϕdiff,z,mz = arcsin
(
mzλ

Λgr

)
. (3.138)

The three angular conditions of the x, y, z gratings can simultaneously be
fulfilled for certain wavelengths and counters jx, jy, and jz, only. Again the
complete intensity distribution has to be calculated by considering diffraction
at the single grating particles or holes in addition to the interference.

3.9.15 Bragg Reflection

Three-dimensional gratings can reflect light or electromagnetic waves of
shorter wavelength such as, e.g., X-rays if the grating constant in the z di-
rection, wavelength and angle of incidence are well tuned to each other based
on scattering (in contrast to the diffraction effects, compare Sect. 3.10). For
this purpose the interference of all scattered light waves in the propagation
direction has to be destructive and the interference for the reflected light
constructive. With the definitions of Fig. 3.45 the path length difference can
be calculated.

ϕinc

Λz

z

Fig. 3.45. Reflection of light at a three-
dimensional grating by diffraction

Constructive interference for the reflected light will take place if the angle
between the incident light beam and the grating planes with the separation
Λgr fulfills the Bragg condition for reflection:

Bragg condition sinϕinc =
mλ

2Λgr
. (3.139)
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The analogous angle of the reflected light is equal to ϕinc. This reflection
is applied frequently at sound wave gratings as well as for the reflection of
X-ray radiation or other induced gratings and thus the Bragg condition plays
an important role in photonics. The diffraction of the radiation can also occur
in this process.

3.9.16 Amplitude and Phase Gratings

Periodical optical structures can change both the amplitude of the electric
field vector of the light beam or its phase. Amplitude changes, such as from
slit gratings with a square function of the transmission between 0 and 1,
were discussed in the previous section, but any periodic modulation of the
absorption can cause diffraction as an amplitude grating (see Fig. 3.46 and
Sect. 7.8.3, p. 609).

x x
or

T T
T T T T0 1 min max

Fig. 3.46. Diffraction at absorp-
tion (amplitude) gratings with dif-
ferent modulation of the electric
field amplitude by different trans-
mission functions perpendicular to
the propagation direction which are
square or sine functions

Typically sin-modulations of the transmission are realized in photonic
applications because they are produced by the interference pattern of two
light beams. The diffraction maxima and minima occur in the same direction
as for the slit gratings (see Sect. 3.9.11, p. 145). The analysis of the ampli-
tude distribution can be based on the superposition of the diffracted and
nondiffracted shares of the light.

In the same manner emission gratings (see Sect. 6.10.4, p. 472) can be
described as amplitude gratings but in this case the absorption coefficient
will be negative (see Fig. 3.47, p. 151).

For this type of grating two interference structures will occur: one for the
absorbed light and the other for the emitted light which is usually generated
at a different (longer) wavelength. Thus the diffraction pattern will be spread
wider for the emitted light with the longer wavelength.



3.9 Diffraction 151

λ λinc sc

Fig. 3.47. Diffraction at emission
(amplitude) grating with a modula-
tion of the electric field amplitude
of the emitted light perpendicular to
the direction of propagation

Even more important for practical applications are the phase gratings [e.g.
3.80, 3.81] with a periodic transverse modulation of the optical path length
through the material. This different path length can be caused by modula-
tions of (the real part of the) refractive index or by different geometrical path
lengths of the transparent material (see Fig. 3.48).

∆ =>      ∆φn

Fig. 3.48. Diffraction at refractive in-
dex or geometrical path length (phase)
gratings perpendicular to the direction
of propagation

These phase gratings operate almost without absorption losses. Thus they
are useful for high-power and high-efficiency applications. Efficiencies of more
than 90% in diffractive optics [3.82] are possible by etching structures with
many steps in the modulation function. The structures could also be made
with continuously changing path length but with today’s technologies they
were calculated and produced with discrete steps of, e.g., 16 different levels.
The computation time for designing these structures is still a limiting factor,
especially if robustness against production errors is demanded.

The main maxima and minima for the simple structure of Fig. 3.48 and
for an arbitrary angle of incidence θinc can be calculated from:

sin(Φdiff,m + θinc) =

⎧⎪⎨
⎪⎩
mλlight

Λ
+ sin θinc maxima

(2m+ 1)λlight

2Λ
+ sin θinc minima

(3.140)
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with the wavelength λinc of the light and Λ as the transverse grating constant.
The diffraction order is counted by the number m. The determination of the
amplitudes of the electric field or the intensity pattern needs a complete
analysis of the diffraction process.

3.9.17 Diffraction at Optically Thin and Thick Gratings

If the thickness of the grating Dgr is sufficiently small the optical path length
difference of the diffracted light from the entrance surface and the end surface
of the grating is small compared to the light wavelength period λ/n in the
material with refractive index n. This path length difference is a function of
the angle of diffraction ϕdiff .

Thus optically thin gratings have a thickness Dthin-gr of:

thin gratings Dthin-gr � λ

2πn
1

1− cosϕdiff
(3.141)

or

thin gratings Dthin-gr � 1
2π

nΛ2

λ
. (3.142)

Thus the geometrical thickness of the thin gratings is roughly estimated to
be not much bigger than the light wavelength.

The diffraction angles for minima and maxima intensity of thin gratings
are the same as for slit gratings. The mth maximum occurs in the direction:

sinΘdiff,max-j =
mλ

2Λgr
(3.143)

if the distances between grating minima and maxima are Λgr (see Fig. 3.49).

z

x

Φn

k

d 0

T0 − ∆T
T0+ ∆T

Λ

n ·  2π
Λ

Fig. 3.49. Transmission grating
of optical thickness D and grat-
ing constant Λgr

If the grating transmission is modulated between T0 − ∆T and T0 + ∆T
the diffraction intensity at the maxima can be calculated for perpendicular
incidence from:

Imax,m =
1
2
c0ε0n

∣∣∣∣∣Einc

Λ

∫ Λ

0
T (x) exp

(
i
m2πx
Λ

)
dx

∣∣∣∣∣
2

(3.144)
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For harmonic modulation of the transmission (as will occur at induced
gratings, see Chap. 5):

T (x) = T0 + ∆T cos
(

2πx
Λgr

)
(3.145)

only three orders of diffraction +1, 0, −1 occur because the integrals resulting
from (3.144) are orthogonal (see Fig. 3.50). The angles are 0 (no propagation
change) for the 0-order and ±ϕdiff,max−1 for the orders +1 and −1.

0 order

1 order

-1 order

Fig. 3.50. Transmission
grating with harmonic mod-
ulation shows only three
orders of diffraction −1, 0,
+1 and with total modula-
tion between 0 and 1 and a
maximum diffraction inten-
sity of 6.25% of the incident
intensity in the −1 and +1
direction

The resulting intensities are:

0-order intensity Idiff,max−0 = T 2
0 Iinc (3.146)

and

+1, −1-order intensity Idiff,max±1 =
T 2

0

4
Iinc. (3.147)

The maximum diffraction efficiency is realized if the modulation is a maxi-
mum, which is

maximum diffraction T0 = ∆T =
1
2

(3.148)

which results in 6.25% in the two first-order diffraction directions for thin
transmission gratings and the residual 87.5% in the 0-order. Thus absorption
gratings are not well suited for switching and other technological application
because only a very small fraction of the light can be manipulated. Never-
theless they are of interest, e.g., for investigating nonlinear absorption with
very small changes. Because the diffracted light is present without any back-
ground, the sensitivity of this type of absorption measurement can be very
high (sometimes comparable to fluorescence measurements) and ∆OD mea-
surements of 10−7 are possible (see Sect. 7.8.3, p. 609).

If in addition a phase modulation with the same grating constant is
present the diffraction intensities can be calculated using the complex repre-
sentation of the refractive index:

ñtotal(x) = nphase(x) + inamplitude(x) (3.149)
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with the modulation:

np/a = np/a,0 + ∆np/a cos
(

2πx
Λgr

)
. (3.150)

The complex transmission is:

T̃ (x) = exp
[
i
2π∆ñtotalD

λ
cos

(
2πx
Λgr

)
− a

2
D

]
(3.151)

with the absorption coefficient a, and D as the thickness of the grating. This
formula includes the complex phase shift φ̃ produced by the contribution of
the phase to the resulting grating:

phase shift φ̃ =
2π∆ñD

λ
. (3.152)

Using this formula the diffracted intensity in the first-order of diffraction
from a transmission and phase grating can be calculated as:

Imax,±1 =
c0ε0n

2

{
Einc,0

Λ
e−aD/2

∫ Λ

0
ei(φ̃ cos(2πx/Λ)±(2πx/Λ) dx

}
· c.c.

=
c0ε0n

2
Einc,0E

∗
inc,0 e−aD/2|J±1(φ̃)|2

= Iinc|J±1(φ̃)|2 e−aD (3.153)

with the Bessel function Jm.
The maximum diffracted intensity to first-order is increased by the phase

grating share. It is a maximum for a pure phase grating and reaches a value
of 34% of the incident intensity. This is 5.4 times more than the pure trans-
mission grating allows.

The diffracted intensity of a mixed transmission and phase grating is
shown in Fig. 3.51 (p. 155). In this figure the ratio of the real and imaginary
part of the refractive index is considered by κ as:

κ =
Im[φ̃]
Re[φ̃]

=
λa

4π∆nphase
. (3.154)

Optically thick gratings have a thickness Dthick-gr of:

thick grating Dthick-gr ≥ λ

2πn
1

1− cosϕdiff
(3.155)

or

thick grating Dthick-gr ≥ 1
2π

nΛ2

λ
(3.156)

which usually means a thickness much larger than the light wavelength λ. If
the grating is thought of as thin slices of thin gratings it can be analyzed as a



3.9 Diffraction 155

0 2 4 6 8 10 12 14

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35
D

if
fr

ac
ti

on
 e

ff
ic

ie
nc

y 
η

Phase shift δ

κ = 0

κ = 0.1

κ = 1

Fig. 3.51. Diffraction intensity in the first diffraction order as a function of the
phase shift δ = Re[φ̃] from the phase grating share with different modulations from
the transmission and phase grating. The maximum diffraction efficiency is 33.9%,
24.3% and 6.9% for the given κ-values of 0, 0.1 and 1 indicating the transition from
pure phase grating to additional absorption grating. The pure absorption grating
shows an efficiency of 6.25% as given by Eq. (3.148)

three-dimensional grating as it was described in Sect. 3.9.14 (p. 149). In this
case the diffraction is efficient for certain angles of incidence only, because the
Bragg condition has to be fulfilled. The constructive interference is analogous
effective for the transmitted light as it is for the reflected one. The angle of
incidence ϕinc has to be equal to half the diffraction angle ϕdiff and therefore:

thick grating diffraction ϕinc =
ϕdiff

2
= arcsin

(
λ

2Λgr

)
. (3.157)

This formula can be illustrated as reflection at the internal “surfaces” of
the thick grating (see Fig. 3.52).

ϕinc

ϕdiff

Λgr

D

Fig. 3.52. Diffraction at a thick
grating illustrated as “reflection”
plus interference effect
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The diffracted intensity is even more complicated to calculate. For de-
tailed analysis see Sect. 5.9.1 (p. 332) and [3.83]. The maximum diffraction
efficiencies defined as the quotient of the diffracted intensity and the incident
intensity, to first order, are shown in Table 3.6.

Table 3.6. Maximum diffraction efficiencies with different gratings

Amplitude grating Phase grating

Thin grating 6.25% 33.9%
Thick grating 3.7% 100%

From this table it is obvious that phase gratings are much more efficient
than amplitude gratings. In addition amplitude or transmission gratings ex-
terminate part of the light which can cause heating of the grating if high
powers are applied. This heating may not only change the grating period and
thus cause “smearing” effects over time but in some cases may also produce
birefringence because of the thermal gradients.

3.10 Waveguiding – Optical Fibers

The propagation of electromagnetic waves can be modified compared to the
free space propagation by boundary conditions from refractive index struc-
tures. In the simplest case a hollow tube with reflecting walls will guide the
wave along the tube, but the incomplete reflection will limit the propaga-
tion distance by the absorption losses. For light waves this concept can be
improved by using total reflection of the light wave at a refractive index
structure along a cylinder symmetric glass structure – the optical fiber.

In the simplest case this fiber is build from a cylinder core of the refractive
index nc and a concentric surrounding cladding with the refractive index nd
as shown in Fig. 3.53.

cladding

core

nd

nc

air

nnc d>

nd

Fig. 3.53. Step index fiber with inner core diameter dc with refractive index nc
and surrounding cladding with refractive index nd. For incident light beams with
divergence angles below a certain limit given by the numerical aperture NA of the
fiber, the light is guided by total reflection at the border between core and cladding
inside the fiber
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This fiber is called step index fiber. At the surface between the core and
the cladding, total reflection can take place if the angle β is small enough.
Considering the refraction at the entrance surface and taking the refractive
index of air as nair ≈ 1 the maximum angle of incidence αmax for total
reflection inside the fiber is given by:

αmax = arcsin
√
n2

c − n2
d (3.158)

The root expression is called numerical aperture NA and because of the
usually small possible angles it is almost equal to the angle αmax:

numerical aperture NA =
√
n2

c − n2
d (3.159)

Thus the total divergence angle of incident light beams which can be trans-
mitted by the fiber is 2αmax. For conventional optical fibers the core has a
refractive index of, e.g., nc ≈ 1.46 and the cladding of, e.g., nc ≈ 1.45562
which is a relative difference of 0.3%. The resulting numerical aperture follows
to NA = 0.11 which corresponds to an angle of 2αmax = 14◦.

Another concept of realizing the waveguiding inside the fiber uses certain
designs of refractive index profiles between the core center and the outer
cladding structure. Most prominent is the application of a parabolic profile
as shown in Fig. 3.54.

air

nd>

ndcladding

n
ncnd

r

nc

core

nc

Fig. 3.54. Refractive index profile of a graded index fiber with inner core of di-
ameter dc with maximum refractive index nc and a parabolic decrease of refractive
index down to the value of the surrounding cladding with refractive index nd. The
advantage of this fiber is a much smaller difference in path lengths of beams with
different incident angles

It is given by:

n(r) =
{
nc

√
1− 2∆(r/rc)α : |r| ≤ rc

nd : |r| > rc
(3.160)

with radius rc = d2/2. In these fibers the light beams propagate along curved
paths and because of the refractive index profile the light speed is lowest for
the center beam and higher for the curved ones. As a result the optical path
length difference for the fastest and the slowest beam is about 1.000 times
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smaller than for step index fibers. It is about 10 ps/km for graded index fibers
and several ns/km for step index fibers. It is of the order of magnitude of the
relative difference of the refractive indices for the step index fiber and the
square of it for graded index fibers.

The description given so far was based on geometrical optics assuming
fiber diameters large compared to the wavelength which means about 50 to
several 100 µm. In this case several transversal modes can superimpose in
the fiber which propagate, e.g., as meridonal and screw modes. If the fiber
diameter is smaller than about 10 times the wavelength a wave description
using Maxwell’s equations has to be used. In this case the light mode is also
spread into the core and this evanescing share allows the propagation of, e.g.,
Gaussian modes through the fiber.

For the step index fiber with the boundary condition as used:

n =
{
nc : r ≤ rc (core)
nd : r > rc (cladding) (3.161)

a characteristic normalized frequency V can be determined by:

V-number V = |kinc|rcNA =
2πncrc

λinc

√
n2

c − n2
d (3.162)

with the wavelength of the applied light λinc. In all cases the refractive index
has to be taken for this wavelength.

For V ≤ 2.405 only one mode can propagate through the fiber and thus
the related wavelength, the cut-off-wavelength, is a lower limit for this single
mode behavior.

cut-off-wavelength λcutoff =
2πncrc

√
n2

c − n2
d

2.405
(3.163)

Above this value a second mode can propagate. Further limits are V = 3.832
and V = 5.520. All modes exist in at least two orthogonal polarization states.
For large V values the number of modes Nmodes can be estimated from:

number of modes Nmodes =
4
π2V

2 (3.164)

Because of the long applied lengths the dispersions inside the fiber are of
interest. The main contribution is generated by the dispersion of the material
nc = f(λ) which will be described by Dm. A second contribution results from
the influence of the refractive index of the cladding.

The material dispersion can be calculated using the Sellmeier Eq. (3.37).
The group velocity dispersion (GVD) follows from these refractive index for-
mulas by:

group velocity dispersion GVD =
1

2πc0

(
2
dnc

dνinc
+ νinc

d2nc

dν2
inc

)
(3.165)

which is given in ps2/km. The dispersion Dm follows from this value by:

Dm =
1

Lfiber

dtdiff

dλinc
= −2πνincGVD

λinc
(3.166)
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which is typically measured in ps/(nm km). The time tdiff describes the time
difference off the transmitted light pulses. The second dispersion becomes for
large wavelengths 0 and is usually small compared to Dm. Because of the dif-
ferent dispersions of the core and the cladding the resulting dispersion can be
zero for a certain wavelength. This results in minimal temporal disturbances
during propagation through the fiber but also allows for phase matching as
will be described in Chap. 4.

The possibility of designing the dispersion of fibers a new concept, the
micro-structured fibers (MSF) or sometimes called photonic crystal fibers
(PCF) were developed [3.84–3.111]. In these fibers the “cladding”, i.e. the
area of lower refractive index, is realized by holes in the glass structure. An
example is shown in Fig. 3.55.

Fig. 3.55. Cross section of a
micro-structured fiber (MSF)
also called photonic crystal fiber
(PCF). The core area consists of
holes around the center part in a
hexagonal symmetry

By choosing the diameter, number and distance of these holes the disper-
sion can be adapted to the demands of different wavelengths via the average
refractive index of the “evanescent” electric field in the hollow structure. Zero
dispersion wavelengths in the red spectral range are possible, today. There-
fore these fibers are especially useful for nonlinear optical applications (see
Sects. 6.13.2, 6.15.3, 7.7.5.3 and 7.7.5.4).
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3.11 Light Scattering Processes

Light scattering as a linear interaction with matter leads to a decrease of
the transmitted intensity Itrans similar to absorption [M5, M2]. It can be
calculated from the incident intensity Iinc, the density of scattering particles
Nscatt as the number per volume and the interaction length zinteraction by:

Itrans = Iinc e−σscattNscattzinteraction (3.167)

with the scattering cross-section σscatt measured in cm2. This cross-section
is not a function of the incident intensity in the linear case.

If the propagation direction of the photon is changed, only, and not its
energy we observe elastic scattering as Rayleigh and Mie scattering. If the
photon energy and frequency are changed as in Brillouin and Raman scatter-
ing we have inelastic scattering. The photon energy loss can be as small as
10−7 but can also reach about 1% in other processes, too. Coherent scatter-
ing occurs if the scattered and incident light have a fixed phase relation and
incoherent scattering, otherwise. Table 3.7 may serve as an overview of some
different light scattering processes important in photonic applications.

Table 3.7. Light scattering processes with relative change of photon energy ∆E/E

Type of scattering Scattering at ∆E/E

Elastic:
Rayleigh scattering particles � wavelength 0
Mie scattering particles � wavelength 0

Inelastic:
Brillouin scattering sound waves 10−7–10−4

Raman scattering vibrations 10−3–10−2

All these scattering processes can disturb photonic applications, but usu-
ally the share of the scattered light is very small, typically 10−7–10−6. Thus,
even in inelastic scattering only a very small portion of the incident energy
is transferred to matter.

In contrast in nonlinear optics many applications are based on stimulating
these scattering processes with high intensities as in stimulated Brillouin
scattering for optical phase conjugation or stimulated Raman scattering for
frequency conversion. In these cases more than 90% of the incident light
may be converted to scattered radiation. Some examples are given in [3.112–
3.119] and applications are described in [3.120–3.126]. More details are given
in Chaps. 4 and 5.
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3.11.1 Rayleigh and Rayleigh Wing Scattering

Rayleigh scattering is observed from particles with dimensions smaller than
the wavelength of the light without absorbing the light [3.124–3.142]. This
can be molecules or fluctuations of the local optical density. The oscillating
electric light field (in x direction in Fig. 3.56) induces dipoles in the matter
which “re-emit” the light.

x

y

z
Fig. 3.56. Rayleigh scattering angle
characteristics. The electric field vector
of the linearly polarized light points in
the x direction. The incident light prop-
agates in the z-direction

The emission of this dipole takes place mostly in the plane perpendicular
to the dipole, and thus in the plane perpendicular to the electric field vector
of the incident light, which is the direction of the electric field and is the x
axis in this example. The coordinates are given in Fig. 3.57. The incident
light propagates in the z-direction.

ϕscatt

θscatt

x

z

y

∆y

∆xE

Fig. 3.57. Definition of
the angles for Rayleigh
scattering as given in
Fig. 3.56

The differential cross-section in the space angle Ωscatt of the scattered
light towards the direction ϕscatt and θscatt (see Fig. 3.56) is given by:

dσR scatt

dΩscatt
=

[
π(n2 − 1)
Nscattλ2

]2

(cos2 ϕscatt cos2 θscatt + sin2 ϕscatt) (3.168)

with the refractive index n of the matter. As can be seen from the formula
and Fig. 3.56, the Rayleigh scattering is equally distributed over all directions
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perpendicular to the electric field of the incident light and thus, e.g., forward
scattering and “reflection” are equally probable.

But shorter wavelengths are scattered more, in proportion to 1/λ4. The
total scattering over the whole space angle Ω is given by:

Rayleigh cross-section σR scatt,total =
8
3

[
π(n2 − 1)
Nscattλ2

]2

(3.169)

As an example, a typical value is the total Rayleigh scattering cross-
section of air with a density of 2.5 · 1019 molecules cm−3 for light at 500 nm:

σR scatt,total,air = 6.91 · 10−28 cm2 (3.170)

which causes a scattering loss of 1.73 · 10−8 cm−1.
In liquids and solids Rayleigh scattering takes place at stationary entropy

fluctuations, which are determined for more than 94% by density fluctuations
in the matter [3.142]. The decay time τRayleigh of these fluctuations can be
calculated from:

τRayleigh =
ρmattercp

8Λthermalk2
inc sin2(θscatt/2)

(3.171)

with the matter density ρmatter, the specific heat cp, the thermal conductivity
Λthermal, the wave vector value kinc, which is almost identical to kscatt and
the scattering angle θscatt between the incident and the scattered light. This
lifetime is in the range of 10−8 s for liquids for backward scattering.

The broadening of the light linewidth ∆νFWHM,scatt can be calculated
from this value by:

∆νFWHM,scatt =
1

2πτscatt
. (3.172)

It is in the range from 10−7 nm in gases to 10−5 nm in liquids at 500 nm.
It is much smaller in the forward direction. This very small change the in
energy of the scattered photons is usually neglected in the general discussion
of Rayleigh scattering. The degree of polarization can be decreased to almost
nonpolarized scattered light if multiple scattering occurs.

Rayleigh wing scattering occurs as a result of the orientation fluctuations
of molecules which have lifetimes of the order of 10−15 s. They cause fluctu-
ations of the dipole strength of the molecules in the direction of the electric
field vector of the incident light. The orientation relaxation time τorientation
can be estimated as given by Debye (1929) [M2]:

orientation relaxation τorientation =
4πd3

moleculηmatter

3kBoltzT
(3.173)

with the average diameter of the molecules dmolecul, the matter viscosity
ηmatter, Boltzmann’s constant kBoltz and temperature T .

Thus the bandwidth of Rayleigh wing scattering is about 104 times larger
than from Rayleigh (center) scattering. At 500 nm the line width can reach
a few 0.1 nm. The total scattering cross-section of Rayleigh wing scattering
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is slightly larger than from Rayleigh scattering, but considering the larger
bandwidth of the Rayleigh wing scattering the amplitude per bandwidth is
about 104 times smaller than for center scattering.

3.11.2 Mie Scattering

Mie scattering takes place at particles of sizes of the order of the light wave-
length [3.143–3.156] and thus the scattered light from the different parts of
the particle can interfere. The particles can be aerosols or other fine parti-
cles in the air or colloids in solution. It shows no change in wavelength. For
larger particles forward scattering is more probable than backward-directed
scattering. The scattering losses can be much larger than the Rayleigh scat-
tering losses if enough particles are present. They can be in the range 10−8–
10−4 cm−1.

The scattering intensity and angular distribution is a complicated function
of the particle sizes, distributions and complex refractive indices. Even the
shape and the structure of the particles may have an influence on the Mie
scattering. The scattering in air is proportional (1/λ)c-vis with the parameter
c-vis = 0.7–1.6 indicating poor-to-excellent visibility conditions. Details are
given in [3.147].

3.11.3 Brillouin Scattering

Spontaneous Brillouin scattering is the reflection of light by hyper-sound
waves in matter. It plays an important role in the ignition process for stimu-
lated Brillouin scattering (SBS) which will be described in Sect. 4.5.9 (p. 224).
More details and references will be given there.

Each of the spontaneous sound waves, which are excited as thermal noise
with all kinds different propagation directions, frequencies, phases and am-
plitudes, represent optically a sinusoidal modulation of the refractive index.
The resulting refractive index grating of the sound waves can be described
by a spatial period, which is identical with the wavelength of the sound wave
Λsound and thus by the wave vector ksound pointing in the propagation di-
rection of the sound wave as shown in Fig. 3.58 (p. 164) and with the value
|ksound| = 2π/Λsound.

The incident light beam with frequency νinc, wavelength λinc and wave
vector kinc will be scattered to the beam with analogous parameters with
index Bscatt at angle ΘB. The wavelength of the sound wave Λsound has
to fulfill the Bragg condition for efficient superposition of the reflected light
waves (see Fig. 3.58, p. 164). Therefore it has to be:

hyper-sound wavelength Λsound =
λinc

2 sin
ΘB

2

. (3.174)

It is half the wavelength of the incident light for back scattering (ΘB =
180◦). The frequency of the sound wave Ωsound can be calculated from the
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sound wave
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λ , ν , ksc sc sc

B

λ , ν , kin in in Fig. 3.58. Spontaneous Bril-
louin scattering of incident
light (inc) at refractive index
grating of a hyper-sound wave
with wave length Λsound

speed of the sound wave vsound by:

hyper-sound frequency Ωsound(ΘB) =
vsound

Λsound

=
2vsound

λinc
sin

ΘB

2
. (3.175)

The frequency of the scattered light, νBscatt, will be shifted by the Doppler
effect from the moving sound wave. As a consequence of the Bragg condition
the scattered light in different directions is reflected by sound waves of differ-
ent frequencies. The scattered light will show as a function of the scattering
angle, an energetic shift resulting in the frequency:

νBscatt = νinc

(
1∓ 2

vsound

c
sin

ΘB

2

)
= νinc ∓Ωsound(ΘB) (3.176)

where the decrease (minus sign) applies for sound waves moving in the same
direction as the incident light and vice versa. The frequency shift is of the
order of 100 MHz (10−6 of the light frequency) for gases and 10–100 GHz
(< 10−4) for liquids and solids (see Tab. 4.8, p. 228). It is a maximum for
back scattering and zero for forward scattering.

In the particle picture the Brillouin reflection of the incident photon will
generate (− sign) or destroy (+ sign) a phonon in the matter. The total
momentum of the three particles have to be conserved during the scattering
(see Fig. 3.59, p. 165).

Thus for phonon generation or depletion:

kBscatt = kinc − ksound or kBscatt = kinc + ksound. (3.177)

It turns out that momentum conservation is in Brillouin scattering identi-
cal with the Bragg condition of (3.174) if the frequency shift of the scattered
light is neglected.

The spectral broadening of the scattered light is a function of the ob-
servation angle as given by (3.176). In addition the lifetime of the sound
wave τsound which is by definition twice as long as the lifetime of the related
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Fig. 3.59. Photon and phonon momentum in Brillouin scattering with phonon
generation (left) and phonon depletion (right)

phonon, causes additional broadening by:

∆Ωsound =
1

2πτsound
. (3.178)

The phonon lifetimes are of the order of magnitude of 10 ns for gases and
in the range of 1 ns and below for liquids for Brillouin scattering of light
with a wavelength of 1 µm resulting in several 10 MHz band width and a
broadening of 10−5 nm (see also Sect. 4.5.9, p. 224). This lifetime increases
quadratically with λinc: τsound ∝ λ2

inc.
The intensity of the scattered light is a function of the number of re-

flecting sound wave periods or grating planes. Thus it will usually be largest
in the backward direction. The scattered intensity share is of the order of
10−4–10−11 if conventional light beams are applied. It is a function of the ge-
ometrical conditions and the material. A waveguide geometry scatters more
light in the backward direction as a result of the possible large interaction
length.

3.11.4 Raman Scattering

Raman scattering [3.157–3.181] occurs as a result of the interaction of light
with vibrational transitions of matter. The scattered light shows new spectral
lines shifted to lower frequencies (Stokes lines) or to higher frequencies but
with much less intensity (anti-Stokes lines) as shown in Fig. 3.60 (p. 166).

The Raman lines obtained allow the determination of the involved vibra-
tions of the matter and the occupation of the energy levels. Thus it is used
in Raman spectroscopy for characterization of the structure of matter, for
analysis and in nonlinear optics, e.g. for coherent Raman spectroscopy and
for frequency conversion of laser radiation as stimulated Raman scattering
(see Chaps. 4 and 6). It can disturb the transmission of light.

The frequency of the Raman scattered light νRscatt follows from the fre-
quency of the incident light νinc and the frequencies νvib,m of the (molecular)
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Fig. 3.60. Frequency spectrum of Raman scattering in CCl4 measured with a
conventional spectrometer based on argon laser excitation

vibrations m by:

Raman frequency νRscatt,p = νinc ∓ (pvibνvib,m) (3.179)

with m = 1, . . . limited by the number of normal vibrations of the system
and the number pvib = 1, . . . limited by the number of vibrational energy
steps up to the ionization limit of the system.

The Raman effect requires a sufficient interaction of the electric field
which oscillates 1000 times faster with the vibration of the material via the
nonresonant interaction of the electrons in the matter. Thus, only a few
vibrations of the matter are usually Raman active and only a few of these
frequencies show detectable intensities. The Raman scattering may also be a
function of the polarization of the incident light in relation to the orientation
of the particle (e.g. molecule) and thus of the direction of its vibrations. In
Table 3.8 some typical Raman active vibrations of some materials are given.
Traditionally the vibrational frequencies were measured as wave numbers in
cm−1, which is 1/wavelength, and thus these values are given in the table,
too. Further examples are given in Sect. 6.15.3 (p. 528).

Table 3.8. Raman active vibrations of some gases

Substance νvib νvib dσ/dν
(THz) (cm−1) (cm2/Ster)

N2 69.90 2 330 2.3 · 10−30

CH4 87.42 2 914 1.9 · 10−30

HF 118.86 3 962 3.0 · 10−30

H2 124.65 4 155 5.1 · 10−30
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With Raman scattering an excitation (Stokes scattering) or depletion of
an excited (anti-Stokes scattering) vibration of the matter takes place (see
Fig. 3.61). The interaction of the electric light field with the vibration of the
matter is effected via the induced polarization in the substance. Thus the
oscillating dipole moment µR(νvib, t) can be additionally modulated by νinc:

µR = ε0α0E0 sin(2πνinct) + ε0α1E0 sin(2πνinct) sin(2πνvibt)
= ε0α0E0 sin(2πνinct)

+
1
2
ε0α1E0 [cos{2π(νinc − νvib)t} − cos{2π(νinc + νvib)t}] (3.180)

with the coefficient αi representing the polarizability of the material via the
vibration and the light field. The resulting difference or sum of the frequencies
are the Stokes and anti-Stokes lines of the scattering process as sketched in
Fig. 3.61.

0 s
hν0 h(ν − ν )

∆E
v = 1
v = 0

0 shν0 h(ν + ν )

∆E

Fig. 3.61. Interaction of incident light with matter vibrations generating Stokes
(left) and anti-Stokes (right) lines in the Raman process. The thick horizontal lines
represent the vibrational energy levels of the material

Because of the nonharmonic vibrational potentials the energy levels of the
vibrations are not equidistant. For larger distances the back driving force is
usually slightly smaller than that for the compression of the partners of the
vibration. Thus the potential shifts the spatial middle position for greater
distances and the vibrational energy is slightly decreased compared to the
equidistant value. Therefore the Raman spectra are usually much more com-
plicated although the basic processes are as simple as described.

The increase of the intensity of the scattered light Iram is proportional to
the incident intensity Iinc and the population Nvib,i of the vibrational energy
levels:

dIram(νinc ∓ νvib,i, z) = σram(νinc ∓ νvib,i)Ninc,iIinc(νinc, z)dz. (3.181)

Integration along a sample with length L under the condition of constant
incident intensity Iinc leads to the scattering intensity:

Iram(νinc ∓ νvib,i, z) = Iinc(νinc)eσram(νinc∓νvib,i)Nvib,iL (3.182)

Examples for measurements of the Raman cross-section are given in [3.174,
3.175, 3.157–3.162].
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It is obvious that anti-Stokes signals are smaller the higher the vibra-
tional frequency. The thermally induced occupation of the excited vibrational
states can be calculated using Boltzmann’s equation for the population den-
sity Nvib,i:

Nvib,i = Nvib,0 e

(
−hνvib,i

kT

)
with

∑
i

Nvib,i = Ntotal (3.183)

with Boltzmann’s constant k = 1.380658 · 10−23 J K−1 and temperature T .
These populations are not changed by the incident light in linear interactions
with matter. Thus typical molecular vibrations with 1000 cm−1 energy show
a population density in the first excited vibrational state of smaller than 10−6

at room temperature.
The cross section σram is difficult to determine because it is a function of

the detailed charge distribution in the particle. The main role is played by
the polarizability αi for the efficiency of the scattering process. This value
is a function of the detailed structure of the material and the incident light.
It can be estimated via quantum chemical calculations or measured. Some
special techniques of Raman measurements are given in [3.176–3.181].

3.11.5 Thomson and Compton Scattering

If the frequency of the incident light νinc is much larger than all resonance
frequencies of the matter electrons, their binding energy can be neglected
for the analysis of the interaction and thus the electrons will vibrate with
the electric field. Thus the electron will experience a periodic motion with
acceleration in the x-direction which shall be the direction of the electric field
vector E:

∂2x

∂t2
=
eEinc,0

me
sin(2πνinct) (3.184)

with the electron charge e and mass me. An accelerated electron emits radi-
ation with total power Pacc:

radiation power of accelerated electron Pacc =
e2

6πε0c30

(
∂2x

∂t2

)2

(3.185)

there the acceleration is measured in m/s2. Thus the average power of the
emitted light P acc for each electron is:

P acc =
e4E2

0

12πε0m2
ec

3
0

(3.186)

The decrease of the intensity via Thomson scattering is given by:

dI
dz

= −P accN0 (3.187)
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with the concentration of electrons N0 measured in cm−3. The cross section
σThomson can be calculated by comparing this formula with Eq. (3.167) and
is given by:

cross section (Thomson scattering) σThomson =
8π
3

[
e2

4πε0mec20

]2

(3.188)

resulting in the final scattering equation:

Thomson scattering IThomson = Iince−σThomsonN0L (3.189)

with the sample length L.
The cross section can be interpreted as area which has to hit by the X-

ray photon to be scattered. Thus the expression in bracket is interpreted as
classical electron radius re:

classical electron radius re =
e2

4πε0mec20
(3.190)

re = 2.817941 · 10−15 m (3.191)

which is not the radius of an electron but the dimension which is responsible
for the interaction with photons.

If the photon energy Ephoton = hνinc reaches about 1% of the electron rest
mass energy Eelectron = mec

2
0, Thomson scattering is converted to Compton

scattering which considers the momentum conservation in the interaction
process, explicitly. Using energy and momentum conservation for the system
photon-electron, the resulting new frequency of the scattered light as a func-
tion of the scattering angle of the photon ϕCompton,photon (deviation from the
direction of incidence) can be calculated:

Compton scattering νphoton =
νinc

1 +
2hνinc

mec20
sin2

(ϕCompton,photon

2

)
(3.192)

The relative change of the scattering frequency can be obtained from:

∆νphoton

νinc
=

1

1 +
mec

2
0

2hνinc
sin2

(ϕCompton,photon

2

) (3.193)

It is maximum for backscattering and increases with photon energy. The
change in wavelength of the photon is astonishingly independent of the energy
of the incident photon:

∆λphoton =
2h
mec0

sin2
(ϕCompton,photon

2

)
(3.194)
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It is 0 for ϕCompton,photon = 0 and maximum for ϕCompton,photon = π, result-
ing in a value of 4.853 pm. The wavelength shift for ϕCompton,photon = π/2 is
defined as the Compton wavelength of the electron:

Compton wavelength λCompton,electron =
h

mec0
= 2.42631 pm (3.195)

The electron will move after the interaction away from the photon at an angle
of ϕelectron relative to the direction of the incident photon:

ϕelectron =
1(

1 +
hνinc

mec20

)
tan

(ϕCompton,photon

2

) (3.196)

which always has a component in the original direction of the incident photon.
The speed of the electron varies and has the size velectron as a function of the
scattering angles:

velocity of electron velectron = −
2h
c0

sin(ϕCompton,photon)

me sin(ϕelectron)
(3.197)

The total cross section for Compton scattering σCompton,photon was estimated
in relation to the cross section of Thomson scattering to:

Compton scattering cross section (3.198)

σCompton,photon =
σThomson(

1 +
2hνinc

mec20

) =
σThomson(

1 +
2λCompton,electron

λinc

)
At very high photon frequencies the Compton scattering decreases and the
generation of an electron-positron pair can occur above energies of 2mec

2
0

while scattering the γ-radiation at atoms. At photon energies of about
Ephoton = 8Eelectron = 8mec

2
0 the pair generation is equally probable as

Compton scattering and, at 100 times mec
2
0, Compton scattering can be ne-

glected in relation to pair generation. These scattering effects clearly show
the quantum nature of light and its relation to relativity as well as the mass
energy relation in experiments [3.182–3.187].

3.12 Optical Materials

Almost all kinds of materials in all kinds of preparation, from low or high
temperature, under high and low pressure, with and without external fields
and as mixtures, compounds or layers are used in photonics. The selection of
the following incomplete list may serve as a reminder:

• glasses
• inorganic and organic crystals
• dielectric and metallic coatings
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• polymers
• semiconductors
• special organic molecules in solution or in polymers
• liquid crystals
• thin films
• inorganic molecules
• gases

The materials have to be characterized, firstly, with respect to their linear
optical behavior by the following properties:

spatially homogeneous ⇔ spatially inhomogeneous
isotropic ⇔ anisotropic

absorbing ⇔ transparent
isolating ⇔ conductive
dielectric ⇔ non dielectric

Besides this rough yes/no categorization sometimes detailed numbers for
each property are necessary. For example, all materials are absorbing at all
wavelengths but the absorption coefficient can be as small as 10−6 cm−1 and
this can often be neglected.

Secondly, for nonlinear applications the nonlinear properties of the mate-
rials also have to be characterized as will be described in the next chapters.
The question is then: Which property is changed by how much, by which
kind of light, and of what intensity?



4. Nonlinear Interactions
of Light and Matter Without Absorption

Nonlinear effects in optics offer the possibility of generating or manipulating
light in almost any manner. The laser itself, producing light not available in
nature, is the most obvious example. Therefore nonlinear interactions are the
basis of photonics.

Because of the extremely small photon–photon interaction cross-section
the direct influence of one light beam on another is not practical with today’s
light sources. Therefore the nonlinearity is achieved via the nonlinear inter-
action of light with matter. Examples are given in Chap. 1. In comparison to
linear optics both the real and the imaginary part of the refractive index, or
in other words both the conventional refractive index n (as described in this
chapter) and the absorption coefficient a (as described in the next chapter),
become functions of the light intensities I or their electric fields E(r, λ, t, ϕ):

nonresonant interaction n = f{I} = f{E(r, λ, t, ϕ)} (4.1)

and

resonant interaction a = f{I} = f{E(r, λ, t, ϕ)} (4.2)

and thus they become functions of space, wavelength, time and polarization,
dependent on the incident light. If the material is anisotropic and or bire-
fringent all these functions will be influenced by the local and polarization
dependent nonlinear optical parameters of the matter. The transmission of
the sample T becomes a complicated function of the incident intensity de-
pending on all light and material parameters in the nonlinear case, in contrast
to the linear case where it is constant while varying the light intensity in the
linear regime (see Fig. 4.1, p. 174).

Therefore in nonlinear optics the light has to be characterized very care-
fully to avoid unwanted side effects in applications and to exclude measure-
ment errors, e.g. in nonlinear spectroscopy. For this purpose all the details of
Chap. 2 may be important and the general difficulty is the complexity of the
many dimensional interaction processes. The superposition of light in matter
will produce new physical effects in the nonlinear regime. All the properties
of newly generated light can be completely different from the properties of
the incident beams.

Nonlinearity is not desired in all cases in photonic applications or in spec-
troscopy, but in many cases the high laser light powers and intensities gener-
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I ( r, λ, t, φ)inc I ( r, λ, t, φ)out
n ≠ f (I )inc

α ≠ f (I )inc
T ≠ f (I )inc

I ( r, λ, t, φ)inc I ( r, λ, t, φ)out
inc

T = f (I )inc

α = f (I )
n = f (I     )inc

nonlinear range:

linear range:

Fig. 4.1. Schematics of linear and nonlinear interactions of incident light with
matter

ate nonlinearity as a side effect. Therefore possible nonlinear interaction have
to be considered in any photonic setup.

An increasing number of photonic applications based on these nonlinear
effects are routinely in use, but for other desired and in principle possible new
commercial devices, light-induced nonlinear effects of the known materials
are too small. For known matter the time constants, their long-term stability
or other properties are not sufficient and thus often the demands on light
intensity or power are too high. Thus the field of nonlinear interactions is
still in rapid progress and new applications with strong economic and social
implications can be expected.

In this and the next chapter some concepts of the nonlinear interac-
tion of light with matter will be described, together with their experimental
background and the basics of the theoretical description. For further read-
ing for this chapter see [M2, M4, M10, M11, M14–M16, M19, M21, M28,
M30, M31, M37, M39–M42, M45–M48, M52–M56 and M58–M65]. All these
nonlinear effects first start from the linear interaction. In most effects the
“back-interaction” of the so-modified matter with light is also linear. Thus
linear optical interactions are the basis for this chapter and thus references
should be taken to the previous chapter.

4.1 General Classification

The general description of the nonlinear interactions of light with matter
would be possible based on quantum electrodynamics. The resulting sets of
coupled nonlinear equations are solvable in the simplest cases only. Thus ap-
proximations have to used for the computation and even more for analytical
analysis. There are three useful approaches to the description of the non-
linear interaction of light with matter or more precisely for the nonlinear
modification of matter by light in the first step and the subsequent linear



4.1 General Classification 175

“back-interaction” of the changed matter to the light. One uses Maxwell’s
equations as the fundamental concept with the nonlinear polarization Pnl;
the second is based on a quantum mechanical density matrix formalism; and
the third neglects the coherence terms in the density matrices and results in
rate equations for the population densities Ni:

• nonlinear polarization Pnl (E(r, λ, t, ϕ))
• density matrix formalism: ρij (E(r, λ, t, ϕ))
• rate equations: Ni (I(r, λ, t, ϕ))

The first approach is especially useful for nonresonant (elastic) interac-
tions in which the light is not absorbed by matter. The density matrix for-
malism is useful for resonant, coherent interactions. In this case the discrete
structure of the energy levels of the matter and their phase-dependent occu-
pation during the light wave period may be important for a useful description.
Unfortunately, this formalism does not allow the description of systems with
many energy levels and/or complex light fields. In this case the description
with rate equations may be a useful tool for the analysis of nonlinear resonant
interactions as it is done, e.g., for the modeling of lasers.

Because of the complexity of these nonlinear light–matter interactions and
the difficulty of the analytical description, a classification of these interaction
may be useful as given as a first approach in Table 4.1. A more detailed
structure is given in Sect. 5.1 (see Fig. 5.1, p. 264).

Table 4.1. Types of nonlinear optical interactions of light with matter

Matter Light Useful description

Nonresonant (transparent) Incoherent Maxwell’s equations
Nonresonant (transparent) Coherent Maxwell’s equations
Resonant (absorbing) Incoherent Rate equations
Resonant (absorbing) Coherent Density matrix formalism

The incoherent nonresonant interaction occurs, e.g. in the self-focusing
of light and coherent nonresonant interactions are, e.g. used for frequency
conversion in crystals or in optical phase conjugation. Resonant interaction,
which means with absorption or emission of light in the material, is achieved
incoherently in nonlinear spectroscopy and applications such as, e.g. passive
Q switching. Resonant coherent interaction, in which the matter oscillates in
phase with the light, takes place in very fast or high intensity or coherent
experiments, as, e.g. self induced transparency. Besides these well defined
cases all kinds of mixed interactions are possible.

The following description of nonresonant interactions is based on Max-
well’s equation. The rate equation formalism will be introduced in Sect. 5.3.6
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(p. 277) and the density matrix formalism is described in Sect. 5.4.2 (p. 301).
Finally some mixed cases are discussed in Sect. 5.9.

4.2 Nonresonant Interactions

Nonresonant interactions are useful for, e.g. wavelength conversion of laser
light, wave mixing and optical phase conjugation. Because of the negligible
absorption almost no energy will be stored in the material. Thus they can be
applied for high average powers with high efficiencies as a consequence of the
possible high intensities exploiting the high damage threshold of the applied
materials.

The nonresonant nonlinear interaction may be understood as the reaction
of electric dipoles built by electrons and the positively charged atomic cores
in the matter under the influence of high electric light fields. For small fields
the elongation x will be small and thus the back driving force Fb will change
linearly with x in this first-order linear approach, as in classical mechanics.
With strong electric fields the elongation will be increased and the force will
become a nonlinear function of the elongation (see Fig. 4.2).

From Fig. 4.2 it is obvious that for strong electric fields the average dis-
tance of the dipole will be increased as a result of the strong repulsion forces
(x < 0.1 nm) compared to the weaker binding forces for larger distances
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Fig. 4.2. Schematic of back driving force F as a function of the elongation x of
electric matter dipoles as is typical for an organic bond with equilibrium distance
x0 = 0.1 nm under the influence of strong electric fields reaching the nonlinear
range. The linear response is sketched by the straight line. The reduced mass of
6 gmol−1 of two C atoms would lead to a resonance frequency of 2 000 cm−1. The
force is always directed towards the middle position at 0.1 nm and only its value is
given
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Fig. 4.3. Potential for the back driving force F of Fig. 4.2 (p. 176) as a function of
the elongation x of electric matter dipoles with equilibrium distance x0 = 0.1 nm
illustrating as deviation from the parabolic shape resulting in the nonlinear range.
The dissoziation energy is 500 kJmol−1

(x > 0.1 nm). The polarization will become nonlinear. The potential curve as
the integral over the force for this example is shown in Fig. 4.3.

With conventional light sources the electric fields are in the range of
1 V cm−1 and the resulting elongation is smaller than 10−16 m which is small
compared to atomic or molecular diameters of 10−10–10−7 m and thus per-
fectly in the linear range of the back driving F as can be seen in Fig. 4.2
(p. 176). With laser radiation electric field values of more than 104 V cm−1

can be achieved and thus which becomes comparable to the binding fields of
the compound and thus nonlinear effects are possible.

These nonlinear effects will be a function of the electric field of the in-
cident light with increasing exponent starting with 1 for linear interactions,
to 2 for quadratic effects as the next approximation and so on. For better
understanding the resulting effects can be classified for this exponent of the
nonlinearity as a function of the incident field as follows.

Second-Order Effects

• second harmonic generation (SHG)
• optical parametric amplification (OPA, OPO)
• Pockel’s effect
• electro-optical beam deflection
• optical rectification
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Third-Order Effects

• third harmonic generation (THG)
• Kerr effect – induced birefringence
• self-focusing
• self-diffraction
• self-phase modulation
• solitons
• four-wave mixing (FWM)
• stimulated Brillouin scattering (SBS)
• optical phase conjugation (PC)

Higher-Order Effects

• high harmonic generation

All these effects are based on the nonlinear modulation of the refractive
index of the material by the incident light as a result of the strong forces
from the interaction of the electric light field vector with the electrons of
the matter. These forces drive the electrons out of the harmonic potential
and generate anharmonic effects. Mixed cases and noninteger exponents are
possible.

4.3 Nonlinear Polarization of the Medium

Based on Maxwell’s equations as given in Sect. 3.1 the reaction of the matter
under the influence of the electric field of the light E(r, t) can be described by
the polarization P (r, t) as given in (3.8). The linear interaction was described
there as the proportional increase of the polarization as a function of the
electric field amplitude:

linear polarization P 1(r, t) = ε0χ(r)E1(r, t) (4.3)

with the condition of not too high electric fields. It should be emphasized
again that the polarization and the electric field are not inevitably pointing
in the same direction because of the tensor character of the susceptibility χ
as was discussed regarding birefringent materials in Sect. 3.12 in more detail.

With an increase of the electric field usually up to values of several
104 V cm−1 or corresponding intensities of MW cm−2 (see Table 5.2, p. 327)
nonlinear effects occur and the formula has to be modified e.g. to:

P (r, t) = ε0χ
(1)E(r, t) + ε0χ

(2)E2(r, t) + ε0χ
(3)E3(r, t) + · · ·

= P lin(r, t) + P nl(r, t) (4.4)
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with the nonlinear share of the polarization:

nonlinear polarization

P nl(r, t) = ε0χ
(2)E2(r, t) + ε0χ

(3)E3(r, t) + · · · (4.5)

which describes the progressive nonlinearity of the interaction with increasing
power of the electric field. This electric field can be superimposed by different
light beams and thus different components may occur in the more detailed
expression. Using this nonlinear polarization the equation for the electric field
of the light waves can be written as:

∆E − µ0ε0
∂2E

∂t2
− grad divE = µ0

∂2Pnl

∂t2
(4.6)

which simplifies for plane waves (divE = 0) to:

∆E − µ0ε0
∂2E

∂t2
= µ0

∂2Pnl

∂t2
(4.7)

with the ansatz:

Egen(z, t) = Egen,0(z) cos(2πνgent− kgenz) (4.8)

for the newly generated planar light wave. Using the assumption of slowly
varying amplitudes (SVA) with

SVA approximation
∂Egen,0

∂z
� kgenEgen,0 (4.9)

the second derivatives ∂2E/∂z2 can be neglected. The differential equation for
the amplitude of the new light wave produced by the nonlinear polarization
can be written as:

∂Egen,0

∂z
= i

µ0

2kgen

∂2P nl(E)
∂t2

e−i(2πνgent−kgenz). (4.10)

It should be noted that the nonlinear susceptibilities χ(m) and derived
coefficients are in general functions of the material and the frequencies and
all other properties of the applied light waves:

χ(m) = f(νp,kp,matter). (4.11)

The nonlinear susceptibilities χ(m) are in general complex tensors and thus
the polarization Pnl will be complex, too. In this case phase and amplitude of
the light may be changed by refraction and absorption. However, negligible
absorption will be assumed in this chapter. Analog to the complex electric
field the real value follows from Pnl,real = 1/2(Pnl + P ∗nl).

Sometimes the interaction can be even more difficult. Then the descrip-
tion with susceptibilities χ(m) as functions of the intensity, as will be shown
in Sect. 5.4 as rational polynomicals, may in some cases be the best descrip-
tion. Therefore the theoretical analysis of the interaction can be extremely
difficult and rough approximations are necessary in many cases. But in the



180 4. Nonlinear Interactions of Light and Matter Without Absorption

case of nonresonant interactions the susceptibilities χ(i) will be real tensors
and sometimes just numbers.

On the other hand some of these susceptibilities can be zero for a given
matter–light interaction. For example, centrosymmetric matter does not show
a quadratic term in the nonlinear behavior.

If nonresonant interactions are considered and the susceptibility is re-
placed by the refractive index n =

√
1 + χ the nonlinear wave equation can

be simplified under the assumptions of isotropic matter, a transverse field
and steady-state conditions of the response to:

∇2E − 1
c2

∂2

∂t2
[
(n0 + ∆nnl)2E

]
= 0 (4.12)

In this case the material changes are assumed to be much faster than the
change of the envelope of the light field. Then the nonlinearly changed re-
fractive index ∆nnl instantaneously following the incident electric field.

If the field E is further assumed to be a monochromatic cylindrically
symmetric beam propagating along the z axis then

E = E0(r, z, ξ) ei(2πνt−kz) (4.13)

with the time variable ξ = t − zn0/c0 considering the propagation of the
beam with the velocity c0/n0 in the matter. With an amplitude varying
slowly compared to the wavelength the nonlinear wave equation can further
be simplified to:(

∂2

∂r2 + i2k
∂

∂z

)
E0(r, z, ξ) + 2k2

(
∆nnl

n0

)
E0(r, z, ξ) = 0. (4.14)

In this simple form the nonlinear wave equation may be analyzed for
changes in the amplitude and the phase of the beam in the nonlinear medium.
For complicated functions:

∆nnl = f(E0(r, z, ξ)) (4.15)

this equation may only be solvable numerically.
Some early work on nonlinear interactions may be found in [4.1–4.12] in

addition to the books cited in Sect. 4.0.

4.4 Second-Order Effects

The second-order nonlinear susceptibility χ(2) of used crystals reaches val-
ues of up to about 10−10 cm/V and thus demands intensities of up to 0.1–
1 GW cm−2. These values are close to the damage threshold of optical surfaces
of the commonly applied materials and thus new materials are developed as
described below. New organic materials or slightly resonant matter may have
some applications in the future.
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In second-order nonlinear optical effects two different light waves with
their electric field vectors E1 and E2 can superimpose and generate the
nonlinear polarization P (2):

P (2) = ε0χ
(2)E1E2. (4.16)

In Cartesian coordinates x, y, z described by the indices m, p, q the
components Px, Py and Pz of the vector P (2) can be calculated from:

P (2)
m = ε0

∑
p,q

χ(2)
mqpEpEq (4.17)

with the components χmpq of the third-order tensor with 27 components
and the components of the two electric field vectors. The χ components are
not independent. In any case χmpq = χmqp is valid as a consequence of
the interchangebility of the two electric fields, resulting in 18 independent
components.

For nonabsorbing materials these components are real and the equation
χmpq = χpmq also has to be fulfilled. In this case only 10 elements of the χ
tensor are different as will be shown below.

Only a few components of the χ-tensor are usually relevant in a particular
second-order nonlinear process.

4.4.1 Generation of the Second Harmonic

In the simplest possible case of two equal monochromatic light waves with the
same polarization, frequency νinc and direction kinc, which can be two shares
of the same wave, the second-order nonlinear polarization is determined by
the product of the two electric fields. This second-order nonlinear polarization
shows terms with frequencies ν = 0 and 2νinc.

P (2) = ε0χ
(2)E1E2

= ε0χ
(2)E2

= ε0χ
(2) {E0(k, ϕ) cos(2πνinct)}2

=
1
2
ε0χ

(2)E2
0(k, ϕ) +

1
2
ε0χ

(2)E2
0(k, ϕ) cos(4πνinct)

= P (2)(0) + P (2)(2νinc). (4.18)

The second term describes the material polarization which oscillates with
twice the frequency of the incident wave. This polarization will emit a new
light wave with twice the frequency of the incident wave. This wave is called
the second harmonic produced by Second Harmonic Generation (SHG). The
first term describes the generation of a “rectified” field, resulting in a macro-
scopic charge separation in the material.

Thus second-order nonlinearity can be used in photonic applications for
the generation of light with twice the photon energy of the incident light with
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νincχ(2)νinc
ν   = 2 νout inc

Fig. 4.4. Schematic of the generation of frequency-doubled light via second-order
nonlinear susceptibility, e.g. in a suitable crystal

frequency νinc (see Fig. 4.4) which is, e.g., blue light from red or green light
from infrared laser radiation (see Sect. 6.15.1).

The energy efficiency of the second harmonic generation (SHG) is smaller
than 1 and some nonconverted light will be observed behind the nonlinear
medium.

The calculation of the nonlinear polarization has to include all real second-
order products of the electric field vectors:

⎛
⎝P

(2)
x (2νinc)
P

(2)
y (2νinc)
P

(2)
z (2νinc)

⎞
⎠ = ε0

⎛
⎝d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

⎞
⎠ ·

⎛
⎜⎜⎜⎜⎜⎝

E2
x

E2
y

E2
z

2EyEz
2ExEz
2ExEy

⎞
⎟⎟⎟⎟⎟⎠ (4.19)

leading to 18 d coefficients of the nonlinear material instead of the 27 χmpq
values. For nonabsorbing materials the following relations are valid:

d14 = d25 = d36

d12 = d26 d13 = d35 d15 = d31 d16 = d21 (4.20)
d23 = d34 d24 = d32

finally resulting in 10 different components. The assignment of the drs to χmpq
can be obtained by comparing (4.19) and (4.17). It should be mentioned
again that these matter parameters drs are functions of the applied light
frequencies.

Because of the symmetry of commonly used crystals this number is re-
duced further as Table 4.2 (p. 183) shows.

For efficient generation of the second harmonic (SHG) phase matching
conditions have to be fulfilled (see the next section).

Some theoretical aspects of second harmonic generation are given in [4.13,
4.16] in addition to the books mentioned in Chap. 4. Second-order susceptibil-
ities for some further materials and examples of second harmonic generation
can be found in [4.17–4.70]. Additional examples are given in the next chapter
showing high efficiencies at low intensities and in Sect. 6.15.1 (p. 525).
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Table 4.2. SHG crystals with symmetry group, nonlinear dij coefficients for an
incident wavelength λinc of 1000 nm, transparency wavelength range ∆λ and damage
threshold Idam

Crystal Sym. drs ∆λ Idam

group (10−12 mV−1) (nm) (MWcm−2)

KD*P (KD2PO4) 4 2 m d14 =d25 ≈ d36 =0.40 200–2 150 200
KDP (KH2PO4) 4 2 m d14 =d25 ≈ d36 =0.44 200–1 700 200
ADP (NH4PO4) 4 2 m d14 =d25 ≈ d36 =0.76 190–1 500 200
Banana 2 m m d15 =d31 =9.2 460–1 064
(Ba2NaNb5O15) d24 =d32 =9.2

d33 =12
KTP (KTiOPO4) 2 m m d15 =6.1 350–4500 1 000

d24 =7.6
d31 =6.5 d32 =5 d33 =13.1

Lithiumniobate 3 m d15 =d24 =d31 =d32 =−6 420–5 200 100
(LiNbO3) d16 =d21 =−d22 =−3.07

d33 =34.4
Beta-Barium- 3 m d11 =−d12 =−d26 =2.4 190–3 500 5 000
borate (BBO) d15 =d24 =d31 =d32 � 2
(β-BaB2O4) d16 =d21 =−d22 � 2
Lithium- m m 2 d31 =1.1 160–2 600 2 000
Triborate (LBO) d32 =−1.0
(LiB3O5) d33 =0.05
BIBO (BiB3O3) d11 =2.53 d12 =2.93 d13 =−1.93 290–2 500 600

d14 ≈ d25 =d36 =1.67
d26 =3.48 d35 =−1.58

4.4.2 Phase Matching

The generation of new frequencies via nonlinear polarization in matter is
more efficient the better the incident light waves and the newly generated
waves are in suitable phase over a possibly long interaction length. This can
be achieved in crystals by choosing a suitable orientation of the crystal with
respect to the light beam and is called phase matching.

4.4.2.1 Phase Matching for Second Harmonic Generation

Some details will be discussed here for the example of the generation of second
harmonic light but the mechanisms are valid analogously for other frequency
conversion setups, too.

The increasing amplitude of the SHG wave can be calculated from (4.10).
The nonlinear polarization for this wave is:

P
(2)
nl (2νinc) =

1
2
ε0χ

(2)E2
inc,0(z) ei2(2πνinct−kincz). (4.21)

With this nonlinear polarization (4.10) results for the SHG wave in:
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∂ESHG(z)
∂z

= −i
kSHGχ

(2)

4n2
SHG

E2
inc(z) e−i∆kz (4.22)

which cannot easily be solved. Assuming an undepleted incident wave, it
describes an oscillation of the amplitude of the electric field of the generated
second harmonic light with z as a function of ∆k = |kSHG − kinc|. This
oscillation of the intensity of the SHG light can be calculated as:

ISHG(z) = I2
inc

2π2d2

ε0c0λ2
incn

2
incnSHG

[
sin(∆kz/2)

∆k/2

]2

(4.23)

with the different refractive indices ninc and nSHG for the wavelengths λm of
the incident wave and the SHG wave in the material and d as the relevant
matrix element of the d matrix of the material.

This oscillation results from the phase mismatch of the incident and the
SHG wave which are in phase at the entrance surface and at distances zip

zip =
π

∆k
m =

λinc

4(nSHG − ninc)
m (4.24)

and out of phase after a path length zoop of:

zoop =
2π
∆k

m =
λinc

2(nSHG − ninc)
m (4.25)

and so on with the integer m. For energy conservation the amplitude of the
incident wave will oscillate, too.

This problem can be avoided by choosing

phase matching ∆k = |kSHG − kinc| != 0 (4.26)

applying a suitable crystal orientation. In this case (4.22) can be solved ana-
lytically and the intensity of the SHG ISHG follows from the pump or incident
light intensity Iinc as:

ISHG(z) = Iinc(z = 0) tanh2

(
z

√
8π2d2Iinc

ε0c0n2
incnSHGλ2

inc

)

= Iinc(z = 0) tanh2
(

0.88
z

zHM

)
(4.27)

again with d as the relevant matrix element of the d matrix of the material
and a characteristic length zHM at which the intensity of the SHG reaches
50% of the original incident intensity Iinc(z = 0):

zHM = 0.31

√
ε0c0n2

incnSHGλ2
inc

π2d2Iinc
(4.28)
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or for 93% conversion efficiency:

z93% =

√
ε0c0n2

incnSHGλ2
inc

2π2d2Iinc
(4.29)

The incident intensity Iinc will decrease with z in non-absorbing materials
by:

Iinc(z) = Iinc(z = 0)− ISHG(z) (4.30)

and thus the intensities of the incident and the new generated SHG wave can
be plotted as in Fig. 4.5.
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Fig. 4.5. Intensities of incident and new generated light waves in second harmonic
generation SHG as a function of the interaction length in material with phase
matching

Phase matching can be achieved with anisotropic materials like crystals
and is then based on the birefringence in these materials. Therefore the ori-
entation and the temperature of the crystal have to be chosen for equal
refractive indices for the incident and the newly generated waves. Often the
polarization of the incident and the newly generated waves are perpendicu-
lar as a result of the nonlinear polarization in the crystal and thus different
refractive index ellipsoids are available for phase matching.

For example in the case of second harmonic generation (SHG) it is pos-
sible to match the refractive index for the incident fundamental wave as an
ordinary beam with the second harmonic wave as an extraordinary beam
even in a uniaxial crystal (see Fig. 4.6, p. 186).
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optical crystal axis

no,2

ne,2

no,1

ne,2(θ)

θpm

Fig. 4.6. Phase matching angle for SHG in a uniax-
ial crystal with refractive index sphere for an ordi-
nary incident beam no,1 and refractive index ellipse
for an extraordinary SHG beam ne,2. The refractive
index sphere for an ordinary SHG beam no,2 is not
shown. It has the radius of the extraordinary index
at the optical axis

If an intersection of the two refractive index surfaces for the two waves ex-
ists then phase matching can be achieved. In this example the phase matching
angle θpm follows with the definitions of Fig. 4.6 to:

phase matching angle sin2 θpm =

1
n2

o,1
− 1
n2

o,2
1
n2

e,2
− 1
n2

o,2

(4.31)

and reaches values of 40–60◦ in crystals such as, e.g. KDP or KTP. The two
refractive indices for an incident light wavelength of 1064 nm as a function of
the angle of the incident light beam with respect to the optical axis of the
crystal for KDP at room temperature are shown in Fig. 4.7. Phase matching
is realized at the angle where the two refractive index curves cross in this
figure. Crystals can be ordered in this cut to have a perpendicular entrance
surface which can be anti-reflection coated for a higher damage threshold.
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Fig. 4.7. Refractive indices for the ordinary beam of the fundamental and of the
extraordinary beam of the second harmonic wave for KDP as a function of angle
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4.4.2.2 Dispersion of Crystals: Sellmeier Coefficients

The dispersion of relevant crystals is available from the phenomenological
Sellmeier formulas as, e.g. (see also Sect. 3.2):

dispersion n2(λSell) = ASell +
BSell

λ2
Sell − CSell

+
DSellλ

2
Sell

λ2
Sell − ESell

(4.32)

with the unit of measure for the wavelength λ in this equation:

[λSell]
!= µm (4.33)

and the coefficients as given in Table 4.3 for some commonly used crystals.
(Additional information may be available from manufacturers.)

Table 4.3. Sellmeier coefficients for some commonly used crystals as used in (4.32)
with (4.33). The value ne is given for the direction perpendicular to the optical axis

KDP KD*P ADP CDA CD*A

ASell no 2.2576 2.2409 2.3041 2.4204 2.4082
ne 2.1295 2.1260 2.1643 2.3503 2.3458

BSell no 0.0101 0.0097 0.0111 0.0163 0.0156
ne 0.0097 0.0086 0.0097 0.0156 0.0151

CSell no 0.0142 0.0156 0.0133 0.0180 0.0191
ne 0.0014 0.0120 0.0129 0.0168 0.0168

DSell no 1.7623 2.2470 15.1086 1.4033 2.2122
ne 0.7580 0.7844 5.8057 0.6853 0.6518

ESell no 57.8984 126.9205 400.0000 57.8239 126.8709
ne 27.0535 123.4032 400.0000 127.2700 127.3309

The refractive index ne is the value of the index ellipsoid perpendicular
to the optical axis and thus the extreme value. As an example the refractive
indices are given for some typical crystals for the wavelengths of the Nd lasers
and their harmonics in Table 4.4.

Table 4.4. Refractive indices for the ordinary and extrordinary beams for some
typical crystals for the wavelengths of Nd lasers and their harmonics. The value ne

is given for the direction perpendicular to the optical axis

KDP KD*P ADP CDA CD*A

1064 nm no 1.4942 1.4931 1.5071 1.5515 1.5499
ne 1.4603 1.4583 1.4685 1.5356 1.5341

532 nm no 1.5129 1.5074 1.5280 1.5732 1.5692
ne 1.4709 1.4683 1.4819 1.5516 1.5496

355 nm no 1.5317 1.5257 1.5487 1.6026 1.5974
ne 1.463 1.4833 1.4994 1.5788 1.5759

The refractive indices for the two beams for KDP as a function of the
wavelength are shown in Fig. 4.8 (p. 188).
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Fig. 4.8. Refractive indices for the ordinary and extraordinary beams for KDP as
a function of the wavelength. By choosing the appropriate phase matching angle
the refractive index for the extraordinary beam can be varied between ne,max and
no to get the same value but for different wavelengths

But not all materials allow phase matching for the required combination of
wavelengths. Therefore the user should check with the suppliers of nonlinear
materials for frequency conversion for current information. A few examples
are given in [4.71–4.77]. Because of the large economical importance new ma-
terials are under investigation. Larger nonlinear parameters, higher damage
threshold and other useful spectral ranges are the main goals. Especially for
applications in the UV and mid-IR are new materials demanded. In addition
new concepts such as periodical poling (see below) and waveguide structures
are developed.

For some materials phase matching is reached by exact angle tuning of the
crystal, which is called critical phase matching. Examples are KTP and KDP.
KTP is useful for low powers in the Watt range because of its high nonlinear
coefficients. At higher powers a color center can occur in KTP which may
be taken out by heating the crystal. KDP allows very large sizes and can
be used for large beams. However its acceptance angle is small. LiNbO3 is
temperature tuned in noncritical phase matching and is widely spread today.

4.4.2.3 Walk-Off Angle

Even in case of perfect phase matching the directions of the beam propagation
of the new and old frequencies and the propagation direction of their energy
(Poynting vector) can be different because the electrical displacement D and
the electric field E are not parallel in case of extraordinary beams. In this
type of critical phase matching the interaction length is limited by the “walk-
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off” between the beam and energy propagation directions [e.g. 4.78–4.80]. In
this example the walk-off angle ϕwo results from:

walk-off angle tanϕwo =
(n2

e,1 − n2
e,2) tan θpm

n2
e,2 + n2

e,1 tan θpm
(4.34)

with, e.g., a value of 1.4◦ for KDP and a wavelength of 1064 nm. By contrast,
in noncritical phase matching with θpm = 90◦ no walk-off occurs.

For high efficiency of frequency conversion the intensity should be as
high as possible (but safely below damage threshold of the material), but
stronger focusing reduces the interaction length. Secondly it decreases the
phase matching because of the higher divergence of the incident light. The
acceptance angle ∆θpm depends on the dimensions of the ellipsoids and is
given for the above example by:

∆θpm =
0.442λincno,1

n2
o(no,2 − ne,2)Lcrystal sin 2θpm

(4.35)

as the full angle around θpm for half intensity of SHG generation. It results
in values of, e.g. a few 0.1◦ for KTP and 25◦ for KDP. In noncritical phase
matching this equation reduces to:

∆θpm = no,1

√
λinc

(no,2 − ne,2)Lcrystal
. (4.36)

From both equations the critical wavelength range for the incident beam
can be estimated by the dispersion of the crystal ∂ni/∂λinc. Typical values
are 11 nm·cm for KDP and 0.6 nm·cm for KTP.

The temperature has to be constant in the range 25 K·cm for KTP and
4 K·cm in the case of LBO. On the other hand the phase matching can also
be tuned by temperature variation for certain crystals. In high-power ap-
plications this cannot easily be achieved, because of residual absorption in
the material and the resulting heating. Thus for high powers temperature
insensitive crystals are suitable.

As with wide angles, a wide spectrum of the incident wave will not be
phase matched because of dispersion. Therefore correct material selection as
a function of the parameters of the application is most important for high
efficiencies.

4.4.2.4 Focusing and Crystal Length

Optimal focusing has to be chosen as a function of the material and its
phase matching acceptance angle, its damage threshold and its temperature
sensitivity, which changes the refractive index ellipsoids. The optimal crystal
length Lcrystal should be nearly three times the Rayleigh length in the crystal
[4.81] which is:

optimal crystal length Lcrystal = 2.84
πw2

0

λinc
(4.37)
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for a Gaussian beam neglecting the walk-off. The optimal length can be
shorter for short pulses with durations of fs or ps to avoid pulse lengthening
from dispersion in the crystal [e.g. 4.82]. In the case of 10 to 100 fs pulses,
lengths of 1 to 3 mm may be optimal whereas for ps pulses a few more mm
are usually best. For ns pulses or cw radiation several cm may be useful.

Using the crystal inside an optical resonator the effective intensity of the
pump light can be increased using high-reflectivity mirrors for the pump
wavelength. This scheme is especially useful for cw laser light if intracavity
frequency doubling in the laser resonator itself is not possible (see the refer-
ences of Sect. 6.15.1, p. 525). This optical resonator has to be matched to the
longitudinal modes of the pump radiation. Thus usually the laser resonator
and the resonator for frequency doubling have to be tuned in length to each
other for the same longitudinal modes. Piezo driven resonator mirrors can
be used for this purpose. With suitably designed ring resonators a complete
passive mode matching was demonstrated.

4.4.2.5 Type I and Type II Phase Matching

Because of the large number of material structures there are many different
types of phase matching principles. In the given example the incident wave
was used as the ordinary beam for the quadratic nonlinear effect and the
second harmonic as the extraordinary beam in the material. This type of
phase matching is called type I:

type I phase matching kSHG(e) = kinc(o) + kinc(o). (4.38)

The polarization of the incident pump light and of the second harmonic
are perpendicular and thus the two wavelengths can be separated using a
polarizer instead of the spectrally designed dielectric mirror.

If the incident wave is used as a mixture of an ordinary and an extraor-
dinary beam producing an extraordinary SHG the phase matching is of type
II:

type II phase matching kSHG(e) = kinc(o) + kinc(e) (4.39)

resulting, in suitable materials, in about twice the acceptance angle compared
to type I.

In high-power applications other nonlinear effects and thermal problems
may disturb the phase matching and finally limit the conversion efficiency.
In particular, the thermally induced birefringence will disturb the process
and destroy the good beam quality of the beams. Nevertheless, conversion
efficiencies of 80% have been reported (see Sect. 6.15.1, p. 525).

4.4.2.6 Quasi-Phase Matching (qpm)

The phase mismatch between the original light wave and the newly gen-
erated waves as a result of the different refractive indices for the different
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wavelengths can also be compensated very nicely by grating structures of
the orientation of the nonlinearity of the material [4.85–4.119]. With these
structures the phase error can be periodically reset and thus long interac-
tion lengths of several cm can be realized. Especially for low power cw-laser
radiation, high efficiencies are reached.

The grating is typically produced by periodic poling of ferroelectrical
crystals as shown in Fig. 4.9.
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Fig. 4.9. Schematic of quasi-phase matching using periodic poling of a ferroelectric
crystal

The grating period Λqpm depends on the mismatch of the refractive indices
of the incident and the second harmonic waves:

qpm period Λqpm = m
2π

|kinc − kSHG| = m
2π

|ninc − nSHG| (4.40)

with m as the order of the periodic poling. A first-order grating (m = 1)
means that the phase mismatch between the two waves after half the period
is π. The optimum case is obtained if the sign of the nonlinearity is reversed
every π/|kinc−kSHG| second. Typical poling periods are in the range of tens
of µm for conversion of light with wavelengths in the range around are µm.

The advantage of this quasi-phase matching compared to conventional
phase matching is the higher efficiency from crystals such as LiNbO3, LiTaO3
and KTP. They can be applied in optimal directions showing maximum non-
linearity, which cannot be achieved with conventional phase matching. With
a 53 mm long KTP crystal conversion efficiencies above 40% were achieved
with an input power of 6.4 W from a cw Nd:YAG laser [4.112].

Periodically poled Mg-doped lithium niobate crystals are currently avail-
able in sizes of 0.5 mm thickness, 5 mm width and up to 50 mm length. These
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are useful in the spectral range of the pump light between 775 and 1550 nm.
Using them for, e.g., the frequency doubling of 976 nm diode laser light, an
efficiency given as a function of the incident power of 3.5–4%/W for optimal
focusing was reached at low powers [6.1459]. The poling period was 5.26 µm
in this case. Finally, more than 30 mW of 488 nm light were obtained from
a single diode laser pump source with a cw-output power of less than 1 W
using a 1 cm long crystal. Varying the temperature from 22 to 65◦C the SHG-
wavelength was variable from 487.4 to 489 nm. Using an amplified diode laser
of 6 Watt at 976 nm, a SHG power of 600 mW was reported [6.1460].

These crystals can be produced in waveguide structures and thus the high
intensity interaction length can even be increased significantly for low power
pump radiation. More than 100 mW of SHG power are possible.

Photorefractive damage may occur but this might be overcome by codop-
ing the crystals [4.111] as it was already demonstrated in the example above.

4.4.3 Frequency Mixing of Two Monochromatic Fields

Via the second-order nonlinear polarization of the material two light waves
with different frequencies ν1 and ν2 can be mixed and new frequencies gener-
ated [4.120–4.148]. In addition to the frequencies 2ν1 and 2ν2 and ν = 0 two
new waves occur with frequencies:

sum frequency νsum = ν1 + ν2 (4.41)

and

difference frequency νdiff = |ν1 − ν2|. (4.42)

These frequencies follow from the electric fields E1 and E2, e.g. of the two
collinear waves with parallel polarization combining to give the total field E:

E = E1 + E2 = E0,1 cos(2πν1t− k1z) + E0,2 cos(2πν2t− k2z). (4.43)

Under the assumption of parallel beams the frequency terms of E2 can be
calculated and the product terms with mixed factors from both fields yield to
new frequencies in the polarization formula analog to Eq. (4.18). As a result
the above new frequencies are obtained.

The nonlinear polarization in the general form results from:

⎛
⎝P

(2)
x

P
(2)
y

P
(2)
z

⎞
⎠ = 2ε0[d] ·

⎛
⎜⎜⎜⎜⎜⎝

Ex(ν1)Ex(ν2)
Ey(ν1)Ey(ν2)
Ez(ν1)Ez(ν2)

Ey(ν1)Ez(ν2) + Ey(ν2)Ez(ν1)
Ex(ν1)Ez(ν2) + Ex(ν2)Ez(ν1)
Ex(ν1)Ey(ν2) + Ex(ν2)Ey(ν1)

⎞
⎟⎟⎟⎟⎟⎠ (4.44)



4.4 Second-Order Effects 193

with the matrix [d] as used in (4.19):

[d] =

⎛
⎝d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

⎞
⎠ (4.45)

with the internal relations given in (4.20). These new frequencies can be
achieved with parametric oscillators or amplified in parametric amplifiers.

4.4.4 Parametric Amplifiers and Oscillators

If two beams with frequencies ν1 and ν2 are superimposed in a suitable
nonlinear material (NLM) with a total intensity reaching the nonlinear
regime the additional sum frequency νsum = ν1 + ν2 or difference frequency
νdiff = |ν1 − ν2| (or both) occur with intensities Isum and Idiff (see Fig. 4.10)
[4.149–4.156, and references in Sect. 6.15.2].

ν1

ν2
NLM

ν = ν  + ν  out 1 2

sum frequency generation

ν1

NLM
ν   = ν  − ν out 2 1

difference frequency generation

ν  >2 ν1 Fig. 4.10. Sum and difference fre-
quency generation in a nonlinear ma-
terial (NLM) with suitable phase
matching for the new light

Depending on the phase matching conditions in the nonlinear material,
we can select which of these beams with the new or old frequency will be
strong after the nonlinear interaction.

In particular, if one of the two incident beams, e.g. a signal beam with
frequency νsignal is originally weak it can be amplified at the expense of the
other strong incident pump light beam with frequency νpump. Additionally, a
new light frequency νI will occur in a so-called idler beam for photon energy
conservation (see Fig. 4.11).

If the signal beam frequency is smaller than the pump beam frequency
the idler frequency will appear as difference frequency with:

νidler = νpump − νsignal. (4.46)

This arrangement is called an optical parametric amplifier (OPA) and is
increasingly being used in photonic applications to generate wavelengths not
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Fig. 4.11. Optical parametric amplifier (OPA): amplification of signal beam at
the expense of pump beam and additional generation of idler beam in a nonlinear
material (NLM) with suitable phase matching

available from the lasers directly. This process can be applied, e.g. in lithium
niobate (LiNbO3) crystals with laser pump light in the visible range and
signal and idler frequencies in the infrared spectral region up to wavelengths
of 7 µm. Conversion efficiencies can reach values larger than 50% and thus
this method has become quite popular in the generation of new frequencies
especially in fs lasers. With these ultra-short pulses very high intensities can
be achieved without large thermal loads in the nonlinear material and the
damage threshold is increased for these short pulses, too. The seeding of
the OPA has the advantage of possible preselection of the idler wavelength
and thus better stability. The disadvantage is the necessity of producing this
wavelength.

If only one beam with one frequency νpump is used as incident light in
suitable nonlinear materials these photons can be divided into two photons
with the same total energy as the pump photon:

νsignal + νidler = νpump with νsignal > νidler (4.47)

with the given convention.
In addition the phase matching condition giving momentum conservation

has to be fulfilled. Again we have type I and II behavior as given in the
previous chapter, and for a negative uniaxial crystal:

type I ke
pump = ko

signal + ko
idler (4.48)

and

type II
ke

pump = ko
signal + ke

idler
ke

pump = ke
signal + ko

idler

}
(4.49)

This arrangement, shown in Fig. 4.12, is called an optical parametric os-
cillator (OPO).

Laser 1 NLM
νpump

νpump

ν  = ν − ν     idler

νsignal

pump signal

Fig. 4.12. Optical parametric oscillator (OPO): generation of signal and idler
beams at the expense of pump beam in a nonlinear material (NLM) with suitable
phase matching
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Considering energy and momentum conservation leads to spatial distri-
butions of the emission as a function of the crystal, its orientation and the
pump parameters.

This nonlinear OPO scheme is increasingly being used in photonics be-
cause of the simplicity of the generation of new coherent light beams with
new frequencies which are otherwise difficult to generate. Several crystals are
useful for OPA and OPO applications as given in Table 4.5.

Table 4.5. Tuning ranges for the signal and idler wavelengths λ as a function of
the pump wavelength for different useful OPA and OPO crystals [4.156]

λpump (nm) laser crystal λsignal, λidler (nm)

1064 Nd:YAG LiNbO3 1400–4400
694 Ruby LiIO3 770–4000
532 Nd:YAG-SHG KDP 957–1117
355 Nd:YAG-THG KDP 480–580

960–1160
266 Nd:YAG-FHG ADP 420–730

Again critical and non-critical phase matching can be realized by angle or
temperature tuning of the crystal. As an example the possible wavelengths
for the new beam are given as a function of the angle of BBO pumped with
800 nm in Fig. 4.13.
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Fig. 4.13. Tuning curve of OPO pumped at 800 nm in a BBO crystal



196 4. Nonlinear Interactions of Light and Matter Without Absorption

Because the OPO process starts from noise the resulting new beams are
usually not as spectrally narrow and not of as good beam quality as can
be reached with the OPA scheme. But in both cases the power P or pulse
energy E is higher the higher the frequency of the light. If no absorption
occurs energy conservation is fulfilled and thus the Manley–Rowe conditions
[4.157] with the light power P for continuous radiation and pulse energy E
for the light pulses are valid:

(P or E)pump

νpump
=

(P or E)signal

νsignal
=

(P or E)idler

νidler
(4.50)

and

(P or E)pump,inc = (P or E)signal + (P or E)idler

+(P or E)pump−residual. (4.51)

The efficiency of these frequency conversion techniques depends on the
beam quality of the pump beam, its spectrum, the degree of polarization
and the pulse duration, the focusing and the nonlinear material. Values of
more than 50% are reported Examples can be found in [4.158–4.205] for
conventional OPA and OPO configurations and in [4.206–4.219] with poled
material for low-intensity and high-efficiency applications. Splitting into three
photons was reported in [4.220]. Further examples can be found in Sect. 6.15.2
(p. 527).

4.4.5 Spontaneous Parametric Down Conversion (SPDC) –
Entangled Photons

It is of course possible to set up the phase matching condition for equal
frequencies of the signal and the idler photon. In this case both occur with
half the frequency of the pump light and therefore this process is called
degenerate Spontaneous Parametric Down Conversion (SPDC ). At very low
pump levels pairs of single photons can be generated which are correlated
in their spatial, temporal, spectral and polarization properties [4.221–4.230].
In addition it is possible to set up the SPDC in such a geometry that two
photons with orthogonal polarization can be selected at the two intersection
areas of the emission cones at opposite sites (see Fig. 4.14, p. 197).

In this case it is in principle not possible to predict which of the two pho-
tons has which polarization. The two photons are in a joint quantum state
– they are entangled photons. Entangled photon are used for quantum cryp-
tography and quantum computation (see Sect. 1.2 and the references there).

The second order nonlinear polarizations for the pump field with the
frequency νpump and the two newly generated photons with almost equal
frequencies ν1 and ν2 can be written as:

P (2)
m (ν1) = ε0χ

(2)
mqp(ν1 = −ν2 + νpump)E∗2q(k2, ν2)Epump(kpump, νpump)

(4.52)
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e

pump
beam

pump
angle

optical axis

extraordinary
emission

ordinary
emissionBBO crystal

surface
normal

Fig. 4.14. Generation of spontaneous parametric down conversion (SPDC) via
second order nonlinear interaction in type II phase matching in a uniaxial crystal.
The new beams are cones with variable aperture angles and separation angle as a
function of frequency and crystal orientation. They have orthogonal polarization
and the frequency is variable as a function of the aperture angle of the single cones.
The light polarization in the upper cone is horizontal and in the lower vertical.
The continuous frequency distribution across the two cones is from the inner to the
outer part opposite for the two cones. Because of energy conservation photons in
the middle of the rings have exactly twice the wavelength of the pump beam. As
a result of momentum conservation pairs of single photons occur exactly opposite
to the pump beam direction. In the crossing points (little circles in the right part
of the figure) of the overlapping cones pairs of entangled photons can be extracted.
It can in principle not predicted (without measuring them) which photon carries
which polarization but they are in any case perpendicular polarized. They can be
applied, e.g., for quantum cryptography

P (2)
m (ν2) = ε0χ

(2)
mqp(ν2 = νpump − ν1)Epumpq(kpump, νpump)E∗1p(k1, ν1)

(4.53)

P (2)
m (νpump) = ε0χ

(2)
mqp(νpump = ν1 + ν2)E∗1q(k1, ν1)E2p(k2, ν2) (4.54)

The generation of the new photons can be understood as an initiation from
the vacuum fluctuations (see Sect. 2.8.5, p. 71) which can be described in a
semi-classical model in this case. Therefore it is assumed that the amplifica-
tion and thus the selection of the emitted photons is realized by the classical
phase matching condition as given above. For type II, which is often applied
for the generation of the entanglement of the two photons with orthogonal
polarization, the Hamiltonian in the interaction picture can be written as:

Hint = ε0

∫
V

d3rχ
(2)
lmnE

(+)
pumpl(r, t)E

(−)
em (r, t)E(−)

on (r, t) + h.c. (4.55)

with the second order nonlinear susceptibility tensor components χ(2)
lmn, the

field strengths of the pump field Epump as well as the the two new fields E(−)
e

and E
(−)
o . The integral has to be solved over the interaction volume V .

For sufficiently small pump fields this can be integrated leading to the
solution for the wave function ϕlight:
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|ϕlight〉 = |0〉 − i

�

∫
dtHint|0〉 ≡ |0〉+ |ϕnew〉 (4.56)

which contains the desired deviation from the vacuum field ϕnew. The strong
pump field can be described classically by:

E(+)
pump(r, t)=

∫
Ekp e−

2πνp)2

4 k2
p⊥ e

− (2πνkp−2πν̂p)2

σ2
p ei(kpr−2πνkp t+φp) d3kpump

(4.57)

as a Gaussian distribution with a center frequency νpump. The depletion of
the pump beam will be neglected in this calculation. The new modes of the
ordinary (e) and the extraordinary (e) beams are given by:

E
(−)
j =

∫
d3kjEkja

+
kj

e−i(kjr−2πνjt) j = e, o (4.58)

with the creation operator a+
kj

. The Hamilton operator results in:

Hint(t) ∝
∫
V

d3r

∫
d3kp d3ke d3k0 e

− (2πνkp−2πν̂p)2

σ2
p e−

(2πνp)2

4 k2
p⊥

× e−i(2πνkp−2πνke−2πνk0 )t eiφp ei(kp−ke−ko)ra+
ke
a+
ko

+ h.c. (4.59)

The calculation of Eq. (4.56) results in:

|ϕnew〉 ∝
∫

d3ke d3ko e
− (2πνke+2πνko−2πν̂p)2

σ2
p

× eiφpΦ

(
2πνke + 2πνko

c
, ke, ko

)
a+
ke
a+
ko

(4.60)

with the abbreviation for Φ:

Φ(kpz, ke, ko) := e−
(2πνp)2

4 (ke⊥+ko⊥)2
2 sin

[
L

2
(kpz − kez − koz)

]
(kpz − kez − k)

(4.61)

This is the lowest order solution for the second order nonlinear generation
of two new photons with almost equal frequency. Φ describes the angular
distribution of the two new photons and their frequencies are determined by
the pump pulse parameters and their propagation direction.

The phase matching has to be calculated separately with the wave vector
condition for type II:

0 = k2
pump + k2

1 − k2
2 − 2kpumpk1 cos �(kpump, o) (4.62)
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with the direction of the optical axis o. Using the refractive index:

n(ν, α) =
ne(ν)√

1 + cos2(α)
[
n2

e(ν)
n2

o(ν)
− 1

] (4.63)

the two new wave vectors can be calculated to be:

k1 = 2π
ν1n(ν,�(k1, o))

cvac
(4.64)

k2 = 2π
ν2no(ν2)
cvac

(4.65)

The resulting emission cones for the newly generated photons are illustrated
in Fig. 4.14 (p. 197). The overlap of the two cones depends on the orientation
of the optical axis of the crystal of the applied wavelengths. Some further
experimental examples are given in Fig. 4.15.

Based on these ideas and equations, the photon rates in the different
orientations can also be calculated. For the application of entanglement the
number of photon pairs should be large compared to noise photons on one side
and small compared to possible multi-photon pair generation on the other.

PDC type I 

PDC type II 

0

5

10

y 
[m

m
]

0

5

10

y 
[m

m
]

0 5 10
x [mm]

0 5 10
x [mm]

0 5 10
x [mm]

0 5 10
x [mm]

0 5 10
x [mm]

0 5 10
x [mm]

Fig. 4.15. Emission cones of parametric down conversion (PDC) for different ori-
entations of the crystal with respect to the pump beam (compare Fig. 4.14, p. 197)
for type I (upper row) and type II (lower row) phase matching. As can be seen the
con angle is increasing with α. In type I phase matching only one cone is observed
and the photon pairs are oppositely located on the cone
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Average rates of 0.1 photon/pulse are useful for entanglement experiments
such as, e.g., the check of Bell’s equations and quantum cryptography.

4.4.6 Pockels’ Effect

Besides the opto-optical second-order nonlinear effects, some electro-optical
second-order effects are important in photonics [see e.g. 4.231, 4.233, 4.234].
In the nonlinear material the electric field of the light wave is superimposed
on the externally applied electric field and will be influenced by the resulting
nonlinear polarization.

The Pockels effect rotates the polarization of the incident light as a func-
tion of the externally applied electrical field. This can be acquired longitu-
dinally as in Fig. 4.16 or transversally with respect to the wave vector of
the light beam. In both cases the anisotropic refractive index ellipsoid (see
Sect. 3.12) will couple the two electric fields.

Einc

k z

x

y
U

Eext, c axis

Fig. 4.16. Superposition of the elec-
trical light field with the external
field via the nonlinear polarization in
the x and y directions in the Pockels
effect

The electric light field of the incident monochromatic planar wave has
components Ex and Ey as shown in Fig. 4.16 which are given by:

Einc,x = Einc,x,0 ei(2πνinc−kincz) (4.66)

and

Einc,y = Einc,y,0 ei(2πνinc−kincz). (4.67)

If a uniaxial crystal is used and its optical axis has the same direction as
the external electric field Eext as in Fig. 4.16 the resulting nonlinear polariza-
tion can be calculated from a formula similar to (4.19). For this geometry only
the two terms with Ey · Ez and Ex · Ez will be nonzero. Thus the quadratic
nonlinear polarization with the frequency νinc has the components:

Px(ν) = 2ε0d
(0)
14 Einc,y,0Eext cos(2πνinct− kincz) (4.68)

and

Py(ν) = 2ε0d
(0)
25 Einc,x,0Eext cos(2πνinct− kincz) (4.69)

with the condition d14 = d25 for, e.g. KDP. These coefficients have different
values because of the dispersion for different light frequencies. If this nonlinear
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polarization is applied to (4.10) the amplitudes of the electric field of the light
wave Elight,x(z) and Elight,y(z) can be calculated to:

∂Elight,x(z)
∂z

=
−ikincd

(0)
14 Einc,y,0Eext

n2 (4.70)

and

∂Elight,y(z)
∂z

=
−ikincd

(0)
14 Einc,x,0Eext

n2 (4.71)

with the ordinary refractive index n of the crystal for the incident wavelength.
These equations can be solved in the case of Einc,y,0 = 0 to give the result:

Elight,x(z) = Einc,x,0 cosφPockels (4.72)

and

Elight,y(z) = −iEinc,x,0 sinφPockels (4.73)

where the −i indicates a phase shift by 90◦ of the fast oscillating light wave.
The angle φPockels results from:

φPockels(z) =
kincd

(0)
14

n2 Eextz. (4.74)

Thus in the Pockels effect the incident linearly polarized light is converted
to circular polarization, to linear polarization rotated by 90◦, to circular
polarization, to linear polarization rotated by 180◦ and so on (see Fig. 4.17).

Thus for a certain external electric field the crystal works as a quarter-
wave plate, producing circular polarized light, and for twice this field as a
half-wave plate, producing linear but 90◦ rotated light. The necessary voltages
Ui are:

π
4

ΦPockels

x

y

z

0
π
2

π
π
4

3

linear circular linear 90° linear 180°circular
Polarization:

Elight,x(z)= E inc,x,0 cos ΦPockels

Elight,y

E inc

(z)= -iEinc,x,0 sin ΦPockels

Fig. 4.17. Light polarization in the Pockels effect as a function of the optical path
in an optically uniaxial crystal
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quarter-wave voltage Uλ/4 =
nλinc

4d(0)
14

(4.75)

and

half-wave voltage Uλ/2 =
nλinc

2d(0)
14

(4.76)

with λinc as the wavelength of the incident light outside the crystal.
The electro-optical Pockels effect can also be applied with uniaxial crystals

which are not arranged along the optical axis as in Fig. 4.16 (p. 200) or with
a transversal external electric field. Crystals with less symmetry such as, e.g.
a two-axial material, can also be used. In any case the electro-optical effect
is based on the deformation of the refractive index ellipsoid in the matter by
the electric field. The theoretical description of this second-order nonlinear
effect can be given in these more complicated cases similar to the example
given above.

The nonlinear coefficients d(0)
ij for electro-optical applications are given for

several commonly used crystals in Table 4.6. Further detailed information are
available from suppliers.

Table 4.6. Coefficients for electro-optical applications of some widely applied non-
linear crystals from [4.233]. Refractive indices are given for the light wavelength
and permittivities for temporal constant fields

crystal λinc no neo ε1 = ε2 εeo dij [10−12 m/V] Uλinc/4

KDP 550 nm 1.51 1.47 42 50 d14 = d25 = −8.8 2400V
d36 = −10

ADP 630 nm 1.52 1.48 56 15 d14 = d25 = −120 1000V
d36 = −40

LiNbO3 1064 nm 2.232 2.156 85 29.5 d15 = d24 = −830 1500V
d16 = −d21 = d22 = −170

d31 = d32 = −242
d33 = −780

The change of the refractive index of the matter is in the first approxi-
mation a linear function of the external electric field, as the above equations
show for the given example. Thus, this type of second-order nonlinear electro-
optical effect is sometimes called linear although the interaction with the light
finally shows a quadratic dependence on the total electric field. This linear
change of the refractive index ∆nm can be described by:

∆nm � n3

2

∑
p

rmpEp (4.77)

with the average refractive index n and the electro-optical coefficients rmp
resulting from:

rmp = −d
(0)
pm

n4 (4.78)
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which are functions of the applied frequencies, too. These electro-optical co-
efficients are also available for common materials from suppliers.

The Pockels effect can be applied for light modulation and optical switch-
ing if the Pockels crystal is combined with conventional polarizers as shown
in Fig. 4.18.

z
Pol 1 el.-opt. crystal

φ = π/2

U(t)

Pol 2
Fig. 4.18. Using the Pockels
effect in combination with po-
larizers as an electro-optical
modulator or switch

The incident unpolarized light will be vertically linearly polarized behind
the polarizer Pol 1. If no voltage is applied the light polarization will stay
vertical and cannot pass the crossed polarizer Pol 2. If the half-wave voltage
Uλ/2 is used the light polarization will be changed to horizontal and the beam
can pass Pol 2 undisturbed. Any voltage between 0 and Uλ/2 will let part of
the light intensity transmit. If the incident light beam is well enough linearly
polarized Pol 1 is of course not necessary.

This scheme can be simplified for Q switching of laser resonators (see
Sect. 6.10.2 (p. 454) for details) at lower voltages as given in Fig. 4.19.

Pol
el.-opt. crystal

φ = π/4 mirror
( = 100% )R

Fig. 4.19. Pockels effect for Q switching in optical resonators with quarter-wave
operation

In this case a 100% reflecting mirror is placed at the position of the
second polarizer Pol 2 of Fig. 4.18. If no voltage is applied the whole system
will reflect linearly polarized light completely, but if the quarter-wave voltage
Uλ/4 is used the light beam will be circularly polarized behind the nonlinear
crystal. After reflection and a second pass through the crystal the light will be
horizontally linearly polarized. Then it cannot pass the polarizer Pol 1. Thus
the setup works as a mirror with electrically tunable reflectivity between 0



204 4. Nonlinear Interactions of Light and Matter Without Absorption

and 100% as a function of the applied voltage at the crystal. This arrangement
can be used in laser resonators for modulation of the output. In particular,
it is applied for the generation of pulses with ns duration in solid-state lasers
via Q switching as already mentioned above. The Pockels cell switch is also
applied for the single pulse selection in ps-lasers (see Sect. 6.10.3, p. 460) and
in regenerative amplifiers (see Sect. 6.13.3, p. 510) for the selection of the
single pulses out of a pulse sequence.

The reaction time of the useful crystals is faster than 10−10 s and therefore
the switching time is limited by the electric transient times for the necessary
voltages. Transient times of less than 1 ns are possible. Because of the isolating
properties of the crystals the necessary electrical energy is quite low. It is
mostly determined by the required time constant which demands sufficiently
low impedance of the electric circuit for recharging of the crystal capacity.
This is typically a few pF, e.g. 5 pF for KD*P which has a quarter-wave
voltage of 3.4 kV for 1.06 µm radiation. Present systems allow for ns gates
and the repetition rates can be as high as several 100 kHz.

4.4.7 Electro-Optical Beam Deflection

Another possibility of switching or modulating light based on the electro-
optical effect [4.232, 4.233] uses a refractive index step at the border of two
differently oriented nonlinear crystals (see Fig. 4.20).

c axis

c axis

U(t)

b

el.-opt. crystal

Lcrys

x

zy Eext

θdef

E

Fig. 4.20. Beam deflection via the electro-optical effect at the border of two an-
tiparallel oriented crystals

The optical axes of the two crystals, e.g. KDP, are antiparallel and per-
pendicular to the incident light beam. If a voltage is applied along the optical
axes of the two crystals the change of the refractive indices will add at the
boundary surface. As a result the incident beam will experience different op-
tical paths as a function of its height x in the vertical direction. The refractive
index of crystal 1 will be approximately n1 = n0−d36Eext/2n0 and of crystal
2 will be n2 = n0 + d36Eext/2n0. Thus the total refractive index difference
will be:
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∆n =
1
n0
d36Eext. (4.79)

The path length difference for the upper and lower beams in Fig. 4.20
(p. 204) as a consequence of the refractive index difference lead to a deflection
of the light beam with angle:

deflection angle θdef =
Lcrys

bcrys
∆n = −Lcrys

bcrys

d36

n0
Eext (4.80)

with the definitions of Fig. 4.20 (p. 204).
If this deflection is used for scanning diffraction-limited laser beams the

resolution A is given by the ratio of the deflection angle and the divergence
angle of the beam θbeam:

A =
θdef

θbeam
= −πLcrysd36

2λbeamno
Eext. (4.81)

In practical applications angles below 1◦ can be obtained with crystals of
several 10 mm length and thus resolutions of many thousands are possible.
The advantage of this type of scanning compared to rotated mirrors or other
mechanical scanners is the very high scanning speed of the electro-optical
beam deflection. Further examples can be found in Sect. 6.10.3 (p. 460).

4.4.8 Optical Rectification

As mentioned in Sect. 4.4.1 (p. 181) the application of high electric light
fields can produce a second-order nonlinear effect with frequency 0, which
is a nonoscillating electric field [4.236–4.245]. The physical background for
this effect is the displacement of the charges in the temporal average as a
consequence of the anharmonic potential (see Fig. 4.2, p. 176).

The calculation of the second-order nonlinear polarization components
P

(2)
i for this rectification with ν = 0 follows by analogy to (4.19) from:

⎛
⎝P

(2)
x (ν = 0)
P

(2)
y (ν = 0)
P

(2)
z (ν = 0)

⎞
⎠ = ε0

⎛
⎝d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

⎞
⎠ ·

⎛
⎜⎜⎜⎜⎜⎝

ExEx
∗

EyEy
∗

EzEz
∗

2EyEz∗

2ExEz∗

2ExEy∗

⎞
⎟⎟⎟⎟⎟⎠ (4.82)

with the same relations between the components of the d matrix as described
in (4.20), but the d values are the same as for the electro-optical effects de-
scribed above as given in Table 4.6 (p. 202). They are different from the values
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in Table 4.2 (p. 183) because of the dispersion and the different frequencies
of both processes.

The experimental setup is sketched in Fig. 4.21.

U

a

b

ADP-crystal

P(2

crys

crys

)

E

Fig. 4.21. Experimental setup for rectification of light via second-order nonlinear
polarization in a suitable nonlinear crystal. The cw voltage can be detected in this
example perpendicular to the electric field vector of the light

The cw polarization P (2)
x (0) in the x direction which is vertical in Fig. 4.21

can be calculated from (4.82) as:

P (2)
x (ν = 0) = 2ε0d

(0)
14 EyEz

∗ = ε0d14E
2
inc (4.83)

which becomes maximal for Ey = Ez = 1√
2
Einc as assumed in this equation.

This nonlinear polarization generates a charge separation Qcrys in the crystal
of:

Qcrys = acrysLcrysP
(2)
x (0) = CcrysU. (4.84)

This charge Qcrys leads to an externally observable voltage U depending on
the capacity of the crystal Ccrys:

Ccrys = ε0εcrys
Lcrysacrys

bcrys
. (4.85)

If finally the light beam power Pbeam as a function of the electric field am-
plitude Einc is introduced:

Pbeam =
1
2
ε0c0ncrysacrysbcrysE

2
inc (4.86)

the voltage at the crystal can be expressed as a function of this power by:

U =
2d(0)

14

ε0εcrysc0ncrysacrys
Pbeam. (4.87)

In practical cases this voltage is very small. In [4.243] with a 1 MW pulsed
ruby laser light source at 694 nm in a 1× 1× 2 cm3 ADP crystal a voltage of
24 mV was observed during the pulse duration of 25 ns. In another experiment
in LiTaO3 a laser pulse with a duration of 1 ps and an energy of 1 µJ produced
a peak current of 0.3 A [4.240].
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4.5 Third-Order Effects

Third-order nonlinear polarization P (3) is a function of the third power of
the incident electric light field Einc:

P (3) = ε0χ
(3)Einc,1Einc,2Einc,3 (4.88)

with the third-order nonlinear susceptibility χ(3) which is a four-dimensional
tensor which can in general be complex.

The three light fields Einc,i can be components of the same light beam
but can also be three different light beams which overlap in the nonlinear
material. If a fourth beam is used to detect the changes in the third-order
nonlinear material four wave mixing (FWM) takes place (see Fig. 4.22).

3   order
nonlinear
mater ial E2(ν2, k2, t2, ϕ2,θ2 )E1(ν1, k1, t1, ϕ1,θ 1 )

E3 E4(ν
4,k

4, t
4,θ

4
,ϕ4)

(ν3,k
3, t

3,θ
3
,ϕ3)

rd

Fig. 4.22. Schematic of four-wave mixing as third order nonlinear process in suit-
able matter

By choosing different frequencies νm, propagation directions km, timing
tm, polarization φi and phases ϕm more than hundred prominent schemes
of FWM can be applied. Usually the transversal intensity distribution is
neglected and plane waves are assumed for easier modeling. In one of the
simplest cases all light waves have the same frequency and this process is
called degenerate four-wave mixing (DFWM). For more details see Sect. 5.9.2
(p. 335).

The three components of P (3) in the x, y and z direction follow from:

P (3)
m =

ε0

4

[ ∑
p,q,r

{
χ(3,1)
mpqrEpEqEr + χ(3,2)

mpqrE
∗
pEqEr

+χ(3,3)
mpqrEpE

∗
qEr + χ(3,4)

mpqrEpEqE
∗
r

}]
with m, p, q, r = x, y, z. (4.89)

For nonabsorbing materials the susceptibility tensor χ(3) has 81 real com-
ponents and the complex products of the electric field components disappear.
Again as in second-order nonlinearity for symmetry reasons of the allowed
permutations of the p, q, r of the electric field vectors the number of dis-
tinguishable tensor components of χ(3) is reduced. Only 30 different values
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remain for this reason. The components of the third-order nonlinear polar-
ization can be written as:

⎛
⎝P

(3)
x

P
(3)
y

P
(3)
z

⎞
⎠=ε0 ·

⎛
⎝e11 e12 e13 e14 e15 e16 e17 e18 e19 e1 10
e21 e22 e23 e24 e25 e26 e27 e28 e29 e2 10
e31 e32 e33 e34 e35 e36 e37 e38 e39 e3 10

⎞
⎠·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

E3
x

E3
y

E3
z

3ExE2
y

3ExE2
z

3EyE2
x

3EyE2
z

3EzE2
x

3EzE2
y

6ExEyEz

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4.90)

with the additional internal relations between the e matrix elements:
e12 = e24 e13 = e35 e14 = e26 e15 = e38 e16 = e21
e17 = e25 = e3 10 e19 = e2 10 = e34 e1 10 = e28 = e36

e18 = e31 e23 = e37 e27 = e39 e29 = e32

(4.91)

considering the further symmetry rules χmpqr = χpmqr. Finally 15 compo-
nents are relevant for describing the third-order nonlinear processes which
are functions of the applied light frequency.

If the nonabsorbing crystals are of cubic symmetry only two different
values are distinguishable:

P (3)
m = ε0Em{e11E

2
m + 3e14(E2

p +E2
q )} with m �= p �= q = x, y, z(4.92)

and if the material is isotropic the additional relation e11 = 3e14 is valid and
the third-order nonlinear polarization reduces to:

P (3)
m = ε0e11Em(EE) with m = x, y, z. (4.93)

Isotropic matter and materials of cubic symmetry will not show any
second-order nonlinear effect and thus the third order effects are dominant.
High intensities can usually be applied without other nonlinear losses in
these materials. In particular isotropic matter such as gases, liquids or so-
lutions and amorphous solids can be used for third-order nonlinear effects
with high efficiencies in photonic applications. Optical phase conjugation (see
Sect. 6.11.3, p. 480) and stimulated Raman scattering for frequency conver-
sion (see Sect. 6.15.3, p. 528) may serve as examples. On the other hand third-
order nonlinear measurements may be used to characterize these materials
and their internal structure. The material parameters in the third-order non-
linearity can be determined using the z-scan method as described in Sect. 7.5
and the references therin.

4.5.1 Generation of the Third Harmonic

Analogous to the generation of second harmonics (see Sect. 4.4.1, p. 181) the
third-order nonlinearity of (4.90) can be applied for the generation of light
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with three times the frequency of the incident light wave [4.246–4.265]. This
process is called third harmonic generation (THG):

THG Iout(3νinc)
χ

(3)
THG←− Iinc(νinc). (4.94)

If this process is based on the third-order susceptibility χ(3) as given above
the efficiency for the known materials is quite low (typically < 10−4). Thus
this method is mostly applied for the determination of third-order nonlinear-
ity itself and the characterization of the material.

In photonics the most commonly used generation of third harmonic light
is therefore based on the much more efficient two-step procedure of second
harmonic generation (SHG) in a first step and frequency mixing of this second
harmonic with the residual incident wave as the second step. Both steps are
nonlinear to second order:

THG II ITHG(3νinc)
χ

(2)
mix←− ISHG(2νinc), Ires(νinc)

χ
(2)
SHG←− Iinc(νinc). (4.95)

The total efficiency for this type of third harmonic generation can be as
high as about 80% (see Sect. 6.15.1, p. 525). For optimal total efficiency, the
efficiency of second harmonic generation has to be 2/3 for enough residual
intensity of the fundamental wave Ires(νinc) to achieve the optimal photon
numbers for the two different wavelengths.

4.5.2 Kerr Effect

Based on third-order nonlinear polarization a strong applied electric field can
induce optical birefringence in materials which are optically isotropic with-
out the field [4.266–4.280]. Thus the refractive index tensor of the material
becomes a function of the light intensity. Mostly this Kerr effect is achieved
on the microscopic scale by the orientation of electric dipoles in the electric
field. This electric field Eext = U/d can be applied as an oscillating field of a
strong incident light wave or as an external field as in the Pockels effect but
with transversal orientation to the light propagation direction as shown in
Fig. 4.23. For the following analysis polarized incident light with an electric
field vector in the x direction with Einc,x(νinc) propagating in z direction
through a third-order nonlinear material is assumed as in Fig. 4.23.

Ex

Ey

U

z

d

ν, k
Fig. 4.23. Optical Kerr effect in an
isotropic third-order nonlinear mate-
rial inducing optical birefringence
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The total polarization P (tot) is the sum over the linearly induced polariza-
tion and the third-order nonlinear polarization which both have a component
in the x direction:

P (tot)
x (νinc) = P

(1)
lin,x + P

(3)
nl,x

= ε0χ
(1)Einc,x + ε0χ

(3)Einc,x

(
3
4
E2

inc,x + E2
ext

)

= ε0Einc,x

[
χ(1) + χ(3)

(
3
4
E2

inc,x + E2
ext

)]
(4.96)

P (tot)
y (νinc) = P (tot)

z (νinc) = 0

with

P
(3)
nl,x(νinc) = ε0e11Einc,x

(
3
4
E2

inc,x + E2
ext

)
. (4.97)

The refractive index n =
√

1 + χ in the x direction is changed by this
nonlinear polarization:

nnl,x =

√
n2

0 + e11

(
3
4
E2

inc,x + E2
ext

)
(4.98)

and is constant in the y and z directions. The small change ∆nx in the x
direction results in:

∆nx =
e11

2n0

(
3
4
E2

inc,x + E2
ext

)
. (4.99)

Assuming low light intensities the change in the refractive index as a
function of the external cw electric field E2

ext results in:

∆nx =
e11

2n0
E2

ext (4.100)

The light polarization can also be applied parallel to the external electric
field which is the y direction in Fig. 4.23 (p. 209). The resulting refractive
index for this polarization is then given by:

nnl,y =

√
n2

0 + e11

(
3
4
E2

inc,y + 3E2
ext

)
(4.101)

which leads to a change in the refractive index ∆ny in this y-polarization
direction (which is called extraordinary analogous to natural birefringence):

∆ny =
3e11

2n0
E2

ext (4.102)

The difference between the two components results in

∆nKerr = ∆nx − ∆ny =
e11

n0
E2

ext = KKerrλincE
2
ext (4.103)

with the Kerr constant
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Kerr constant KKerr =
e11

n0λinc
(4.104)

describing the Kerr effect for slowly changing fields. Thus, with the external
electric field the birefringence of the Kerr material can be changed or in
isotropic materials an optical birefringence can be induced. This can be used
in a setup of a Kerr cell between two crossed polarizers as in Fig. 4.24. This
is an electrically controlled light gate, a Kerr shutter. The necessary electric
fields can be determined from the Kerr constants as given in Table 4.7. Thus
in carbon disulfide (CS2) an external field of the order of 50 kV mm−1 has to
be applied for a switching effect (compare Tab. 5.2 (p. 327)).

Table 4.7. Parameters of some useful third-order nonlinear materials. The γ-values
are valid for light wavelengths of 1 µm and linear polarization

Material n0 KKerr γ γI Pcr

(1 µm) (10−14 (10−22 (10−14 (kW)
mV−2) m2 V−2) cm2W−1)

CS2 1.60 3.6 65 3.0 33
nitrobenzene 1.55 300 170 (ns) 8.3 (ns) 12 (ns)

7 (ps) 0.34 (ps) 300 (ps)
benzene 1.49 0.67 14 0.7 150
glass (BK7) 1.51 0.68 0.034 3100
quartz (fused) 1.45 0.54 0.028 3900
water 1.33 137 2.2 0.13 960
air (1 bar) 1.00027 0.045 0.003 47000

If only fast oscillating fields are applied, different parameters for the Kerr
effect are observed. In this case the reorientation and diffusion processes to
reach the steady-state under the applied electric field may not be completed.
This fast Kerr effect is typically described with the constant γ or γI as defined
in relation to e11 in the next section.

Using this type of induced optical birefringence of the Kerr effect very
fast optical switches can be made [4.275–4.277]. The setup is sketched in
Fig. 4.24.

45°

strong beam

Pol 2

Kerr cell

probe beam
Pol 1

θ

Fig. 4.24. Fast optical
shutter based on the opti-
cal Kerr effect
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The Kerr active material, e.g. CS2, is placed between two crossed polar-
izers Pol 1 and Pol 2. Thus the incident probe light beam polarized in the
direction of polarizer Pol 1 cannot pass the setup. In addition a short and
strong light pulse is applied to switch on the transparency of this device.
Therefore the direction of its polarization has to be 45◦ to the incident po-
larization and the angle θ between the propagation directions of the probe
and the strong pump beams should be as small as possible.

If the intensity of the switch beam is suitably chosen the incident probe
light will be circularly polarized behind the nonlinear cell. Thus 50% of the
incident probe beam intensity can pass the second polarizer at maximum in
this case. If the intensity is even higher a 90◦ rotation of the polarization may
be possible and then almost all probe light can pass the shutter.

The reaction times of the common materials are of the order of 10−12 s or
even shorter and thus the opening time of the shutter is mostly given by the
pulse duration of the switch pulse of the strong beam. For very fast switching
the dispersion in the Kerr cell may have to be considered.

The necessary intensity for this Kerr shutter can be estimated using
(4.99). The phase shift has to be 90◦ for generating circular polarization.
For a cell length or interaction length Lcell the necessary intensity follows
from:

Iswitch =
n0c0ε0

8KKerrLcell
. (4.105)

Using CS2 as the Kerr medium an intensity of about 10 GW cm−2 would
be necessary for switching.

4.5.3 Self-Focusing

If the intensity of a transmitted light beam is sufficiently high almost every
material, gases, liquids or solids, will show a nonlinear interaction. Thus the
refractive index will be changed as given in (4.99) by remarkable values if
the nonlinear range of the electric field or intensity is reached. This refractive
index change will modify the light propagation not only with respect to the
polarization as discussed in the previous chapter but in its geometrical prop-
erties too. In particular, if light beams with a transverse intensity profile, as,
e.g. Gaussian beams, are applied this refractive index change will be different
over the cross-section of the beams and depend on the transversally local
intensity of the beam. Thus the refractive index becomes a function of the
distance from the center of the incident light beam. This is equivalent to an
optical lens effect.

As a consequence for high-intensity beams with long interaction lengths
in the matter self-focusing can occur [4.281–4.318] and for short interaction
lengths self-diffraction or self-defocussing may be obtained as described in
the next chapter.
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Assuming a Gaussian transversal beam profile of the incident light the
intensity across the beam radius r perpendicular to the beam propagation
direction is given as a function of the total power Ptot by:

Iinc,r(r, t) =
2

πw2
beam

e−2r2/w2
beamPtot(t). (4.106)

The refractive index n(r, I) in the material will be modified across the
beam diameter based on (4.99) to:

n(r, I) = n0 + ∆nnl,r = n0 +
3
8
e11

n0
E2

inc,r = n0 +
3
4

e11

n2
0c0ε0

Iinc,r

= n0 + γ(νinc)E2
inc,r

= n0 + γI(νinc)Iinc,r (4.107)

with the coefficients γ and γI as given in Table 4.7 (p. 211) valid for linearly
polarized light. In the case of nonpolarized or circularly polarized light the
effective coefficients have to be reduced to 2/3 of the given values:

γ(νinc) =
3
8
e11

n0
γ(νinc)circ =

1
4
e11

n0
. (4.108)

This Gaussian refractive index profile is shown in Fig. 4.25 resulting from
a Gaussian shaped incident beam. This refractive index profile acts as a lens
analogous to the quadratic refractive index profile in Table 2.6 (p. 37) and
will focus the beam as shown in Fig. 4.26 (p. 214).
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Fig. 4.25. Refractive index modification of CS2 (n = 1.598) by third-order non-
linear interaction of a Gaussian beam of wavelength 1.06 µm with a beam radius
wbeam = 0.1mm and a power of 10 kW leading to self-focusing. For the calculation
γI = 3 · 10−18 m2 W−1 was used
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2winc 2wout

z f

Fig. 4.26. Self-focusing of a beam in a third-order nonlinear interaction with mat-
ter. The refractive index profile will focus the beam and thus increase its intensity.
Finally the divergence of the beam and the focusing compensate each other and
wave guiding with a constant beam diameter takes place after propagating the
length zf which is the focal length of this self focusing

This focusing increases the intensity and thus the refractive index will be
changed even more. The positive feedback for more and more focusing is lim-
ited by the increased divergence of the Gaussian beam with smaller diameter.
After a certain length zf an equilibrium between focusing and divergence is
reached and the beam will propagate as in a waveguide with constant diam-
eter dsf .

The theoretical description of this self-focusing can be based on the nonlin-
ear wave (4.14) with the nonlinear refractive index of (4.107). Unfortunately,
the beam propagation cannot be solved analytically as a consequence of the
nonlinear refractive index equation depending on the intensity and vice versa.
Numerical solutions are given, in the references e.g. [4.298, 4.311, 4.313].

As a hint for the order of magnitude of the self-focusing effect the critical
power Pcr was estimated under different assumptions, e.g. of aberration-free
focusing, to give

critical power for self-focusing Pcr =
ε0c0λ

2
inc

4πγ
. (4.109)

At this critical power an incident plane wave front will stay planar or in
other words the incident beam will be waveguided with unchanged diameter.
Thus this power gives self-trapping of the beam. The compensation of smaller
divergence with larger beam diameter balances out the intensity effect and
thus the power is the relevant quantity. At higher powers the incident beam
will be focused with a focal length zf which was estimated in the same way
as Pcr to give:

self-focusing focus length zf =
πw2

inc

λinc

√
P

Pcr
− 1

for P ≥ Pcr. (4.110)

This formula is derived for the beam waist positioned at the front surface
of the material. For powers smaller than Pcr the focusing leads to a more or
less negligible decrease of the divergence of the beam.
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However, the Gaussian index profile leads to aberrations during focusing
and thus the aberrationless approximations are only first approaches. Thus
a more precise solution was numerically produced [4.313]:

zf =
0.734πw2

inc

λinc

√√√√[(
P

Pcr

)1/2

− 0.852

]2

− 0.0219

. (4.111)

In practical cases the focus length zf is in the range of several 10 cm.
The spot size is theoretical very small but practically minimum diameters of
about 5 µm were obtained.

The high intensities are even more easily achievable with short pulses.
In this case the self-focusing will be a function of time and the effect of
temporarily moving foci also has to be discussed [4.316]. It seems that the
mechanisms are different for ns, ps and fs pulses.

Applying very much higher intensities for potentially tighter focusing did
not work because the build-up of filaments was observed [4.303, 4.313]. As
a consequence of even very small modulations in the transversal profile the
beam splits into separate individual beams.

Self-focusing is used in white light generation (see Sect. 7.7.5, p. 588) to
achieve high intensities and large interaction lengths at the same time, which
is not possible by simple focusing.

Besides reorientation, induced dipole moments and other nonlinear effects
on the molecular or atomic scale causing self-focusing, additional thermal
effects can also produce refractive index changes. This thermal self-focusing or
defocusing (see Sect. 4.5.6, p. 218) is based on dn/dT �= 0. The thermal effect
is produced by absorption of light and thus this is at least a partially resonant
process. Nevertheless, the theoretical description of the self-focussing over
long interaction lengths is possible with the formulas given above and the
thermally induced refractive index change. The time constant of thermally
induced focusing effects are in the range of ms to seconds instead of sub-ps
to ns.

4.5.4 Spatial Solitons

The nonlinear refractive index change in a Kerr material can establish a
waveguiding effect which compensates the self-diffraction of a propagating
beam as discussed above. As a result the light beam can propagate through
the matter with constant beam profile and diameter. But this effect needs
a certain beam profile different from the Gaussian shape to compensate for
aberrations and produce the self-consistent solution under the influence of the
3rd order nonlinearity. Such a beam is called a spatial soliton [4.319–4.343].

The nonlinear wave equation (4.14) for the electric field amplitude in
the slowly varying approximation (SVA) with a nonlinear refractive index
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proportional to the intensity Iinc as given by (4.107) has a solution for the
intensity of a spatial soliton Isol:

Isol(r) =
1
2
c0ε0n0E

2
0,sol(rsol) = I0,sol(rsol)sec h2

(
r

rsol

)
(4.112)

with the characteristic beam radius rsol where the intensity is 42% of the
maximum intensity in the middle of the beam at r = 0. The intensity dis-
tribution is not Gaussian and for the spatial soliton the intensity I0,sol is a
function of the beam diameter rsol given by:

spatial soliton intensity I0,sol =
1

k2γI

1
r2
sol

(4.113)

with the Kerr coefficient γ as in previous section above and the value of the
wave vector k. The cross-section of a spatial soliton with radius rsol = 3 µm
which is about the fundamental mode diameter in an optical fiber and a wave-
length of 1 µm in CS2 resulting in an peak soliton intensity of 41.6 GW cm−2

is shown in Fig. 4.27.
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Fig. 4.27. Cross-section of a spatial soliton with sechprofile, a wavelength of
1064 nm and a diameter of 6 µm in CS2 with γ = 3 · 10−18 m2 W−1

The phase velocity csol of the spatial soliton is given by:

spatial soliton velocity csol =
c

1 +
λ2

8π2r2
sol

(4.114)

which is smaller than c (about 0.15% in the example) and approaches the
velocity of the linearly diffracted light for rsol � λ.
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4.5.5 Self-Diffraction

If the refractive index change is produced in a thin slice of matter by a
tightly focused laser beam a lens-like index profile will occur. At this induced
refractive index profile the laser beam will be diffracted as shown in Fig. 4.28.

Fig. 4.28. Self-diffraction of a laser beam in a thin slice of matter resulting in
a diffraction pattern behind the sample. The number of diffraction rings can be
counted and thus the refractive index change determined. The schematic is on left
and the calculated pattern at a distance of 0.5m is on right. For details see text.

The resulting nonlinear change of the refractive index ∆nnl can be de-
scribed as in the previous chapter. It can be assumed to be proportional to
the incident intensity. If the incident beam has a transverse Gaussian beam
profile the resulting index change will show a transverse Gauss function, too.

The resulting far-field diffraction pattern can be calculated using Fraun-
hofer’s integral (see Sect. 3.9.2, p. 132). The phase of the emission pattern
of the light behind the matter results from the local delay in the sample as
a function of the local refractive index depending on the intensity profile of
the laser beam. In this simple approach each phase shift π causes destruc-
tive interference and produces a dark ring. It turns out that the number of
diffraction rings Nrings can be used to determine the maximum change of the
refractive index in the matter ∆nnl,max at the center of the Gaussian beam
for normal incidence as:

maximum index change ∆nnl,max =
λbeam

Lmat
Nrings (4.115)

with the wavelength of the light λbeam and the thickness of the sample Lmat.
N counts the number of 2π phase shifts for the transmitted light from the
center to the wings. It is of course a function of the intensity of the incident
light.

The calculated example in Fig. 4.28 represents the resulting self-diffraction
pattern from a 100 µm thick film that is irradiated at normal incidence at a
wavelength of 500 nm and observed at a distance of 50 cm behind the sample.
The waist radius of the laser-induced phase shift profile amounts to 135 µm.
Then Nrings = 6 bright rings in Fig. 4.28 result in ∆nnl,max = 0.03.
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Liquid crystals are especially favorable as a nonlinear material for these
experiments because of their large nonlinear refractive index change [4.344,
4.347]. This huge optical nonlinearity in, e.g. nematic liquid crystals relies
on reorientation of the molecules in the optical field. This process requires a
certain electric field strength. Therefore the laser intensity has to exceed a
certain threshold-like value in order to obtain self-diffraction rings.

The observed nonlinearity of liquid crystals is strong enough to obtain a
diffraction pattern as shown in Fig. 4.28 (p. 217) at the right side with cw
laser radiation in the 10 W range [4.346]. Thermal effects can disturb the
evaluation as discussed in the next section.

4.5.6 Self-Focusing in Weakly Absorbing Samples

The refractive index change can be produced by very weakly absorbing sam-
ples via heating which causes thermally induced refractive index changes,
too. The absorption coefficient a (see Sect. 3.4) produces under steady-state
conditions a thermal lens with a focal length fdef [4.348]:

fdef = κmat

[
dn0

dT
Pinc(1− e−aLmat)

]−1

(4.116)

with thermal conductivity κmat, incident light beam power Pinc and absorp-
tion length Lmat. Thus again for outweighing diffraction and defocusing of a
parallel input beam the incident power has a critical value Pcr,def of:

Pcr,def = λincκmat

[
dn0

dT
(1− e−aLmat)

]−1

. (4.117)

This type of self-focusing can be applied for the determination of the
absorption coefficients in thin films or for the measurements of very small
absorption in the range a < 10−6 cm−1. In moving media the effect can be
applied for the observation of the currents in gases or liquids.

4.5.7 Self-Phase Modulation

If a light pulse of sufficiently high intensity transmits through a material the
refractive index becomes a function of the temporally changing intensity of
the incident electric light field. The refractive index will be a function of time
following the pulse shape of the intensity as a function of time Iinc(t). This
temporarily changed refractive index will change the light wavelength in the
matter and thus its phase: self-phase modulation takes place [4.349–4.359].
As a consequence the frequency of the transmitted light will be tuned during
the pulse; it has a chirp.

The pulse duration ∆tFWHM can be long compared to the reaction time
of the matter, which is frequently in the order of a few ps. This may or may
not lead to steady-state conditions. In non-stationary self-phase modulation
the reaction of the matter will be delayed.
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For a simple description a Gaussian pulse shape with the duration
∆tFWHM = 2∆τ(ln 2)1/2 is assumed:

I(t) = I0e−(t−tmax/∆τ)2
. (4.118)

During this pulse the refractive index nmat will change under steady-state
conditions instantaneously with the intensity (see Fig. 4.29).
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Fig. 4.29. Nonlinear refractive index change under steady state conditions as a
function of time for self-phase modulation in CS2 applying a Gaussian incident
pulse with a pulse FWHM duration of 5 ps, the peak at 10 ps, a wavelength of
1064 nm and a maximum power of 10GWcm−2 calculated with the formulas below.
In general the change of the refractive index can be delayed if the reaction time of
the material is not short compared to the pulse duration

Further almost monochromatic light is presupposed for simplicity which
can be achieved experimentally with 1/∆τ � νinc. If the beam is propagating
in the z direction through a material with nonlinear refractive index nnl(I)
and length Lmat the electric field behind the material is given by:

E(t, z) = E0 e−
1
2 (t−t0/∆τ)2+iϕ (4.119)

with phase factor:

ϕ(t, Lmat) = 2πνinct− kLmat = 2πνinc

(
t− nnl(I)Lmat

c0

)
. (4.120)

This phase shift leads to a temporal compression and expansion of the light
wave as schematically depicted in Fig. 4.30. (The real inverse frequency, the
period, of the 1064 nm light is 3.55 · 10−15 s, but this could not be drawn in
this figure.)
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Fig. 4.30. Temporal modulation of the electric field light wave as a consequence
of self-phase modulation in a third-order nonlinear material from a short pulse of
high intensity (schematic)

The refractive index will be changed by the light pulse as given above
in this simple approximation, presupposing reaction times of the nonlinear
material are short compared to the pulse duration.

nnl(I) = n0 + ∆nnl = n0 + γI(νinc)Iinc,r

= n0 + γI(νinc)I0 e−(t−tmax/∆τ)2
(4.121)

with the nonlinear coefficient given in Table 4.7 (p. 211). The light frequency
behind the sample can be calculated in the approximation of this simple
model by:

νm =
dϕ
dt

= νinc

(
1− Lmat

c0

dnnl

dt

)
= νinc + ∆νspm (4.122)

leading to a time-dependent frequency shift ∆νspm caused by the steady-state
self-phase modulation:

chirp frequency

∆νspm = νincγII0
Lmat

c0

2(t− tmax)
∆τ2 e−(t−tmax/∆τ)2

(4.123)

which is negative at the leading edge of the pulse and positive after its peak
(see Fig. 4.31, p. 221).

The maximum shift is reached at a time:

tspm,max/min = tmax ± ∆tFWHM

2
√

2 ln 2
(4.124)
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Fig. 4.31. Frequency shift of the pulse of Fig. 4.29 (p. 219) after self-phase mod-
ulation in CS2 as third-order nonlinear material with a cell length of 10 cm. The
shift between the minimum and the maximum is 16 THz for a peak intensity of 10
GWcm−2 which is a total wavelength shift of about 60 nm

and reaches a total value between the frequency maximum and minimum
of:

∆νspm,tot = ∆νspm,max −∆νspm,min

= νincγIIinc
Lmat

c0

4
√

2 ln 2√
e ∆tFWHM

(4.125)

Thus during the main part of the pulse intensity the frequency is shifted
from “red” to “blue”. The pulse may be spectrally significantly broadened by
this self-phase modulation but the different frequencies are well ordered in
time and the pulse duration is not changed much. Thus this process is applied
for the generation of very short pulses via spectral broadening followed by
temporal compression (see Sect. 6.14.2, p. 523) by delaying the red parts of
the pulse in relation to the blue parts using gratings or prisms.

Thus self phase modulation is a common possibility in photonics to gen-
erate new frequency components in laser applications. It is used in combina-
tion with other processes as four wave mixing (FWM) and stimulated Raman
scattering (SRS, see Sect. 4.5.13, p. 240) to generate light with extreme large
spectral width. 900 nm emission band width was obtained with ps-pulses us-
ing micro structured fibers (MSF) as nonlinear material [7.370]. It was one of
the preconditions for the successful frequency comb technique [see references
in Sect. 1.5].
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4.5.8 Generation of Temporal Solitons: Soliton Pulses

Any linear dispersion will lead to an increase of the pulse length because
pulses cannot be perfectly monochromatic (see Sect. 2.1.2, p. 15). Thus over
long distances, as in fiber communications, this will limit the possible mod-
ulation frequency and thus the data rate.

The third-order nonlinearity of the materials can be used to compensate
this effect and transmit specially designed pulses, longitudinal or temporal
solitons, without any change in the temporal pulse shape over long distances,
analogous to transversal or spatial solitons [4.360–4.390]. For this purpose
conventional linear dispersion has to be compensated by an equal but con-
trary nonlinear dispersion generated by the pulse in the matter.

However, in addition to soliton transmission other pulse deformation ef-
fects such as broadening, shortening and even splitting into multiple pulses
can occur.

Nonlinear induced dispersion by self-phase modulation can delay the
shorter wavelength part of the pulse only. Thus for the soliton effect an
anomalous linear dispersion with dn/dλ > 0 is necessary.

Starting with the wave equation for nonlinear interaction (4.7) and as-
suming:

• slowly varying amplitude of the pulse
• weak dispersion
• small nonlinear effect (n = n0 + γII)

the differential equation for the temporal envelope of the pulse propagating
in the z direction can be derived as [4.384]:

∂E

∂z
+

1
cg

∂E

∂t
− i

π

c0

{
2
∣∣∣∣dndν

∣∣∣∣+
∣∣∣∣d2n

dν2

∣∣∣∣
}
∂2E

∂t2
− iπε0n0ν0γ|E|2E = 0 (4.126)

with group velocity cg (see 3.2), linear dispersion dn/dν, average frequency
ν0 and nonlinear coefficient γ. This equation can be transformed to an ex-
pression similar to the nonlinear Schroedinger equation and then solved by
the following function for the envelope of the electric field Esol:

Esol(z, t) = Esol,0 sec h
(
t− (z/cg)

∆tsol

)
eiz/4z0 (4.127)

with the temporal pulse width ∆tsol which is measured at 65% of the maxi-
mum field amplitude. The intensity of the soliton pulse Isol is given by:

Isol(t) = Isol,0 sec h
(
t− (z/cg)

∆tsol

)
eiz/2z0 (4.128)

which shows a half-width of ∆tFWHM,sol = 1.76 ∆tsol. To realize the soliton
effect the intensity maximum Isol,0 or the pulse energy cannot be chosen
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freely, similar to the case of spatial solitons. For the fundamental soliton it
has to fulfill the following condition:

fundamental soliton Isol,0 =
1

∆t2sol

2
ν0γ

∣∣∣∣dndν

∣∣∣∣ (4.129)

with the important consequence of quadratically increasing soliton intensity
or linearly increasing pulse energy for shorter pulse duration. An example is
shown in Fig. 4.32.
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Fig. 4.32. Temporal soliton as can be used in fiber communication with a wave-
length of 1550 nm, and a FWHM pulse duration of 7.05 ps in a quartz fiber with
γI = 2.8 · 10−20 m2 W−1

This fundamental soliton propagates without any changes in shape and
energy through the matter, which is assumed to be without absorption. Pulse
energies of an integer multiple of this value will show periodic solutions as
given above with the soliton period zper. Pulse energies between these discrete
values may show complicated temporal evolution.

The characteristic soliton period zper is given by:

soliton period zper = πz0 =
πc20
4

∣∣∣∣∂n∂ν
∣∣∣∣−1

∆t2sol (4.130)

which describes periodically the return of the original pulse shape for pulses
different from the fundamental soliton by containing more energy. In between,
the pulse may be split into different pulses [4.383, 4.384] and may then recover
its original shape. (Single water waves are also solitons and can be used for
studying the basic properties in a simply visible way. The can, e.g., penetrate
or overtake each other without any distortion of their shape.)
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As an example a diode laser pulse of 1.55 µm wavelength and a pulse width
of ∆tFWHM = 10 ps propagates through a silica fiber with a refractive index
of 1.45 and γ = 2.8 · 10−20 m2 W−1. The soliton period would be about 6 km
for a 10 ps pulse and 60 m for a pulse duration of 1 ps and the fundamental
soliton needs a peak intensity of 220 MW cm−2. For fibers with a diameter of a
few µm peak powers in the ten-watt range are necessary for the fundamental
soliton.

Solitons are solitary light wave pulses which can superimpose in nonlinear
matter without disturbing each other. Thus they can cross or overtake with-
out changing their pulse shape. Only phase changes occur in the interaction.

There are some analogies to the Π-pulses in self-induced transparency
(see Sect. 5.4.8, p. 318) but this effect is based on coherent bleaching of the
absorption of the material, usually described by a two-level scheme. Therefore
the physics of the two processes is completely different.

Solitons in optical fibers can be used for transmitting optical signals over
long distances with very high bit rates based on very short pulses. They can
also be applied for the generation of short pulses with a duration of a few fs
in soliton lasers (see Sect. 6.10.3, p. 460).

4.5.9 Stimulated Brillouin Scattering (SBS)

Stimulated Brillouin scattering (SBS) occurs as amplified spontaneous Bril-
louin scattering (see Sect. 3.11.3, p. 163) at sufficiently high intensities of
the incident light wave, which increases the sound wave amplitude by elec-
trostriction. It occurs also as spontaneous scattering, in the nonresonant spec-
tral range. But SBS is an inelastic optical scattering process with very small
energy loss, as it excites an acoustic phonon of the hyper-sound wave.

SBS is applied in phase conjugating mirrors (PCM) (see Sect. 4.5.14,
p. 250), e.g. for the improvement of the beam quality of solid-state lasers
(see Sects. 6.6.12 (p. 416) and 6.11.3 (p. 480)). These nonlinear SBS mirrors
are very easy to make because of the self-pumping of the scattering. Some
examples are given in [4.391–4.414]. Although SBS is a χ(3) process the phase
conjugation of these SBS mirrors can be made by simply focusing only one
light beam in a cell with a suitable gas or liquid or in a solid SBS-material.

The third-order nonlinear process can be imagined in four steps which
take place simultaneously:

Iin

(i) a small share of the spontaneous scattered light will exactly be back-
reflected towards the incident beam (scattered light is slightly frequency
shifted);
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Iin

Isc

Isc

(ii) incident and reflected light waves interfere and generate a moving inten-
sity grating;

Iin

Isc

Isc

(iii) this intensity grating amplifies the suitable sound wave for back-scattering
via electrostriction;

Iin

Isc

Isc

(iv) the amplified sound wave increases the share of the exactly back-scattered
light which leads to more interference and the process continues at (i)
with positive feedback up to saturation (reflectivity up to 100%)

Because of the perfect back-scattering in SBS the scattering angle is 180◦

and thus the wavelength of the sound wave Λsound results from the wavelength
of the incident light wave λinc:

sound wavelength Λsound =
1
2
λinc. (4.131)

The sound wave frequency Ωsound follows from the sound velocity vsound:

sound frequency Ωsound = 2
vsound

λinc
= 2

vsoundnνinc

c0
(4.132)

and is in the range of several 100 MHz for gases and up to several 10 GHz
for liquids and solids (see Table 4.8, p. 228). Thus the energy loss of the light
in the range 10−4–10−6 can often be neglected but it will be important if
interference of the original pump beam and the reflected light is to be used
in applications.

The potential linewidth of the SBS ∆Ωsound measured at 1/e of the peak
value is a function of the lifetime of the sound wave τsound:

SBS linewidth ∆Ωsound =
1

2πτsound
(4.133)

which is twice the lifetime of the phonons τSBS:

phonon lifetime τSBS =
1
2
τsound =

K2
soundη

ρ0
∝ 1
λ2

inc
(4.134)

with the material viscosity η. The reciprocal quadratic wavelength depen-
dency is a rough approximation quite well fulfilled in the near UV to IR
range.
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The theoretical description [4.424, 4.415–4.428] is based on the wave equa-
tion of nonlinear optics (4.6)

∆E − 1
c20

∂2E

∂t2
− grad divE =

1
ε0c20

∂2P nl

∂t2
. (4.135)

The nonlinear polarization Pnl represents the modulation of the mate-
rial density ρ by electrostriction from the total electric field Etotal of the
interference pattern of the incident and the scattered light by:

P nl = ε0Etotal

(
∂χ(3)

∂ρmat

)
T

ρmat = ε0Etotal
γe

ρmat,0
ρmat (4.136)

with the average density modulation ρmat, the average density ρmat,0 and the
coefficient of electrostriction γe. The index T indicates the derivative with
constant temperature to distinguish SBS from thermally enhanced scattering
STBS, which is described in the next section. Therefore it is assumed that
the variation of χ with temperature can be neglected compared to the density
modulation: T (∂χ/∂T )ρ � ρmat(∂χ/∂ρmat)T . The modulation of the density
ρmat can be calculated for small changes from the Navier–Stokes equation
including the equation of continuity:

−∂
2ρmat

∂t2
+

{
Cv

Cp
v2

sound +
η

ρmat,0

∂

∂t

}
∆ρmat =

ε0γ
e

2
∆|Etotal|2 (4.137)

with the specific heats Cv and Cp for constant volume and pressure, the speed
of the sound wave vsound and the material viscosity η = (4/3)ηs +ηb with the
shear and bulk viscosities ηs and ηb representing the damping of the sound
wave. The right part of this expression is the electrostrictive force density of
the electric field.

The total electric field Etotal results from the interference of the incident
and reflected light beams which are assumed monochromatic with frequencies
νinc and νscatt and the wave vector values ki propagating back and forth in
the z direction:

Etotal =Einc(r, t) ei(2πνinct−kincz) + Escatt(r, t) ei(2πνscattt+kscattz). (4.138)

The polarization of the light is not changed in the SBS process. The
resulting sound wave will show half the wavelength of the incident light and
a wave vector value of KSBS = kinc + kscatt ≈ 2kinc. With the hyper-sound
frequency ΩSBS the following ansatz for the complex sound wave modulation
solves the resulting Navier–Stokes equation:

ρmat,SBS = ρmat,SBS,max(r, t) ei(2πΩSBSt−KSBSz) (4.139)

to give the following form:
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For solving this complicated system of partial differential equations the
SVA approximation (4.9) is applied with:

SVA approximation
∂2

∂t2
� νinc

∂

∂t
and

∂2

∂z2 � kinc
∂

∂z
(4.141)

and, further, strong damping of the sound wave is assumed:

strong damping assumption
ρmat

vsoundτsound
� 2

∂ρmat

∂z
(4.142)

For simplification the sound wave density will be replaced by a normalized
sound wave amplitude S:

sound wave amplitude S(r, t) =
2πνincγ

e

2c0nρmat,0
ρmat(r, t). (4.143)

With these approximations the system of partial differential equations
can be written as:

∂Einc(r, t)
∂z

+
n

c0

∂Einc(r, t)
∂t

+
(
∂
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+

∂
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)
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2
Escatt(r, t) (4.144)
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n

c0
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Escatt(r, t)

= i
S∗(r, t)

2
Einc(r, t) (4.145)

∂S(r, t)
∂t

= i
gSBS

2τsound
Einc(r, t)E∗scatt(r, t)−

1
2τsound

{S(r, t)− S0} (4.146)

with the stationary Brillouin gain gSBS:

stationary Brillouin gain gSBS =
(2πΩsoundγ

e)2τsound

c30nρmat,0vsound
(4.147)

which has the same Lorentzian spectral profile as the spontaneous scattering
Brillouin line and the spontaneous sound amplitude S0 relevant for the SBS
process to start the self pumped scattering from noise. This spontaneous scat-
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tering amplitude can be estimated from thermodynamic calculations [4.433,
4.428–4.432] to give:

S0 = (e{1−hΩsound/kBoltzT} + 1)gSBShΩsound
1

τsound

Linteraction

4Ainteraction
. (4.148)

Useful parameters for several common SBS materials are given in
Table 4.8a (p. 228) and b. More data can be found in [4.434–4.470].

The sound wave lifetime scales to a good approximation with the square
of the wavelength of the incident pump light λ2

inc over the UV to near IR
spectral range as mentioned above. For gases the gain coefficient gSBS is
proportional to ρ2

mat,0 and the lifetime is proportional to ρmat,0 and can thus
be changed by varying the pressure of the gas. Higher pressures usually result
in better SBS-reflectivity. Typical values are given in Table 4.8a.

Table 4.8a. SBS material parameters of some useful SBS gases for several pump
wavelengths

Gas λ p n ρ gSBS τSBS ∆Ωsound ∆νB S0

(nm) (bar) (g cm−3) (cmGW−1) (ns) (MHz) (MHz) (cm−1)

Xe 694.3 40 1.03 0.29 44 14.6 10.9 429
N2 694.3 100 1.03 0.11 14.9 6.3 25.2 1127
CO2 694.3 50 1.035 0.14 45.7 9.95 16 641 2 · 10−5

CH4 694.3 100 1.05 0.075 69 7.4 21.5 1345
SF6 1064 20 1.023 0.17 14 17.3 9.2 240 8 · 10−5

C2F6 694.3 30 0.50 50 4.2 37.9

Table 4.8b. SBS material parameters of some useful SBS liquids and solids for
several pump wavelengths (∗)3M-trademark)

Liquid λ n ρ gSBS τSBS ∆Ωsound ∆νB S0

(nm) (g cm−3) (cmGW−1) (ns) (MHz) (GHz) (cm−1)

CCl4 1064 1.46 1.59 3.8 0.6 265.3 2.76
GeCl4 1064 1.46 1.87 12 2.3 69.2 2.1
Methanol 532 1.33 0.79 13.7 0.4 334 5.4
Ethanol 694.3 1.36 0.79 12 0.45 353 4.55
Cyclohexane 694.3 1.42 0.78 6.8 0.21 774 5.55
C2Cl3F3 1064 1.36 1.58 6.2 0.84 189 1.74 2 · 10−5

CS2 1064 1.595 1.26 130 6.4 24.8 3.76 2 · 10−5

Aceton 1064 1.355 0.79 20 2 79.6 2.67
FC-72∗) 1064 1.2 1.68 6.5 1.2 270 1.1
FC-75∗) 1064 1.3 1.77 5 0.9 350 1.34

Solid

SiO2 (bulk) 532 1.46 2.202 2.9 1± 0.4 163.0 32.6
SiO2 (fiber) 532 1.46 2.202 2.5 2.3 69.2 2.1
d-LAP 532 1.584 1.6 29.85 1.9 82.3 19.6
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The differential equations are still difficult to solve. Further approxima-
tions for the transversal modes are proposed [e.g. 4.415, 4.418] but usually
plane waves are assumed and thus the transversal wave front profile and the
transverse intensity distribution are neglected.

The phase between the electric fields and the sound wave can be important
in long interaction lengths in the meter range or for long interaction times of
µs or ms. Otherwise phase locking can be assumed.

For practical solution including focusing the scheme of Fig. 4.33 was used
for the modeling. The variation of the intensity along the interaction as, e.g.
from focusing the beam, can be considered by the change of the beam cross-
section area A(z) along the z axis [4.421]. Then the following equations are
obtained:

∂Iinc(z, t)
∂z

− n

c0

∂Iinc(z, t)
∂t

= −S(z, t)
√
IincIscatt

− Iinc

A(z)
∂A(z)
∂z

(4.149)

∂Iscatt(z, t)
∂z

− n

c0

∂Iscatt(z, t)
∂t

= −S(z, t)
√
IincIscatt

− Iscatt

A(z)
∂A(z)
∂z

(4.150)

∂S(z, t)
∂t

=
1

2τsound
{gSBS

√
IincIscatt − [S(z, t)− S0]} (4.151)

with the assumption of a coherence length longer than the interaction length.

z

A (z)

I (z) I (z)incout

S

z0 0

2w0

L

Fig. 4.33. Modeling SBS
considering the intensity
variation along the inter-
action length by changed
cross-section of area A(z)

These equations can be solved numerically and the results are discussed
in [4.421]. As an example the spatial and temporal distributions are shown
in Fig. 4.34 (p. 230) for the depleted incident beam, in Fig. 4.35 (p. 230) for
the generated reflected beam and in Fig. 4.36 (p. 231) for the sound wave
amplitude for an incident intensity as given in Fig. 4.37 (p. 231).

For these calculations the focusing of a Nd laser beam with a pulse dura-
tion of 25 ns (FWHM) and a pulse energy of 11.5 mJ was assumed. This beam
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Fig. 4.34. Spatial and temporal distribution of the intensity Iinct of the depleted
incident beam via SBS in Freon 113 for focusing a diffraction-limited Nd laser pulse
with 25 ns, 11.5mJ and 4mm diameter with flat curvature at the lens with 120mm
focal length positioned 60mm in front of the SBS-cell
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Fig. 4.35. Spatial and temporal distribution of the intensity Iscatt of the scattered
beam via SBS in Freon 113 for focusing a diffraction-limited Nd laser pulse with
25 ns, 11.5mJ and 4mm diameter with flat curvature at the lens with 120mm focal
length positioned 60 mm in front of the SBS-cell

with a waist at the lens position and a diameter of 4 mm was then focused
with a focal length of 120 mm into a cell filled with Freon 113. The lens was
positioned 60 mm in front of the cell and thus the position of the focus was
at 70 mm in the graph.

The parameters of Freon 113 (C2Cl3F3) were used as given in Table 4.8
(p. 228). The decay time of the sound wave can easily be seen in Fig. 4.36
(p. 231).

Although in this modeled experiment the Rayleigh length is only 0.9 mm,
the sound wave and thus the reflection is distributed over more than 10 mm.
Thus the interaction length and the coherence demands have to be care-
fully determined in such SBS experiments. For high reflectivity the coher-
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Fig. 4.36. Spatial and temporal distribution of the normalized sound wave ampli-
tude S via SBS in Freon 113 for focusing a diffraction-limited Nd laser pulse with
25 ns, 11.5mJ and 4mm diameter with flat curvature at the lens with 120mm focal
length positioned 60 mm in front of the SBS-cell
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Fig. 4.37. Spatial and temporal distribution of the original intensity Iinct with the
Gaussian temporal shape and the focusing profile for the Gaussian beam if it is not
to be depleted

ence length of the pump laser radiation should be larger than the interaction
length.

It was shown that the reflectivity is almost not a function of the focusing,
as long as the coherence length is longer than the interaction length (see also
[4.452–4.455]. Different materials demand different minimal light powers for
SBS characterized by an artificial “threshold” defined e.g. for 2% reflectivity.
But reflectivity curves as a function of the normalized incident light power
or energy in the case of pulsed light both as measured or as calculated are
almost the same (see Fig. 4.38, p. 232).

In the case of stationary SBS the differential equations it is possible to
approximate for nondepleted incident light in a simple form. The intensity of
the reflected light Iscatt can be written as:
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Iscatt(Linteraction) = Iscatt,spont(z0) egSBSIincLinteraction (4.152)

with the interaction length Linteraction and assuming the incident beam and
the reflected beam interfere coherently. The total stationary SBS gain GSBS
results from:

stationary SBS-gain GSBS = gSBSIincLinteraction. (4.153)

The stationary “SBS-threshold” power Pth can be estimated from this
formula by considering the spontaneous reflectivity useful for starting the
SBS. It is in the range of Rspontaneous = 10−11 and thus the total SBS gain
GSBS has to be bigger than approximately 20 for 2% reflectivity:

stationary SBS-threshold Pth ≈ 20
Ainteraction

gSBSLinteraction
. (4.154)

Typical cross-sections Ainteraction in SBS with focused beams are of the
order of 10−5 cm2 and the interaction lengths are a few mm. Thus gases and
solids show thresholds of several 100 kW to MW and liquids can have values
as low as 10 kW (see [4.471–4.480] and Sect. 4.5.14 (p. 250) for low threshold
SBS). As already mentioned, sharper focusing does not decrease the SBS
threshold as long as the coherence length is long enough. There is a trade-off
between the higher intensity and the shorter interaction length.

In nonstationary SBS with pulses shorter than the lifetime of the sound
wave the threshold increases with the ratio of the phonon lifetime divided by
the pulse width. A certain light energy is needed to get the SBS to significant
reflectivity. Thus SBS with ps or fs laser pulses shows very small reflectivities
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[e.g. 4.456]. In addition in this case the coherence of the short-pulse light may
be insufficient for SBS and thus the reflectivity will be reduced even more.

The Ainteraction/Linteraction ratio and thus the SBS “threshold” can be
decreased many orders of magnitudes by using waveguide structures as SBS
reflectors. In multimode quartz fibers with lengths of several meters power
“thresholds” of a few 100 W were reported and with liquids in capillaries a
few W were obtained [4.481–4.484]. Using such waveguides with an internal
taper a very large dynamic range of 260:1 could be achieved in combination
with reflectivities above 95% and a low “threshold” of 15 µJ for 30 ns pulses
at 1.06 µm as shown in Fig. 4.39.
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Fig. 4.39. Reflectivity of a solid-state SBS mirror based on a tapered waveguide
structure as described in [4.481]

For application of SBS mirrors in optical phase conjugation the “SBS-
threshold” is an important parameter. In the case of stationary scattering
with pulse durations much longer than the phonon lifetime the light power is
a significant value and in the case of nonstationary scattering so is the pulse
energy. The temporal shape of the reflected and transmitted light for the
intermediate case of comparable times as in Fig. 4.37 (p. 231) and Fig. 4.36
(p. 231) is given in Fig. 4.40 (p. 234).

SBS reflection in general does not change the polarization and works best
for linearly polarized light. Different schemes are proposed for dealing with
different polarization (see Sect. 4.5.14, p. 250).

For applications several other properties of SBS materials can be impor-
tant as for example:
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Fig. 4.40. Evolution of the intensities of the incident, scattered and transmitted
light pulses for Freon 113 with the parameters as in Fig. 4.37 (p. 231) and Fig. 4.36
(p. 231)

• the frequency shift ∆νB of the reflected light may disturb in interfer-
ence methods and has to be considered for applying SBS mirrors in laser
resonators;

• absorption can cause heating and disturb high-power applications;
• competing processes such as, e.g. stimulated Raman scattering, self-

focusing, self-phase modulation, may disturb the reflectivity and fidelity
in optical phase conjugation;

• damage and optical breakdown prevent good operation;
• toxicity may restrict wide application for safety reasons.

The coherence length of the pump laser light limits the maximum inter-
action length and thus the reflectivity. This becomes important if waveguide
SBS mirrors of several meters length are to be applied. A detailed analysis
may be necessary because there might be a shorter zone in the SBS material
which carries most of the reflection. This zone can move towards the entrance
facet during the pulse. Sometimes the main reflection is produced by a thin
zone of a few mm behind the front facet and the long fiber is necessary for
starting the SBS process, only. In such cases the coherence length of the light
can be much shorter than the fiber length. This analysis can be based on
asimple numerical calculations using Eq. (4.149)–(4.151) in an easy way.

The SBS reflectivity is also decreased if the laser light bandwidth is larger
than the Brillouin linewidth (∆νpump > ∆Ωsound) [4.457–4.470].

Some applications of SBS are described in [4.485–4.493] in addition to its
use as a phase conjugating mirror (Sect. 4.5.14, p. 250), in four-wave mixing
(Sect. 5.9.2, p. 335), or in lasers as described in Sects. 6.6.12 (p. 416) and
6.11.3 (p. 480).
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4.5.10 Stimulated Thermal Brillouin Scattering (STBS)

If a small absorption in the SBS matter is present at the wavelength of the
incident light the scattering can be enhanced by a temperature grating in
addition to the usual sound wave which both result in a density grating
[4.494]. The analysis was given by [4.495] and has additional terms in the
equations given above.

The wave equation can be written as:

∆E − 1
c20

∂2E

∂t2
− a

c0

∂E

∂t
− grad divE =

1
ε0c20

∂2P nl

∂t2
(4.155)

with the absorption coefficient a. The Navier–Stokes equation including the
equation of continuity then reads:

−∂
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with temperature T and coefficient of thermal expansion βT and all other
values as given in the previous section. With a wave ansatz for the electric
field (4.138) and the density (4.139) as given above and for the temperature
as:

T = Tmax(r, t) ei(2πΩSBSt−KSBSz) (4.157)

the equation for the density is:
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and in addition the equation for the temperature modulation T is given by:
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(4.159)



236 4. Nonlinear Interactions of Light and Matter Without Absorption

with the thermal conductivity ΛT. Finally the equations for the electric fields
of the incident and the scattered light beams are in the plane wave approxi-
mation:

∂Einc(r, t)
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and
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This system of four differential equations (4.158)–(4.161) may be solved
numerically. It may be noticed that the sum of the incident and the scattered
light is no longer constant along the z axis because of absorption. A simple
approximation can be reached by using the phenomenological equations:

∂Iinc(z, t)
∂z

− n

c0
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− aIinc(z, t)
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√
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A(z)
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(4.162)

and
∂Iscatt(z, t)

∂z
− n

c0

∂Iscatt(z, t)
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− aIscatt(z, t)

= −S(z, t)
√
IincIscatt − Iscatt

A(z)
∂A(z)
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(4.163)

for the intensities of the incident Iinc and scattered light Iscatt and the equa-
tion for the sound wave amplitude of the previous chapter (Eq. (4.151)). The
SBS gain factor gSBS contains two parts from electrostriction ge

SBS as above
and from absorption ga

SBS:

gSBS = ge
SBS + ga

SBS (4.164)

and with the absorption component:

ga
SBS = a

πνincτSBSγ
eβT

c0nρmat,0Cp
(4.165)

The parameters are given above. This part shows an asymmetric wavelength
dependence [4.494].
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4.5.11 Stimulated Rayleigh (SRLS)
and Thermal Rayleigh (STRS) Scattering

Stimulated Rayleigh scattering takes place in the direct spectral neighbor-
hood of the incident light frequency and thus it is almost elastic. The stimu-
lation results from the change in matter density via electrostriction or ther-
mal effects. Thus the theoretical description can be worked out analogous to
SBS [4.494].

The stationary gain for stimulated Rayleigh scattering gSRLS follows
from [4.495]:

gSLRS = {ge
SRLS,0 − ga

SRLS,0}
4πνincτRL

1 + (4πνincτRL)2 (4.166)

with the lifetime of the Rayleigh scattering τRL as the reciprocal spectral
width:

τRL =
1

2π∆νRL
=

ρmat,0Cpλ
2
inc

16π2ΛT(sin2(θscatt/2))
(4.167)

which is in the range of 10 ns and with the two peak gains:

ge
SRLS,0 =

4π2ν2
incτRLγ

eγRL

c3nvsoundρmat,0
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and
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SRLS,0 =

4π2ν2
incτRLγ

eγa

c3nvsoundρmat,0
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with the coefficients:

γRL =
(Cp/Cv − 1)c0γe

8πnvsoundνincτRL
(4.170)

and

γa = a
c20vsoundβT

2πCpνinc
, (4.171)

and γe as given above.
Thus even for small absorption a ≈ 10−3 cm−1 the absorptive term can

dominate the gain factor. Backward scattering will show shorter lifetimes
and smaller gain than forward scattering. Because of the long lifetimes the
Rayleigh scattering will be mostly nonstationary. Detailed analysis analogous
to the description of the SBS may be necessary for evaluation.

Because of the small gain coefficients stimulated Rayleigh scattering is al-
most not observable in nonabsorbing material. For strongly absorbing matter
with a ≈ 1 cm−1 the gain can reach values of 1 cm MW−1 as, e.g. in CCl4 or
other liquids. Using light-induced absorption gratings this type of scattering
may find applications in photonics (see also [4.496–4.503]).
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4.5.12 Stimulated Rayleigh Wing (SRWS) Scattering

The Rayleigh wing scattering produced by orientation fluctuations of par-
ticles with nonisotropic induced dipole moment such as, e.g. anisotropic
molecules, can be easily stimulated with high light fields and thus SRWS
can be observed [4.494, 4.504]. The anisotropic electric field vector of the
light beam changes the angular orientation of these particles and thus a local
variation of the refractive index will be induced as a function of the polariza-
tion of the incident light.

The driving force for the SRWS results from the interaction of the electric
field vector Einc with the vector of the polarizability µmol of the molecules
resulting in a torque M as shown in Fig. 4.41. The polarizability can be de-
scribed based on the two components shown if the molecules are rotationally
symmetric.

x

y

z

E

φ
µ

µ

µ
Fig. 4.41. Interaction of molecu-
lar polarizabilities µi with linear po-
larized light resulting in anisotropic
orientation of matter for stimulated
Rayleigh wing scattering (SRWS)

This torque can be calculated using the molecular polarizabilities:

M = −[µmol,II − µmol,⊥]|Einc|2 cosφ sinφ. (4.172)

For a simple theoretical description of SRWS, light linearly polarized in x
direction and propagating in the z direction is assumed. The angular distribu-
tion function fmol(φ) for the molecular orientation has to fulfill the differential
equation:

∂fmol

∂t
− 1

2τorientation sinφ
∂

∂φ

{
sinφ

[
∂fmol

∂φ
− M

kBoltzT
fmol

]}
= 0 (4.173)

with the relaxation time τorientation of the orientation of the molecules. A
solution of this equation was given for small deviations from equilibrium
[4.503]. For known f the nonlinear polarization of the matter as a function
of the electric field can be written as:

Pnl = 2πε0NmolEinc

∫ 1

−1
fmol(φ,Einc) cos2 φd(cosφ) (4.174)

with the density of the molecules Nmol.
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The total electric field consists of the incident wave, the Stokes wave with
the index S and the anti-Stokes wave with the index aS:

Etotal = Einc,0 ei(2πνinct−kinc·r) +ES,0 ei(2πνSt−kS·r)

+EaS,0 ei(2πνaSt−kaS·r) (4.175)

and under the assumption of a nondepleted strong incident field two coupled
equations for the electric fields of the Stokes ES and the anti-Stokes EaS wave
can be derived:
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and
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with the change of permittivity ∆nSRWS:

∆n2
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ε0Nmol(µ|| − µ⊥)2

90kBoltzT
(4.178)

and the relations:

δνRW = νinc − νS = νaS − νinc

kxS = −kxaS � kinc (4.179)
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SRWS|Einc|2 with i = S, aS.

If large scattering angles between the Stokes and the anti-Stokes waves are
investigated the coupling between them can be neglected in the above equa-
tions. Thus the gain factors for the case of parallel polarization of incident
and scattered waves was given in [4.503] as:

gSRWS,S =
4π2νS∆n2

SRWS

c20n
2
0

2π∆νRWτRW

1 + (2π∆νRWτRW)2 ≈ −gSWRS,aS. (4.180)

Some typical values are given in Table 4.9.

Table 4.9. Permittivity ∆nSRWS, gain factor gSRWS, frequency shift ∆νRW and
relaxation time τRW of some liquids

matter ∆nSRWS gSRWS ∆νRW τRW

(1012 cm3 erg−1) (cmMW−1) (cm−1) (1012 s)

CS2 41.4 30 2.65 2
Nitrobenzene 32.2 25.6 0.111 48
Bromobenzene 17.5 13.7 0.354 15
Chlorobenzene 11.9 9.7 0.624 8.5
Toluene 7.7 6.6 1.294 4.1
Benzene 6.7 5.7 1.396 3.8
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As can be seen the gain factors are comparable to SBS gain factors and
high enough to be observed in experiments with pulsed lasers. The orien-
tation relaxation times are in the ps range. From newer experiments it is
known that the processes determining the orientation relaxation are much
more complicated and no single exponential decay is obtained if high tempo-
ral resolution is achieved. However, in most cases strong decay components
in the range of ps or for larger (dye) molecules of tens of ps were obtained.

In the near-forward direction Stokes and anti-Stokes photons will be gen-
erated by the scattering of two incident photons. The scattering is a maximum
for an angle θSRWS,max of:

θSRWS,max = ± 1√
2

∆nSRWS|Einc|
n0

(4.181)

which is in the range of a few mrad.

4.5.13 Stimulated Raman Techniques

Although stimulated Raman scattering (SRS) is usually applied in the nonab-
sorbing spectral range of matter the energy change of the scattered photons
compared to the energy of the incident photons can be as large as 10%.
As in spontaneous Raman scattering the SRS process can be understood as
scattering coupled with a matter transition between two vibrational energy
states with energy difference Evib = hνvib via a virtual energy state of more
than ten times this energy. Different measuring techniques are used as will
be described below [4.505–4.511]. Examples can be found in [4.512–4.625].

4.5.13.1 Stimulated Raman Scattering (SRS)

Stimulated Raman scattering (SRS) can take place with the excitation of
the vibration or of an optical phonon (Stokes SRS results in smaller photon
energy) or by its depletion (anti-Stokes SRS):

energy condition
νscatt,SRS = νinc ∓mνvib with m = 1, 2, 3, . . . (4.182)

whereas subsequent scattering or nonlinear coupling of molecular vibration
allows multiple frequency shifts with m > 1. The vibrational overtones may
show slightly shifted frequencies νvib due to the anharmonicity of the vibra-
tional potential. Again, as in spontaneous Raman scattering the selection
rules demand polarizability for the considered vibration in contrast to the
necessity of a dipole moment of this vibration to detect it in IR spectroscopy.
Rotational transition and translation energies may overlay the spectra in both
cases and produce complicated structures or broadening. This allows detailed
analysis of the matter structure regarding the bond lengths, potentials and
masses of the atoms involved if high-resolution techniques are applied.
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The intensity of the scattered light in SRS can be amplified by many
orders of magnitude from spontaneous Raman scattering up to several 10%
of the intensity of the incident light. Under certain circumstances strength of
the anti-Stokes SRS can be comparable to the Stokes SRS. It occurs in small
cones, of a few degrees in the forward and backward direction.

Therefore SRS is useful in cases of difficult spontaneous Raman scatter-
ing measurements for improving the signal-to-noise ratio and shortening the
measuring time by many orders of magnitude (see e.g. [4.522–4.558]).

The theoretical description can be worked out analogous to the theory of
stimulated Brillouin scattering except the frequency shift is much larger in
SRS and does not depend on the scattering angle [4.559–4.566] but on the
vibrational energies of the investigated material.

The amplification of the intensity in stimulated Raman scattering com-
pared to the spontaneous intensity depends on the scattering cross-section
dσSRS/dΩscatt, the incident intensity Iinc and the interaction length Linteract.
In SRS experiments the forward and backward direction will be observed
with a long interaction length compared to the beam diameter and thus with
small angles. Therefore the amplification can be described by the Raman
gain coefficient gSRS. Below incident intensities causing saturation, which
starts roughly at 10−1 of the saturation limit [4.553], the scattered intensity
Iscatt,SRS is exponentially proportional to these values:

below saturation Iscatt,SRS = Iscatt,sponte
gSRSIincLinteract (4.183)

with the spontaneously scattered Raman intensity Iscatt,spont, which is about
10−6–10−10 of the saturation. The stimulated new Raman photon has the
same direction, frequency and polarization as the stimulating one.

Typical SRS gain coefficients are in the order of gSRS ≈ 10 cm GW−1 (see
Table 4.10). Thus, incident intensities of several 100 MW cm−2 are necessary
for strong effects with interaction lengths in the cm range.

Table 4.10. SRS parameters of several materials wave number of the vibration,
spectral width, scattering cross-section and Raman gain coefficient

material νvib ∆νvib N0dσ/dΩ gSRS

(cm−1) (cm−1) (10−8 cm−1ster−1) (cmGW−1)

Liquid O2 1552 0.117 0.48± 0.14 14.5± 4
N2 (liquid) 2326.5 0.067 0.29± 0.09 17± 5
Benzene 992 2.15 3.06 2.8
CS2 655.6 0.50 7.55 24
Nitrobenzene 1345 6.6 6.4 2.1
Toluene 1003 1.94 1.1 1.2
LiNbO3 256 23 381 8.9
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Because of the nonlinear interaction the linewidth of the SRS is smaller
than the linewidth of spontaneous Raman scattering. If the linewidth of the
incident beam is small enough Doppler broadening from thermal motions can
be obtained.

Anti-Stokes SRS becomes more probable with increasing incident inten-
sity as a result of the higher population of the excited vibrational energy
level from the Stokes scattering. Both intensities can reach the same order of
magnitude as the incident light. Besides energy conservation for stimulated
anti-Stokes Raman scattering:

energy condition 2νinc = νSRS,Stokes + νSRS,anti–Stokes (4.184)

the conservation of momentum has to be considered. Thus the wave vectors
have to fulfill the condition:

angle condition kinc + kinc = kSRS,Stokes + kSRS,anti–Stokes (4.185)

with the wave vectors:

km =
2πn(νm)νm

c0
em (4.186)

pointing in the propagation direction em of the mth beam. Thus the an-
gle between the incident light beam and the anti-Stokes light beam can be
expressed as:

anti-Stokes angle

θSRS,anti–Stokes = arccos

[
4k2

inc + k2
SRS,anti–Stokes − k2

SRS,Stokes

4kinckSRS,anti–Stokes

]
(4.187)

which is different from zero as a consequence of the different refractive indices
for the different wavelengths.

This condition can be illustrated for the SRS in nitrobenzene with a vibra-
tional wave number of 1345 cm−1. Scattering of ruby laser light with a wave-
length of 694.3 nm leads to Stokes and anti-Stokes wavelengths of 765.8 nm
and 635.0 nm. The refractive indices are 1.540 for the incident beam, 1.536 for
the Stokes and 1.545 for the anti-Stokes beam. The resulting anti-Stokes angle
is 1.8◦. The SRS signals occur in cones around the incident light beam with
the given half-angles from the equations for the wave vectors given above.

For mathematical modeling of SRS analogous to SBS a coupled system
of partial differential equation describes the change of the electric light fields
and the population of the matter as functions of time and space.

Based on (4.5) for the electric field amplitude E in combination with the
nonlinear polarization Pnl but including some absorption with the coefficient
a and assuming plane waves, the wave equation is:

∆E − µ0ε0
∂2E

∂t2
− a√µ0ε0

∂E

∂t
= µ0

∂2Pnl

∂t2
(4.188)
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With the ansatz for the electric field E of the light beam with planar wave
front propagating in the z direction:

E(z, t) =
∑
m

Em,0 ei(2πνmt−kmz) (4.189)

and for the nonlinear polarization Pnl:

P nl(z, t) =
∑
m

P nlm,0 ei(2πνmt) (4.190)

it follows that for the spectral components j using the SVA approximation
and neglecting the second time derivatives of E:

∂Em

∂z
− µ0ε0

∂2Em

∂t2
− a

2
Em = i

µ0πνm
c0

∂2Pnlm

∂t2
eikmz. (4.191)

The interaction of the light with matter is obtained from the forced ex-
pectation value of the displacement qvib in the vibration and the relative
population difference ∆N = (Nground−Nexc)/Nground in the vibrational two-
level system. The displacement qvib results from a damped wave equation:

∂2qvib

∂t2
+

1
τvib

∂qvib

∂t
+ 4π2ν2

vibqvib =
1

2mvib

∂µvib

∂qvib
∆NE2 (4.192)

with the lifetime of the vibration τvib, which is inversely equal to the linewidth
of the vibration ∆νvib times 2π, and its reduced mass mvib. ∂µvib/∂qvib
gives the polarizability of this vibration. ∆N can be calculated from a rate
equation as they will be given in the next chapter but in non-saturated SRS
the population of the excited vibrational state can be neglected and ∆N = 1
can be assumed.

The nonlinear polarization follows from the solution of this equation by:

Pnl = Ntotal
∂µvib

∂qvib
qvibE (4.193)

with the total density Ntotal of vibrating particles per unit volume.
Assuming forward (fw) and backward (bw) scattering along the z axis the

electric field resulting from Stokes scattering of the SRS can be written as:

E = Einc ei(2πνinct−kincz)

+EStokes,fw ei(2πνStokest−kStokes,fwz)

+EStokes,bw ei(2πνStokest−kStokes,bwz) (4.194)

with all E vectors pointing in the direction of the incident field and the
resulting displacement follows from:

qvib =
1
2

{
qfw ei(2πνvibt−kvib,fwz) + qbw ei(2πνvibt−kvib,bwz) + c.c.

}
. (4.195)

Using this ansatz the differential equations of the electric fields of the
incident light Einc the forward scattered light Efw and the backward scattered
light Ebw of the Stokes wave can be written as:
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ninc
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with the refractive indices ninc and nStokes for the incident pump and the
Stokes waves. The vibrational displacements for the Stokes Raman frequency
for the two propagation directions are:
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∂qbw
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1
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i
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∂q
EincE

∗
bw (4.200)

If heavily damped vibrations are found, as in most experiments, the tem-
poral derivatives of the displacements can be neglected:

∂qfw
∂t
� qfw

2τvib
and

∂qbw

∂t
� qbw

2τvib
. (4.201)

Introducing the intensities Im of the different light beams the equations be-
come:

SRS equations
nStokes

c0

∂Ifw
∂t

+
∂Ifw
∂z

= gStokesIfwIinc − aIfw
nStokes

c0

∂Ibw

∂t
+
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= gStokesIbwIinc − aIbw. (4.202)

The gain coefficient gSRS follows with the relation gStokes = gincνStokes/νinc
from:

gSRS = gStokes =
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hπν3
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(4.203)

with the assumption of equal refractive indices n ≈ nStokes ≈ ninc.
Thus the gain depends on two parameters: the cross-section and the vi-

brational lifetime or linewidth of the vibration. The cross-section σSRS can
be calculated from:

dσSRS

dΩ
=

2π2νStokesh

c40mνSRS

(
∂µvib

∂qvib

)2

(4.204)
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and the linewidth ∆νvib is related to the life time of the vibration τvib by:

∆νvib =
1

2πτvib
(4.205)

These intensity equations (4.202) are very similar to the SBS equations of
the previous section. Therefore the numerical solutions show the same gen-
eral results as the SBS calculations. The necessary SRS parameters are given
in Table 4.10 (p. 241) for some typical materials. Strongly stimulated Raman
scattering is reached in materials with large gains, meaning large dipole mo-
ments, and long lifetimes. Much stronger stimulated Raman scattering can be
observed if the frequency of the incident laser is tuned closely to an absorp-
tion transition of the material. This resonance Raman scattering is used in
many applications [see, for example, 4.567–4.569]. Saturation can be reached
for high intensities and thus the SRS intensity can be 1011 times larger than
spontaneous Raman scattering [4.553].

Anti-Stokes SRS can be calculated analogous to Stokes scattering with
analogous formulas. A more explicit discussion is given in [4.566].

In the case of stationary Stokes scattering with almost undepleted incident
light (Ifw � Iinc) and insignificant backward scattering (Ibw � Ifw) (4.202)
can be solved to give:

stationary small SRS Ifw(z) = Ifw(z = 0) e(gSRSIincz−az) (4.206)

which is again analogous to SBS. The intensity Ifw(z = 0) is given by the
spontaneous Raman scattering at the sample entrance at z = 0.

A most important application of SRS is frequency conversion. A number
of useful SRS materials (see, e.g. Table 3.8 (p. 166) and Sect. 6.15.3, p. 528)
can generate a wide range of new laser frequencies based on the emission
wavelengths of nontunable solid-state lasers and their harmonics. Efficiencies
of more than 25% were reported and commercial solutions are available (see
Sect. 6.15.3 and references there).

If the SRS cell is placed inside a suitable resonator the Stokes or anti-
Stokes signal gain may be sufficient for laser action at the wavelengths
νStokes = νinc − νvib or νanti-Stokes = νinc + νvib. Such Raman lasers may
be important light sources in certain cases for wavelengths which are other-
wise difficult to obtain (see Sect. 6.15.3, p. 528).

On the other hand SRS is used for spectroscopic investigations. Mate-
rial analysis is done qualitatively and quantitatively. The determination of
vibrational frequencies allows the analysis of intramolecular and intermolec-
ular forces. Using high-power laser light for exciting the samples via the
electronic transition, these Raman investigations can be carried out in the
excited state of the material too [see, for example, 4.570–4.573]. Thus the de-
tailed structure of these short-lived states can be investigated by measuring
the vibrational frequencies in the ps-range.

Another important application field may be based on surface-enhanced
Raman spectroscopy (SERS) [see, for example, 4.574–4.578]. Enhancement
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factors for the Raman signal of up to 1020 were reported for molecules on
cluster surfaces [4.576]. One reason for this incredible enhancement may be
the very large local electric field increase caused by the narrow confinement
at the cluster structure. This enables single molecule detection via Raman
spectroscopy with very high selectivity.

From measurements of the anti-Stokes lines the temperature distribution
of samples can be determined with this optical method, e.g. inside combustion
engines [e.g. 4.580, 4.589]. Three-dimensional analysis of the temperature
distribution is possible this way even with sub-ns temporal resolution. The
intensity of these lines can, to a good approximation be modeled via the
occupation densities Nm of the vibronic states m with frequencies νm which
are given by the Boltzmann distribution:

I(νm) ∝ e−hνm/kT (4.207)

4.5.13.2 Inverse Raman Spectroscopy (IRS)

Inverse Raman spectroscopy (IRS) is obtained if the depletion of a weak
probe light signal in the linear intensity range at the frequency of the SRS
pump transition is measured while a strong laser is tuned across the Stokes
frequency of the matter as schematically shown in Fig. 4.42 [M15].

νprobe νpump

T = f (νpump)νprobe

Fig. 4.42. Inverse Raman spectroscopy (IRS) with
measurement of the depletion of a weak probe signal
at the frequency of the SRS pump as a function of the
frequency of a strong and tunable laser at the Stokes
wavelength

4.5.13.3 Stimulated Raman Gain Spectroscopy (SRGS)

Another spectroscopic possibility is the measurement of the amplification
via the gain coefficient gprobe of a weak tunable probe signal with the light
frequency around the Raman Stokes signal while strong laser pumping with
a suitable frequency for this Stokes signal (see Fig. 4.43) [M15]. The probe
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νprobeνpump

gprobe = f (νprobe)

Fig. 4.43. Stimulated Raman gain spectroscopy
(SRGS) measuring the amplification for determining
the gain gprobe of a weak tunable probe signal around
the SRS Stokes frequency under strong pumping

beam can also be used as spectrally broad band radiation which often leads to
smaller errors in the spectral detection because the signal occurs as a narrow
peak in a broad background. This method is called stimulated Raman gain
spectroscopy (SRGS).

4.5.13.4 Coherent Anti-Stokes Raman Scattering (CARS)

The combination of simultaneous stimulated Stokes and anti-Stokes Raman
scattering leads to the interaction of four photons in the matter [4.593–4.623].
In coherent anti-Stokes Raman scattering (CARS) two strong laser beams
with frequencies νinc and νSRS,S are applied (see Fig. 4.44).

νinc νincνSRS,S νSRS,aS

νvib

E0+Evib

E0

E'

E''

Fig. 4.44. Coherent anti-Stokes Raman scattering (CARS) pumping with two laser
beams with frequencies νinc and νSRS,S, obtaining the anti-Stokes Raman light with
νSRS,aS. For strong signals phase matching has to be achieved
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The coherent scattering of these photons in CARS can be applied with
very short pulses because there is almost no time delay from the electronic
transitions and allows highly sensitive measurements if phase matching is
achieved. In addition a high spatial resolution in the µm range is possible
if the spatial overlap of the two pump beams is designed for this purpose.
CARS is a four-wave mixing (FWM) process which is described in general in
Sect. 5.9.2 (p. 335).

Phase matching is achieved if the momentum of the four attended photons
are conserved and thus the wave vectors of the incident laser light kinc and
of the Raman Stokes light kStokes and the anti-Stokes light k have to fulfill
the angle condition of Fig. 4.45.

kSRS,S

k inc

k inc

ϕCARS,inc

kSRS,aS

ϕCARS,probe

Fig. 4.45. Phase matching of the inci-
dent laser light and the generated Stokes
and anti-Stokes Raman light in CARS
experiments

Therefore the two incident laser beams have to be enclosed in the angle
ϕCARS,inc and the anti-Stokes Raman light beam can be observed at the angle
ϕCARS,probe to the laser beam propagation with kinc in the forward direction.

Thus CARS allows highly sensitive measurements of the anti-Stokes Ra-
man signal in a spatial direction with no background light. The two strong
pump lasers will populate the excited vibrational level and therefore highly
efficient anti-Stokes Raman scattering will occur.

The scattering intensity ICARS,aS is proportional to:

ICARS,aS ∝ I2
incISRS,SN

2
mat (4.208)

with the pump laser intensities Iinc of the incident and ISRS,S of the tuned
light and particle density Nmat. Even continuously operating (cw) lasers can
be used and then very high spectral resolution can be obtained because of
the possible narrow band width of these lasers.

The scattering efficiency can be increased by many orders of magnitude
if the pump laser photon energy matches the electronic transitions of the
material (resonant CARS) [e.g. 4.623]. In this case the virtual Raman levels of
the energy schemes above will be real energy states of the matter. Absorption
will take place and thus the interaction length L and/or concentration N are
limited by the maximum optical absorption of approximately σpumpNL < 1.
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4.5.13.5 BOX CARS

If the CARS scattering angles are too small for safe splitting of the different
signals the BOX CARS technique can be used [e.g. 4.624, 4.625]. The incident
laser beam is therefore split into two beams which are applied at the angle
ϕBOX CARS as shown in Fig. 4.46.

x

y

z

kSRS,S

k inc kinc

kSRS,aS

ϕBOX-CARS/2

ϕBOX-CARS/2

ϕSRS,S

ϕSRS,aS = ϕSRS,probe

Fig. 4.46. BOX CARS angle conditions for phase matching allowing good spatial
separation of the different signals

Assuming as in Fig. 4.46 the two pump laser beams with frequency νinc
are applied at the angle ϕBOX CARS symmetrically in the xz plane making the
angle ϕBOX CARS/2 each with the z axis the third laser beam with frequency
νSRS,S = νinc − νvib can be applied in the yz plane at the angle ϕSRS,S with
the z axis. The resulting angle ϕSRS,aS for detecting the newly generated
anti-Stokes Raman light with frequency νSRS,aS can be calculated from:

ϕSRS,aS = arccos
{

1
1 + (νvibλinc/c)

·
[
2 cos

(ϕBOX CARS

2

)
−

(
1 +

νvibλinc

c

)
cosϕSRS

]}
. (4.209)

All other angles can also be calculated from the known values of the k
vectors of the different photons given by their frequencies (k = 2πν/c). The
three beams with their different directions have to overlap in the sample.
Other geometrical arrangements as in Fig. 4.46 are possible. Therefore this
technique allows a wide range of different experimental setups for analytical
and spectroscopic investigations [M15].
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4.5.14 Optical Phase Conjugation
via Stimulated Scattering

The conjugation of the phase of an optical wave is equivalent to inversion
of the wave front of the light beam [4.626–4.629]. It allows the realization of
phase conjugating mirrors (PCM’s) which are, for example, used in lasers for
improving the beam quality, as described in Sects. 6.6.12 (p. 416) and 6.11.3
(p. 480) [4.630, 4.631]. Further examples can be found in [4.632–4.692]. If the
incident light beam is described by the electric field vector Einc:

incident light Einc(r, t) = Re{E0(r) ei2πνt} (4.210)

with the complex amplitude

E0(r) = A0(r) e−i(kr+ϕ) (4.211)

the phase conjugate is given by:

phase conjugate Ephconj(r, t) = Re{E∗0(r) ei2πνt} (4.212)

with the complex conjugated amplitude:

conjugated amplitude E∗0(r) = A0(r) e+i(kr+ϕ) (4.213)

where the sign of the spatial phase is changed. The conjugate can also be
written as:

Ephconj(r, t) = Re{E0(r) e−i2πνt} (4.214)

with the unchanged spatial amplitude:

E0(r) = A0(r) e−i(kr+ϕ) (4.215)

but there is a change of sign of the temporal phase. This corresponds formally
to a change in time direction indicating that the phase front is moving per-
fectly backwards. It does not indicate a time direction change for the pulse
shape or in general!

This phase conjugation can be achieved with nonlinear back-reflection of
the beam via stimulated scattering, e.g. via stimulated Brillouin scattering
(SBS) as described in Sect. 5.9.2 (p. 335) or via four-wave mixing (FWM)
(see e.g. [4.632–4.642]). Such a volume reflector is called a phase conjugating
mirror (PCM). Stimulated Brillouin scattering such as a self-pumped process
allows very easy realization of this process as can be seen in Fig. 4.47 (p. 251).

The scheme of this setup is given in Fig. 4.48 (p. 251). The second har-
monic light of a pulsed Nd:YAG laser beam which was used for being visible
with a duration of 20 ns and a pulse energy of 20 mJ was focused by the
curved entrance window of the glass cell into the liquid acetone. As can be
seen in the picture, this material is transparent for low light powers at this
wavelength in the green spectral region. In the focus the sound wave grating
of the SBS is established and reflects in this simple demonstration experiment
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Fig. 4.47. Optical phase conjugation of a frequency-doubled Nd:YAG laser beam
with a pulse duration of 20 ns and a pulse energy of 20mJ via SBS in a cell
filled with acetone. The beam was photographed in smoky air. The incident light
propagated from the left into the cell and is focused by the curved cell surface. The
phase conjugated light is reflected towards the observer by the beam splitter (Foto:
Menzel)

incident laser

532 nm, 10 ns

beam
splitter

hyper-sound
wave grating

SBS cell

phase conjugate

Fig. 4.48. Schematic of the setup of Fig. 4.47

about 50% of the incident light as a PCM. The reflected light observable be-
hind the beam splitter shows the same properties as the incident light beam
although the imperfect cell window introduces severe phase distortions.

Such a phase conjugating mirror shows unusual properties compared to
a conventional mirror (see Fig. 4.49, p. 252) with important applications in
photonics especially in laser technology.

Most obviously the light is perfectly back-reflected by the PCM inde-
pendent of the direction of the incident light beam. Thus not only is the z
component of the wave vector inverted but so are all components in the PCM
independent of their directions. More precisely the complete wave front is in-
verted in the PCM with the important consequence of possible compensation
of phase distortions in optical elements by applying the PCM as shown in
Fig. 4.50 (p. 253).
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Fig. 4.49. Reflectivity properties of a phase conjugating mirror (PCM) in compar-
ison to conventional mirrors

A third important property of the PCM is the treatment of the polariza-
tion of the light (see Fig. 4.51, p. 253).

In PCMs the linear polarization of light is unchanged and for many PCM
processes linear polarized light is most efficient. In complete phase conjugat-
ing mirrors the circular or elliptic polarization is conserved. Thus this type
is called vector phase conjugation. It can be achieved in four-wave mixing
(FWM) schemes, only. Phase conjugating mirrors based on stimulated scat-
tering, e.g. SBS, will not conserve the spin direction of circular or elliptic
polarization because the stimulation of the sound wave is an intensity effect
and therefore does not contain all effects of the electric field vectors. Thus
PCMs based on SBS will treat light polarization in the same way as conven-
tional mirrors. As a consequence double pass arrangements with SBS-PCM
can be very easily build with a polarizer and a Faraday rotator as shown
in Sect. 6.11.3 (p. 480). The incident and the phase conjugated beams can
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i   (r)e φ

laser rod

i   (r)e φ

wavefront: ( r ) = 2 ( r )φΦ

wavefront: Φ ( r ) = 0

PCM

laser rod conventional
mirror

Fig. 4.50. Schematic for compensation of phase distortions via a double pass ar-
rangement with an optical phase conjugating mirror (PCM). By strong thermal
lensing the laser rod may even be destroyed without using the phase conjugat-
ing mirror as sketched. In any case, phase distortions add up in the conventional
arrangement

Conventional mirror Phase conjugating mirror

polarisation after reflection

right left right right

not with SBS

Fig. 4.51. Polarization of a light beam after reflection in a phase conjugating mirror
(PCM) in comparison to a conventional mirror. With SBS the polarization is treated
conventionally but with vector phase conjugation the polarization is conserved as
shown

thus be separated by their different polarizations whereas their beam shape
is almost exactly the same.

The phase conjugating mirror based on the stimulated Brillouin scattering
can be applied for almost perfect compensation of the phase distortions as
they are caused by highly pumped solid state laser rods using a double pass
arrangement as shown in Fig. 4.52 (p. 254).

Compensation of the phase distortions takes place if the disturber does
not change during the round trip of the light via the PCM which is usually
fulfilled if thermal processes are involved.



254 4. Nonlinear Interactions of Light and Matter Without Absorption

polarizer SBS-
PCM

Faraday
rotator

compensated
output

distorting
element

incident
light

wave
front

polarization

Fig. 4.52. Schematic for compensation of phase distortions of an optical “dis-
torting” element such as, e.g., a laser rod (see Fig. 4.50, p. 253) by a double pass
arrangement using a Faraday rotator for out-coupling the light using a SBS-PCM

Thus PCMs based on stimulated scattering cannot compensate for distor-
tions of polarization and amplitude in the disturbing element! For compen-
sation of depolarization the more complicated scheme of Basov [4.632] can
be used as shown in Fig. 4.53.

amplifier

SBSpol.

90°

Fig. 4.53. Double pass amplifier schematic with phase conjugating SBS-mirror and
compensation for depolarization in the amplifier material

Unfortunately this scheme demands quite a long distance between the
amplifier and the SBS cell for the polarizer and the other elements and thus
no short thermal lensing from the amplifier (see Sect. 6.4.1, p. 381) can be
compensated with this arrangement.

Why allows reflection via SBS optical phase conjugation? As described
in Sect. 4.5.9 (p. 224) the sound wave grating is stimulated by the intensity
inference pattern of the incident and the reflected light. Thus these intensity
maxima are higher the better the overlap of the wave fronts of the incident
and the reflected beams. Therefore the reflection will reach its highest values
if the wave front of the reflected light is identical to the wave front of the
incident light although the propagation direction is inverted. This is optical
phase conjugation.
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This effect can be described mathematically under the assumption of a
mode mixture for both the incident and reflected light:

Einc(r) =
∑
j

Cinc,j(z)A0,inc,j(r) (4.216)

Escatt(r) =
∑
j

Cscatt,j(z)A0,scatt,j(r) (4.217)

with the electric fields Einc and Escatt for the incident and back-scattered
light. The coefficients Cinc,j/scatt,j(z) determine the share of the jth mode
with the shape A0,inc,j/scatt,j . They describe a complete orthogonal system of
modes which are solutions of the wave equation:

∂A0,inc/scatt,j(r)
∂z

+
(
∂

∂x
+

∂

∂y

)
A0,inc/scatt,j(r) = 0 (4.218)

and∫ ∞
−∞

A0,inc/scatt,j(r)A∗0,inc/scatt,k(r) dxdy = δjk (4.219)

Substituting these electric fields in the SBS equations (4.144) and (4.145)
leads under stationary conditions to:∑

j

A0,inc,j
∂Cinc,j

∂z
= − gSBS

2τsound

·
∑
klm

C∗scatt,kA
∗
0,scatt,kC0,scatt,lA0,scatt,lCinc,mA0,inc,m (4.220)

and∑
j

A0,scatt,j
∂Cscatt,j

∂z
= − gSBS

2τsound

·
∑
klm

C∗inc,kA
∗
0,inc,kCinc,lA0,inc,lCscatt,mA0,scatt,m. (4.221)

Because of the orthonormality of the basis system modes this equations
can be simplified by multiplying each with the conjugate of one of these
modes (A∗0,inc,n and A∗0,scatt,n) and integrating over the whole space:

∂Cinc,n

∂z
= − gSBS

2τsound

∑
klm

C∗scatt,kCscatt,lCinc,m

·
∫ ∞
−∞

A∗0,scatt,kA0,scatt,lA0,inc,mA
∗
0,inc,n dxdy (4.222)

∂Cscatt,n

∂z
= − gSBS

2τsound

∑
klm

C∗inc,kCinc,lCscatt,m

·
∫ ∞
−∞

A∗0,inc,kA0,inc,lA0,scatt,mA
∗
0,scatt,n dxdy (4.223)
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As can be seen from these equations the build up of the reflected light by
scattering is a function of the overlap of the wave fronts of the incident and
scattered light. In cases with similar phase fronts:

similar phase fronts A0,scatt,l(r) ≈ A0,inc,m(r) (4.224)

reflectivity will be higher. If especially the incident light consists of one mode
A0 with A0,inc,0 = A0,scatt,0, only, the increase of the reflected light in the
backward (−z) direction follows from:

∂Cscatt,m(z)
∂z

= −|Cinc,0|2
∑
l

gSBS,nl(z)Cinc,l(z) (4.225)

with the stationary gain coefficient gSBS,nl:

gSBS,nl(z) = − gSBS

2τsound

·
∫ ∞
−∞
|A0,scatt,0(r)|2A0,scatt,n(r)A∗0,scatt,l(r) dxdy. (4.226)

The gain coefficient gSBS,00 for phase conjugate reflection is larger than all
others, e.g. by more than a factor of 2 [4.646]. Because of the highly nonlinear
increase of the reflected light this mode will be grow at the expense of all
other modes. Finally, it will be dominant. More theoretical modeling can be
found in [4.626–4.629, 4.643–4.648].

As mentioned in Sect. 4.5.9 (p. 224) the threshold of the nonlinear phase
conjugating mirror based on SBS can be reduced by using waveguide struc-
tures [4.472, 4.475, 4.481–4.484, 4.649–4.659]. Using long fibers for high re-
flectivities the coherence length of the applied light has to be large enough.
This can demand values in the km range [see, for example, 4.649, 4.660]. With
the taper concept (see Fig. 4.39 and [4.481]) it was possible to combine low
threshold with a short coherence length and a large dynamic range as well
as good fidelity.

The quality of phase conjugation is given by the fidelity F [4.425]:

fidelity F =

∣∣∫ E0,scatt(r)E0,inc(r) dxdy
∣∣2∫ |E0,scatt(r)|2 dxdy

∫ |E0,inc(r)|2 dxdy
. (4.227)

This correlation function F is 1 for perfect phase conjugation and 0 for
random scattering. Values above 95% are possible (see Fig. 4.55, p. 257). More
detailed discussion can be found in [4.626, 4.627, 4.425, 4.642, 4.644, 4.646,
4.661–4.671].

The fidelity of phase conjugation of Gaussian beams is measured fre-
quently with the “energy in the bucket” method [4.665] (see Fig. 4.54, p. 257).

The fidelity is then calculated from:

F = Ccalib,F
E3

E2
with Ccalib,F =

E1,calib

E3,calib
(4.228)
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Fig. 4.54. Fidelity measurement for phase conjugation of Gaussian beams with
“energy in the bucket”method (b). ED1–3 measures the energy of the incident E1,
the reflected E2 and the phase conjugated light E3. ED3 with pinhole has to be
calibrated with the incident beam without aberrator (a) by measuring E1,calib and
E3,calib to determine the factor Ccalib,F
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Fig. 4.55. Fidelity of phase conjugating mirror as shown in Fig. 4.39 (p. 233) as a
function of the energy Ein of the incident pulse. The transversal pulse profile shows
the deviations from Gaussian shape (a) after introducing phase distortions (b) and
after compensation (c)

with E1,calib and E3,calib measured with the arrangement of Fig. 4.54(a)
(p. 257). The fidelity can reach values larger than 90% over a wide range
of incident light pulse energies as shown in Fig. 4.55 (p. 257).
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This experimentally very easily determinable fidelity value can be slightly
larger than 1 if the beam diameter of the reflected light is smaller than that
of the incident beam. This can occur, e.g. at low powers close to threshold
in SBS resulting in very low reflectivities when mostly the middle part of
the beam is reflected because of the intensity dependent reflection across the
cross section of the beam.

Further applications of SBS-PCM’s are given in [4.672–4.692] in addition
to the examples in Sect. 4.5.9 (p. 224) and in Sects. 6.6.12 (p. 416) and 6.11.3
(p. 480).

4.6 Higher-Order Nonlinear Effects

Nonlinear effects of higher order than 2 or 3 are present in many high-power
laser experiments but are not dominant and are thus difficult to detect.
Explicitly reported are the generation of higher-order frequency harmonics
mainly in noble gases [4.693–4.743]. For technical applications the stepwise
frequency transformation based on second and third harmonic effects is usu-
ally more efficient. This is a consequence of the much larger nonlinear co-
efficients χ(2) and χ(3) compared to, e.g. χ(4), χ(5) and so on for known
materials. Further these materials have to be transparent over a wide spec-
tral range because absorption especially of the short wavelength harmonics
will decrease the efficiency. On the other hand the resonance effect working
with wavelengths close to matter absorption can increase the nonlinear ef-
fect drastically [e.g. 4.693]. Therefore a suitable compromise can enhance the
harmonic output.

The usually applied atom vapors for generation of higher frequencies do
not automatically give phase matching. Thus by tuned mixing of different
atoms with different refractive indices at the wavelength of the fundamental
and the high harmonics, phase matching can be achieved in isotropic mate-
rials, e.g. [4.695–4.694].

As an example the generation of the fifth harmonic in Ne vapor is de-
scribed, which in combination with the generation of twice the second har-
monic, finally results in the generation of the 20th harmonics of the original
Nd:YAG laser light [M42]. The process is depicted in Fig. 4.56.

Nd : YAG
ADP Ne ( 50 Torr)

x 2 x 5

1064 nm 532 nm 266 nm 53 nm

KDP

Laser x2 x5

Fig. 4.56. Generation of the fifth harmonic in Ne vapor by pumping with the
fourth harmonic of a Nd:YAG laser resulting in the 20th harmonic of the laser
radiation
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The efficiency in this experiment was less than 10−6 although it was per-
formed close to the resonance of Ne atomic absorption and thus the nonlinear
coefficient is distinctly enlarged.

Another example is the reported seventh harmonic generation of the radi-
ation of a Krypton fluoride excimer laser with a wavelength of 248 nm in He
vapor [4.258]. The resulting seventh harmonic shows a wavelength of 35.4 nm.

The generation of even higher harmonics for generating coherent light at
wavelengths below 20 nm was obtained using very high powers in the range
of TW and more with short pulses in the ps or fs range. The fourth-order
nonlinear processes are discussed in [4.701–4.704], the generation of the fifth-
harmonic in [4.705–4.712] and of the seventh-harmonic in [4.258, 4.713]. Much
higher harmonics are observed in [4.714–4.743]. For example, in [4.697] the
221th-harmonic as discrete harmonic peak of coherent light with a wavelength
of 3.6 nm was observed in He using a high-power Ti:sapphire laser pulse with
a width of 26 fs, an energy of 20 mJ, a wavelength of 800 nm and a focal spot
diameter of 100 µm resulting in an intensity of 6×1015 W cm−2. Ne or He gas
was used at 8 Torr. Coherent emission was observed up to the 297th harmonic
of the laser light corresponding to a wavelength of 2.7 nm. Further references
can be found in Sects. 6.13.5 (p. 520) and 6.15.1 (p. 525). Another technique
is based on a seeded free electron laser allowing the generation of laser light
with wavelengths in the nm or even sub-nm range [4.721].

XUV generation from laser-induced plasmas should be mentioned al-
though it is not a frequency conversion technique. The very intense light
excites atoms which emit light, e.g. in the spectral range of the “water win-
dow” between 2 and 4 nm which is important for applications (see Sect. 5.6).
These point sources are very useful for lithography and X-ray microscopy
(see Sect. 1.5 and Sect. 6.13.5 and the references there).

4.7 Materials for Nonresonant Nonlinear Interactions

Although many materials for applications of nonresonant nonlinear optical
effects in photonics are known [4.744–4.758, M43, M44] and to some extent
used in commercial devices there is still a need for better suitable materials
with higher nonlinear coefficients, higher damage threshold, lower costs and
higher reliability. This is especially true for wavelengths in the IR above
1.2 µm and for short wavelengths below 0.3 µm. Therefore new materials of
all kinds containing new nonlinear concepts can be expected in the next few
years; and information can be obtained from scientific publications, suppliers
and their catalogs.

4.7.1 Inorganic Crystals

Crystals are used for all kinds of frequency transformation technologies such
as harmonic generation, frequency mixing and electro-optical effects. They
may be classified into two groups:
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• grown from solution: These crystals are hygroscopic and in contrast to the
group below thermal shock sensitive, mostly fragile and comparatively
soft. But they are available in large sizes of good optical quality and are
mostly cheaper.

• grown from melt: These crystals are nonhygroscopic and thus much more
useful than those above.

Known materials are, e.g. KDP, KD*P, ADP, AD*P and LiNbO3. More
recently developed crystals are KTP, CDA, CD*A, RDA, RDP, BBO, BIBO,
LBO and BANANA. the parameters of these materials are available in
Sect. 4.4, 6.15 and in the references [e.g. M33, M43, 4.746, 4.747].

4.7.2 Organic Materials

Organic materials can show very high nonlinear coefficients, high damage
threshold and good transparency at short wavelengths [M6, M31, M43 and
references in Sect. 5.10.1, p. 344]. Because of the large variety of these com-
pounds an inestimable number of possibilities exist in principle. Molecules
with a large conjugated π-electron system from a large number of multiple
bonds will show a large inducable dipole moment from these delocalized elec-
trons. This can even be enhanced by donor (N-atoms) and acceptor (O-atoms)
groups.

Some of these organic molecules can be crystallized with sufficient optical
quality. Known examples of crystals without an inversion center are urea
[M33], DAN, MNA, MAP, COANP, PAN and MBANP.

The inversion symmetry can be broken by applying these materials at sur-
faces. SHG with high efficiencies was demonstrated this way. Liquid crystals
are especially applied in such setups.

Amorphous organic matter will find new applications in photonics as in
optical fibers, in optical switches and storage or in optical phase conjugation.
Many polymer materials have been proposed and are still used.

The main problem up to now is the long-term stability of these systems.
Limited photo-stability and possible chemical reactions restrict their applica-
tion. New compounds will hopefully not be so restricted in the future. Using
a well-designed resonance enhancement by tuning the absorption of these
compounds for the desired wavelengths will allow much higher nonlinearities
(see Sect. 5.10.1, p. 344).

4.7.3 Liquids

Organic liquids or solutions are applied in nonresonant photonic applications
for “white light” generation (see Sect. 7.7.5, p. 588), optical phase conju-
gation (see Sect. 4.5.9 (p. 224) and 4.5.14, p. 250) and Raman shifting (see
Sect. 4.5.13 (p. 240) and 6.15.3, p. 528) of the incident light. These are differ-
ent from the nonlinear absorbers and laser materials for dye lasers in resonant
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applications, as will be described in the next chapter, and in this case the
transparent matter operates again by its induced dipole moments, based on
the electron distribution in different electronic or vibrational states of the
organic molecules in a similar way as that just described above.

Useful materials are, e.g. CS2, CCl4, TiCl4, Freon, hexene, benzene, al-
cohol and almost all other solvents as described in Sect. 4.5.9 (p. 224). For
nonlinear applications with high light powers the chemically specified purity
is sometimes not sufficient. Small particles which are usually not specified
can disturb the nonlinear interaction and promote optical break down by
the resulting inhomogeneous high local field. Therefore lavish cleaning with
filters or “pump and freeze” procedures may be necessary before use [4.408].

4.7.4 Liquid Crystals

The geometrical orientation and order of molecular systems in liquid crystals
[M31, 4.750–4.758] can be applied in photonics for changing the polarization
of a transmitting light beam. This is achieved in liquid crystal displays (LCD)
of all kinds and projectors based on electro-optically switching the orientation
of the molecules by an external electric field. Other electro-optic devices such
as phase modulators were build based on liquid crystals.

However, the orientation of the molecules in the liquid crystal can be
changed via polarized pump light, too, and thus opto-optical switching be-
comes possible. Furthermore, liquid crystals can be used for frequency con-
version and four-wave mixing techniques (see Sect. 1.5 and 5.9).

4.7.5 Gases

Noble gases and gases of organic molecules are used in a way similar to liquids
for optical phase conjugation and Raman shifting. The mechanisms are the
same as described for liquids and references are given there. Gases show the
advantage of easy “self-repairing” if damage threshold is exceeded and, e.g.
optical breakdown occurred. Thus high-power applications are possible with
nonlinear processes in gases.

Typical applied nonlinear gases are SF6, N2, Xenon, CH4, C2F6, CO
and CO2 used at pressures of 10–100 bar. The damage threshold in gases is
mostly determined by impurities. It can be improved by at least one order of
magnitude by cleaning, e.g. with high electric fields [4.759].



5. Nonlinear Interactions of Light
and Matter with Absorption

As described in the introduction of Chap. 4, including Sects. 4.1 and 4.2.
nonlinear interactions of light with matter are of fundamental importance
for photonic applications. It may be worth with reading these three sections
before continuing.

All matter shows some absorption in almost all spectral regions as a con-
sequence of the Lorentzian line shape of the electronic transitions with indef-
inite wings. But if the absorption coefficient is smaller than about 10−6 cm−1

the share of the resonant nonlinear interaction can often be neglected. This
nonlinear nonresonant light-matter interaction is described in the previous
chapter.

But many photonic applications are based on resonant nonlinear interac-
tions such as, e.g. stimulated emission in lasers or passive Q-switching and
mode locking. Further applications such as optical switching and storage may
become important, based on nonlinear absorbing devices. In any case the res-
onance enhancement with very weak absorption may promote nonresonant
nonlinear effects by strongly increased nonlinear coefficients.

Therefore detailed knowledge about nonlinear absorption, which is also
known as nonlinear transmission and transient absorption effects, and their
experimental and theoretical evaluation is essential for successful operation of
nonlinear photonic devices in both resonant and nonresonant cases. Nonlinear
absorption has, up to now, been much less investigated and thus is much
less well known and so are the details and the experimental and theoretical
methods. Therefore in addition to the general description in this chapter a
more detailed explanation of nonlinear spectroscopy is given in Chap. 7.

Although the resonant nonlinear interaction is always accompanied by
nonresonant effects (as vice versa) under conditions of strong absorption the
nonresonant part may be neglected. Therefore in this chapter the resonant
interaction of light with matter will be described first and combined inter-
actions at the end. For further reading the books [M2, M4, M6, M10, M11,
M14–M16, M19, M21, M30, M31, M37, M39–M41, M45–M48, M52–M56,
M58–M65] can be recommended.
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5.1 General Remarks

In general the nonlinear interaction can be described by the formulas given
in Sect. 4.3 based on the nonlinear polarization of matter as a function of the
electric field strength if all values are used as complex values. The imaginary
part of the χ-tensor and the resulting imaginary part of the refractive index
n will contribute to the absorption. This method may be useful in cases of
small absorption with little structure as a function of the light frequency in
the required spectral range.

But if nonlinear absorption effects are dominant other descriptions may
be used. They should consider the detailed structure of the energy levels of
the matter, their transition moments and the relaxation times between them.
Again it is worth distinguishing between coherent and incoherent interactions
(see Fig. 5.1).

Nonlinear interaction 
light with matter

Nonresonant
(transparent matter)

Resonant
(absorbing matter)

bleaching
transient 
absorptions
nonlinear 
absorption
hole 
burning

induced 
gratings

photon 
echoes
π pulses

self-focusing

self-phase 
modulation

phase gratings
frequency 
conversion
solitons
SBS, SRS, ...
phase 
conjugation

coherent lightincoherent light

incoherent
with matter

coherent
with matter

coherent lightincoherent light

Fig. 5.1. Scheme of nonlinear interactions of light with matter which may be
transparent or not at the required wavelengths

Nonlinear interactions in absorbing matter can show two levels of coher-
ence: First, the used light fields can be coherent and thus they can produce
nonlinear absorption gratings. Second, the induced dipole moment in the mat-
ter can oscillate in phase with the applied electric field. Quantum effects such
as the generation of π-pulses and photon echoes can occur. Precondition for
this complete coherent interaction is an internal phase coherence time of the
matter, T2, longer than the relevant experimental time, e.g. the pulse width.
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The mathematical description of the interaction without absorption can
be based on Maxwell’s equations as long as the number of photons is not
too small and quantum effects have to be taken into account. As described
in the previous chapter, intensity equations are sufficient if the interaction is
incoherent. Coherent interaction demands the analysis of the light phases in
detail.

However, the complete mathematical description of the nonlinear interac-
tion with absorption is very complicated because the nonlinear Schroedinger
equation has to be solved for a larger number of involved subsystems in
three space dimensions and as a function of time, wavelength, polarization
and phase of the applied strong light fields. Thus further approximations are
necessary to be get at least numerical results for the desired problems.

In case of incoherent light the non-diagonal elements of the density matrix
can be set to zero and the solution can be based on a system of rate equations
containing space, time, frequency and polarization in a phenomenological
manner but considering the quantum structure of the involved matter.

These equations can be extended for considering coherent light effects such
as, e.g., induced gratings if the matter reacts incoherently as a consequence
of fast coherence decay time T2.

The resonant coherent light-matter interaction can be described with den-
sity matrices. However, usually this is only possible if not too many optical
transitions of the matter are involved. In most cases only one transition can
be considered.

In all cases it is widely assumed that the interaction does not change the
energy eigenstates of the matter and thus the energy levels and the resonance
frequencies can be computed separately. Some methods of quantum chemistry
for computing these will be described in Chap. 7.

5.2 Homogeneous and Inhomogeneous Broadening

In many cases matter absorption shows broad bands over a few nm up to few
100 nm. In particular mixtures of organic molecules such as, e.g. those used
in dye lasers or for Q-switching and mode locking may have broad absorption
bands [M6]. These bands which are easily observable with conventional UV-
Vis spectrometers as the sum spectra of all participating particles in the
matter.

Therefore the sum spectra may be or may be not different from the spec-
trum of the single particle. For a single particle the absorption lines may be
shifted or broadened by:

• particle–environment interactions;
• particle–particle interactions;
• combined transitions;
• Doppler shifts.
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Fig. 5.2. Spectra of homogeneously broadened particle ensemble. Each particle
shows the same absorption and the sum spectrum has the same shape as the single
spectra

The following mechanisms may cause additional broadening of the ob-
served optical absorption and emission bands of crystals or of molecular sys-
tems:

• combinations of electronic transitions;
• combinations of electronic transitions with a large number of possible

simultaneous vibrational transitions;
• combinations of electronic transitions with conformational transitions of

the molecules;
• participation of rotational transitions;
• molecule–solvent (intermolecular) interaction;
• molecule–molecule interactions (aggregation);
• slightly different conformations or chemical structure of the particle.

The resulting sum spectrum of the sample will show broad spectra. In
contrast to conventional optical experiments under steady-state conditions
with low intensities in nonlinear optics the broadening mechanisms of the
absorption and emission bands can be very important.

In particular we have to be able to distinguish whether these bands are
spectrally homogeneously or inhomogeneously broadened with respect to the
conditions of the application or the experiment.

Homogeneously broadened absorption or emission bands change their am-
plitude but not their structure during excitation. Inhomogeneously broad-
ened bands can change structure and amplitude under excitation.

In the case of homogeneously broadened absorption or emission bands
each particle such as, e.g. the molecules shows the same absorption spectrum
and therefore the sum spectrum of the sample has the same shape as the
spectra of the single particles as shown in Fig. 5.2.
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Fig. 5.3. Spectra of inhomogeneously broadened molecular ensemble: Each
molecule shows a different absorption spectrum which is, e.g. shifted by environ-
mental influences and the sum spectrum is broader than each of the single spectra

Inhomogeneously broadened absorption or emission bands can be caused
by slightly different particle states, e.g. in slightly different environments or
in different vibrational states, and then the matter is called spectrally inho-
mogeneously broadened. If the particles are inhomogeneously broadened as
shown in Fig. 5.3 each particle shows a shifted absorption spectrum. This
can be produced, e.g. by particle–environment interactions with slightly dif-
ferent arrangements of the environment around the sample particle. It can
also be caused, e.g. by molecules in slightly different conformational or vi-
brational states. As a result the sum spectrum of the sample is broader than
the spectrum of the single particle.

It is important to notice that between the different species of particles in
the sample exchange processes take place. They cause spectral shifts of the
absorption spectrum of the particle. The characteristic time is called

spectral cross relaxation time T3 (5.1)

or sometimes in molecular systems it is called the internal vibrational re-
laxation (IVR) time TIVR if the spectral cross relaxation is assumed to be
caused be coupling of the electronic transition with vibrational transitions of
the molecule. Thus in time-averaged measurements inhomogeneously broad-
ening will often not be observable.

Inhomogeneous broadening of absorption or emission bands is a function
of the time scale. It occurs for characteristic experimental times shorter
than the spectral cross-relaxation time, only.

The spectral cross-relaxation times are usually in the order of sub ps and
some times longer. (For more details see Sect. 5.4.1 (p. 300) and the references
therein.) In this case the inhomogeneous broadening can not be observed in
conventional spectroscopy.

However, it may be very important in nonlinear optical experiments if the
characteristic time scale is short. Spectroscopic experiments, laser action, op-
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tical switching and nonlinear parameter determination may depend crucially
on the inhomogeneous or homogeneous broadening of the material and the
characteristic times of the investigation.

As will be shown in Chap. 7 the characteristic time scale is not always
given by the pulse duration. It can sometimes be determined by the inverse
of the characteristic pump rate of the nonlinear experiment (σI). This in-
verse pump rate can easily be in the range of sub-ps even in experiments
with ns-laser pulses. Experimental techniques to investigate the homogeneous
or inhomogeneous broadening of absorption bands are fractional bleaching
(see Sect. 7.8.1, p. 602), nonlinear polarization spectroscopy (see Sect. 7.8.4,
p. 611) and spectral hole burning (see Sect. 5.3.5 (p. 275) and 7.8.2, p. 605)
[5.1–5.10].

5.3 Incoherent Interaction

In the case of an incoherent resonant interaction the nonlinear behavior can
be described by the change of the absorption coefficient a as a function of the
incident intensity of the light beam, similar to that given in Chap. 4, (4.2):

nonlinear absorption a = f{I} = f{I(r, λ, t, ϕ)} (5.2)

In simple cases such as, e.g. under stationary conditions and for optically
thin samples these absorption coefficients can be given analytically as rational
polynomials of the intensity. But only in the simplest cases can the intensity
equation also be solved analytically.

The nonlinear incoherent absorption results from the change in population
of absorbing or emitting energy states of the matter. Thus the absorption
coefficient a for a given light beam may be written as:

a =
∑
m

±σm(λ, ϕ, r)Nm(I, r, t) (5.3)

where σm is the cross-section of the mth eigenstate (or energy level) of the
matter and Nm is its population density. All possible absorption (+ sign) and
emission (− sign) transitions have to be summed.

In the most trivial approach the nonlinear absorption coefficient can be
written as the first term of the series:

0th approach a(I) = a0

{
1− I

Inl

}
(5.4)

with the

nonlinear intensity Inl =
hν

2στ
and a0 = σNtotal and

I--nl =
Inl

hν
=

1
2στ

(5.5)

where σ is the cross-section of the active transition, τ the recovery time of the
absorption of this transition, ν its frequency and Ntotal the population density
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of the absorbing state without excitation. The intensity I--nl is measured as the
photon flux density in photons cm−2 s−1. In the case of a two-level scheme this
approximation (5.4 and 5.5) is useful for intensities small compared to Inl but
in more complicated cases it may fail completely. Therefore the structure of
the nonlinear absorption should be analyzed in detail as described in Chap. 7
especially in Sects. 7.4.2 (p. 566) to avoid fundamental errors in discussing
the experimental results.

The nonlinear absorption can easily be measured if the necessary exci-
tation intensities are available. As will be shown in detail in the following
chapters as a rough estimate the intensity for nonlinear effects should pos-
sibly be as large as Inl. For typical cross-sections of 10−16–10−20 cm2 and
recovery times of ns–µs for molecular or atomic systems the resulting non-
linear intensities are in the range of 1022–1027 photons cm−2 s−1 or kW cm−2

to GW cm−2 which can easily be realized with pulsed lasers. The following
effects can be obtained:

• bleaching;
• general nonlinear transmission including darkening;
• transient absorptions – excited state absorptions (ESA);
• stimulated emission – superradiance – laser action;
• spectral hole burning.

Although nonlinear absorption or transmission can be determined with
high accuracy the evaluation of the experimental results for obtaining ma-
terial parameters such as the transition moments or cross-sections and the
decay times of all participating matter states can be very difficult. Firstly, it
can be difficult to determine which states are involved in the experiment and,
secondly, the population densities Nm of these states can be very difficult to
work out. Sometimes the calculation with numerical models can be helpful.
Simple rate equations can be sufficient (see next chapter) but for safe results
some experimental strategy has to be used. Details are described in Chap. 7
in Sects. 7.4.2 (p. 566) and 7.9 (p. 616). A brief description of the observable
effects now follows.

5.3.1 Bleaching

Optical bleaching of matter is observable in simple one-beam experiments
measuring the transmission of the sample as a function of the incident inten-
sity as shown in Fig. 5.4 (p. 269).

sample
(temperature
concentration)

Iinc (λ,∆τ,ϕ) Iout (λ,∆τ,ϕ)

Fig. 5.4. Schematic of bleaching experiment with one beam
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In room temperature experiments with not too short pulse durations
mostly homogeneous bleaching will be observed and no spectral hole burn-
ing will occur. The transmission of the sample can be determined from the
intensities of the transmitted beam Iout and the incident beam Iinc as:

transmission T =
Iout(tm)
Iinc(tm)

(5.6)

The conventional transmission as described in this expression (5.6) mea-
suring both intensities at the same time is commonly used in nonlinear
experiments as long as the pulse length is not too short. It is especially
useful if steady-state conditions are realized. In experiments with ps or fs
pulses the temporal pulse shape cannot be measured electronically and thus
time-integrated intensities which are the pulse energies are then used (see
Sect. 7.4.1, p. 564). In any case the calculated transmission obtained from
modeling the experiments has to use the same definition as that used in the
experimental value.

A typical bleaching curve is shown in Fig. 5.5. At low intensities the
transmission is constant, as expected, and then the transmission increases in
this two-level model up to 1. The parameters are used as given in the figure
caption for the two-level scheme.

The shape of this curve is fixed for a stationary interaction with a two
level system and only horizontal shifts can be obtained proportional to the
change of the material parameters as discussed in Fig. 5.15 (p. 282).

The bleaching effect is used, e.g. for passive Q switching of lasers or for
passive mode locking [e.g. 5.11–5.14 and references of Sects. 6.10.2 (p. 454)
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Fig. 5.5. Calculated bleaching curve of a two level system as a function of the
incident intensity. The material has a cross-section of 10−16 cm2, a concentration of
4.61 · 1017 cm−3, a absorption recovery time of 10 ns and a thickness of 1mm. The
excitation pulse length of the laser was 10 ns
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and 6.10.3, p. 460]. The bleaching is often more complicated and will be dis-
cussed in Sects. 5.3.3 (p. 272), 5.3.5 (p. 275), 5.3.6 (p. 277) and 5.3.7 (p. 294)
in more detail.

5.3.2 Transient Absorption: Excited State Absorption (ESA)

A large variety of nonlinear absorption effects can be obtained in pump–probe
experiments with at least two beams (see Fig. 5.6).

Iinc (λ,∆τ,ϕ) Iout (λ,∆τ,ϕ)sample
(temperature,
concentration)

I exc
(λexc,∆

τexc,ϕ
exc)

Fig. 5.6. Pump and probe technique for observing transient absorption (ESA spec-
troscopy)

The nonlinear effect is produced by a strong pump beam which populates
excited states in the sample. This alteration of the sample has a large variety
of new properties generated by the exciting light. The choice of the pump light
parameters allows the appropriate population of all kinds of special material
states with different new absorption characteristics, with life times from a few
fs to hours, and so on. A more detailed discussion will be given in Chap. 7.

Most prominently the population of excited electronic states can be
achieved [5.15–5.39 and references of Sect. 7.7]. Thus the new absorption
bands of these states can be measured in excited state absorption (ESA) spec-
troscopy. As an example the absorption bands of the first excited singlet and
triplet states of a liquid crystal named T15 [5.23] are shown in Fig. 5.7 (p. 272)
as a function of the time delay between the pump pulse and the probe pulse.

The longest wavelength absorption of this material has a maximum at
296 nm and almost no absorption above 340 nm. The FWHM width of this
Gaussian-shaped band is 47 nm. For measuring these transient absorption
bands the sample, which is transparent in the visible spectral range, was
excited at 308 nm with an intensity of 6.5 MW cm−2 which corresponds to
5 · 1024 photons cm−2 s−1. The excitation pulse was 28 ns long (FWHM) and
linearly polarized.

The spectra show a fast decaying part centered above 550 nm. This new
absorption band can be assigned to the induced absorption from the first
excited singlet state which has a decay time of 1 ns as shown in Fig. 5.23
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Fig. 5.7. Excited state absorption (ESA) of the singlet and triplet bands of a
solution of 4’-n-pentyl-4-cyanoterphenyl (T15) in cyclohexane with a concentration
of 0.09mmol l−1 in the visible range at room temperature

(p. 291). The short wavelength absorption around 500 nm shows a lifetime of
340 ns and is associated with the absorption of the first excited triplet state
of the molecule (see Fig. 5.24, p. 291). Both absorptions lead to high lying
electronic states of the molecule.

The free choice of the parameters of both the pump light and the probe
light allows a large range of spectroscopic techniques such as, e.g. fractional
bleaching or spectral hole burning (see Chap. 7).

The exciting light can be built from two or more different light beams for
multiple excitation of the sample. But in any case the probe light intensity
has to be small enough not to disturb the sample itself. Values have to be
checked in detail by investigating the nonlinear behavior of the sample (see
Sect. 7.1.7, p. 548). In many cases a value of less than 1019 photons cm−2 s−1

may be the upper limit.

5.3.3 Nonlinear Transmission

The nonlinear transmission of absorption bands especially of organic mate-
rials can be much more complicated than the described bleaching [e.g. 5.40–
5.69]. In many cases an excited state absorption (ESA) occurs in the same
wavelength range as the ground state absorption (GSA) with sometimes an
even stronger cross-section than the GSA. The combination of bleaching and
new transient absorptions can lead to quite complicated functions of the
transmission as a function of the incident intensity in the nonlinear range.
Besides variations in the slope of the bleaching curve the new nonlinear acti-
vated absorption can even cause darkening of the sample as shown in Fig. 5.8
(p. 273). But the same sample shows different behavior with a 20 nm longer
excitation wavelength as shown in Fig. 5.9 (p. 273).
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Fig. 5.8. Nonlinear transmission of the extracted antenna LH2 complex from the
photosynthetic apparatus of a bacterium as a function of the excitation intensity
at 838 nm after [5.60] measured with a pulse duration of 400 ps in a 1mm cell.
The solid line is the modeling of the experimental data including an excited state
absorption and other processes
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Fig. 5.9. Nonlinear transmission of the extracted antenna LH2 complex from the
photosynthetic apparatus of a bacterium as a function of the excitation intensity
as in Fig. 5.8 but at 858 nm after [5.60] measured with a pulse duration of 400 ps in
a 1mm cell as in Fig. 5.8. The solid line is the modeling of the experimental data
including an excited state absorption and other processes



274 5. Nonlinear Interactions of Light and Matter with Absorption

Therefore all kinds of transmission graphs as functions of the intensity
with maxima, minima and plateau are possible as the examples in Sect. 5.3.6
(p. 277) and 5.3.7 (p. 294) illustrate. The evaluation of the nonlinear trans-
mission curve allows the identification of excited state absorption as will be
discussed in Chap. 7 in detail. Very often at least one transient absorption is
present in the wavelength range of the investigated ground state absorption
band and the use of a two-level scheme for modeling the experimental results
is than not sufficient. Thus the detailed investigation of new samples with
simple nonlinear transmission measurements can yield remarkable knowledge
about the involved energy states, their parameters and finally about the non-
linear behavior of the material. The darkening of the samples can be used for
optical limiting devices [5.50–5.68].

5.3.4 Stimulated Emission: Superradiance: Laser Action

Using strong laser excitation the excited states of the matter are populated
and inversion can be easily realized. In laser investigations this is expected
and will be observed (see Sect. 6.2). In other photonic applications or in
nonlinear spectroscopy stimulated emission will not always be in the focus of
the experiment and can even disturb the evaluation or cause serious mistakes
if not noticed.

Unexpected stimulated emission such as superradiance [5.70–5.72] or laser
action will change the properties of the nonlinear interaction drastically. Wide
fluorescence bands will narrow to the laser line, the lifetime of the excited
state can be reduced by many orders of magnitude and polarization conditions
will be changed. Reabsorption of the emitted light may increase the confusion
even more. On the other hand these effects can be taken advantage of, e.g.
for designing special light sources or for speeding the recovery of absorption
after bleaching.

The observation of stimulated emission is not always easy. The transition
from fluorescence to superradiance happens in practice almost continuously
(see Fig. 5.10 (p. 275)).

If the cell windows act as resonator mirrors the laser spot can be some-
where in the optical setup and may be difficult to find, especially if invisible
light is produced. Therefore stimulated emission require special attention in
nonlinear resonant interaction measurements.



5.3 Incoherent Interaction 275

500 550 600 650 700
0

2

4

6

8

10

12

14

Wavelength (nm)

In
te

n
si

ty
 (

a.
u

.)

Rh6G fluorescence
λexc = 308 nm
Rh6G/EtOH 2.2 mM/l

I4

I3

I2

I1

Fig. 5.10. Fluorescence and superradiance of rhodamine 6G in high concentration
occurring while increasing the excitation intensity (I1 < I2 < I3 < I4). The spectral
narrowing is accompanied by a shortening of the absorption recovery time. (The
short wavelength emission is reabsorbed.)

5.3.5 Spectral Hole Burning

If the optical transition of the matter is inhomogeneously broadened the
change of the transmission will be different for the wavelength of the exciting
beam and in the spectral neighborhood [5.73–5.126]. The change in the sum
spectra will show stronger bleaching at the spectral position of excitation as
shown in Fig. 5.11.
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Fig. 5.11. Spectral hole burning in bleaching experiment of inhomogeneously
broadened absorption band
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As a consequence of the spectral diffusion processes [5.127–5.143] the other
parts of the absorption band will also be bleached, but the bleaching will be
weaker than at the excitation wavelength. The spectral cross-relaxation time
determines the hole life time.

Finally the relation of bleaching at the excitation wavelength and in the
spectral surroundings of it will depend on the relation of the spectral diffusion
or spectral cross-relaxation time T3 on one hand and the energy relaxation
time T1 on the other (see Fig. 5.12). It may also depend on the excitation
intensity.
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Fig. 5.12. Influence of the relation of T1 and T3 for the bleaching of the absorption
band in spectral hole burning experiments

If the spectral cross-relaxation is much slower than the energy relaxation
T3 � T1 maximum hole burning will be observed and thus the bleaching at
the excitation wavelength will be a maximum and the rest of the absorption
band will be unchanged. If the spectral cross-relaxation is much faster than
the energy relaxation T3 � T1 almost no hole burning can be obtained, even
using high intensities in the nonlinear experiments.

The homogeneous linewidth determines the minimum hole width. At low
temperatures of a few Kelvin the hole width for molecular systems is of the
order of a few ten GHz [5.73] or below. At room temperature the same systems
show a homogeneous linewidth of several nm [5.100].

The mechanisms of spectral hole burning are at least as diverse as the
reasons for inhomogeneous broadening. Finally, chemical and photo-physical
hole burning can be distinguished with drastically different hole life times.

Spectral hole burning may find photonic applications in communications
such as in spectrally coded switching and storage. In principle the limited
spatial resolution of light techniques determined by the wavelength can be
compensated by the additional spectral coding (see references of Sect. 1.5).
Theoretically, factors of 104–106 seem to be possible. As a consequence of the
short reaction times of optical systems very high processing speeds seem to
be possible. But there are still a large number of physical and technological
problems that have to be solved before possible applications appear.
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5.3.6 Description with Rate Equations

The nonlinear interaction of a light beam with matter can be well described
with rate equations if coherence effects between the oscillations of the electric
field of the applied light and the induced dipole moments in the matter are
not constant over the interaction time and thus are not important. This is
usually fulfilled if the phase relaxation time T2 (Sect. 5.4.1, p. 300) is much
shorter than the incident pulse duration, the inverse pump rate 1/(σI--) and
the decay times τ . Mathematically all nondiagonal elements of the density
matrix (see Sect. 5.4.1, p. 300) are neglected and the nonlinear interaction
is described with population densities Nm of the matter states and with the
intensities I-- of the light fields. More details are given in [5.144–5.147].

5.3.6.1 Basic Equations

Between the two energy states or energy levels l and m of matter (see
Fig. 5.13) only three types of transitions are recognized.

1 32

σl,mI σm,lI km,l

|m>

|l>

Fig. 5.13. Two levels or energy states as
part of a possibly complicated level scheme
of matter with two stimulated transitions,
absorption (1) and stimulated emission (2),
and one spontaneous transition (3) which
can be radiationless or spontaneous emission
or the sum effect of both

In an easily understandable way each single transition of one particle will
decrease the population density of the initial state by 1 and also increase the
final state by 1:

(1) absorption from l to m (Nl → Nm):
∂Nl
∂t

= −σl,mI--Nl and
∂Nm
∂t

= +σl,mI--Nl (5.7)

(2) stimulated emission from m to l (Nl → Nm):
∂Nl
∂t

= +σm,lI--Nm and
∂Nm
∂t

= −σm,lI--Nm (5.8)

(3) spontaneous relaxation from m to l (Nl → Nm):
∂Nl
∂t

= +km,lNm and
∂Nm
∂t

= −km,lNm (5.9)

with cross-sections σl,m and σm,l, the intensity (photon flux density) I--
and decay rates km,l which are the inverse of the decay times τm,l:

km,l =
1
τm,l

. (5.10)
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The decay rates of different channels between the same states, e.g. spon-
taneous emission and radiationless decay, can simply be added to the
total decay rate:

ktotal
m,l = kspont.emission

m,l + kradiationless
m,l + · · · (5.11)

meaning that the inverse of the decay times have to be summed.

All these parameters are functions of the wavelength and possibly of the
polarization of the applied light. The transversal structure of the light beams
is usually neglected.

Using these three basic processes and their mathematical description
almost any level scheme can be modeled by combining such energy level
pairs via radiationless transitions. Some examples will be given below. More
complicated incoherent interactions such as, e.g. exciton formation can be
adapted to this formalism [5.144].

The sum Ntotal over all population densities in all states has to be con-
stant:

particle conservation Ntotal =
∑
l

Nl = const. (5.12)

The influence of the nonlinear interaction on the photon field can be
described in the rate equation approximation under the assumption of a light
beam propagating in the z direction with a photon transport equation for
the intensity or, better, photon flux intensity I-- as a function of time t and
coordinate z:

(4) photon transport equation (Nl → Nm):(
∂

∂z
+

1
c

∂

∂t

)
I--(x, y, z, t)

= (−σl,mNl(x, y, z, t) + σm,lNm(x, y, z, t)) I--(x, y, z, t) (5.13)

which can usually be approximated with the assumption σl,m = σm,l
which is the Einstein relation for a perfect two-level scheme; and by
postulating a flat-top transverse intensity profile at the sample (e.g. by
using an aperture in a small distance) to give:(

∂

∂z
+

1
c

∂

∂t

)
I--(z, t) = σl,m (−Nl(z, t) +Nm(z, t)) I--(z, t). (5.14)

This equation considers the stimulated emission which occurs between
these two states at exactly the same wavelength as that of the incident
light. If stimulated emission occurs at a different transition a second
photon transport equation for this intensity at the other wavelength is
required (see below).
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The meaning of the equations of the processes (1)–(4) becomes very clear
if the single-particle transition is related to the absorption or stimulated
emission of one photon. Therefore useful units for I-- and Nj are:

[I--] =
photons

cm2s
=

[P ]
[hν] cm2 and [Nl] =

particles
cm3 (5.15)

With these modules any level scheme and the interaction with laser beams
can be composed. Thus the nonlinear laser behavior can be calculated just
as the passive Q-switching or mode-locking as described in Chap. 6. In the
case of organic matter very often at least the lowest excited singlet and triplet
levels and the intersystem crossing rate have to be included. But in some cases
level schemes with several radiatiative transitions at the same wavelength
may be necessary for modeling experiments with high intensities [e.g. 5.46,
5.60].

The solution of this system of partial differential rate equations is analyt-
ically possible only in the simplest cases. At least stationary conditions are
necessary. The numerical solution is also not trivial, because the coefficients
can vary over more than six orders of magnitude. Runge–Kutta procedures
will need tremendous computing times. Some useful strategies for solving
these stiff equations are given below.

5.3.6.2 Stationary Solutions of Rate Equations

Stationary conditions with respect to the matter are fulfilled if during the
nonlinear interaction all decay times of all involved states of the material are
sufficiently shorter than the fastest relative changes of intensity:

stationary interaction
1
I--
∂I--
∂t
�

{
1
τl,m

}
min

= {kl,m}min (5.16)

which in most cases means an incident laser pulse length ∆tpulse � τl,m for
all relevant decay times τl,m of the experiment.

Therefore, e.g. in experiments with ns pulses organic matter can show
stationary nonlinear interaction only as long as triplet states are not involved.
Experiments with ps or fs pulses will be almost always nonstationary.

If stationary matter conditions are fulfilled the system of differential equa-
tions for the population densities can be simplified by:

stationary approximation 1
∂Nl
∂t

!= 0 (5.17)

to a simple algebraic linear system with as many equations as unknown popu-
lations densities. This can be solved analytically by using analytical computer
programs such as MathCad or Mathematica.

A further important approximation is possible if the optical path length
L in the matter is small compared to the pulse modulations:

stationary length condition
1
L
� 1

cI--
∂I--
∂t

(5.18)
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or

c∆tpulse � L (5.19)

with c the speed of light in the matter. This condition means that the intensity
is approximately the same over the whole sample at one time. This allows
the approximation:

stationary approximation 2
1
c

∂I--
∂t

!= 0 (5.20)

This approximation is not essential in the description of nonlinear ex-
periments as long as the light beams propagate through the sample in one
direction. Then a simple transformation of the time t to a new time θmov of
an observer moving with the speed of light can be used:

θmov = t− z

c
. (5.21)

In both cases the temporal derivative in the intensity equation can be
neglected. The transformation is not useful if experiments with counter-
propagating beams such as, e.g. in resonators, are to be modeled.

Based on these assumptions the analytical solution of the rate equations of
a two-level scheme is completely possible, and in more complicated schemes
at least sometimes the system of the population density equations can be
solved analytically.

5.3.6.3 Stationary Two-Level Model

The stationary two-level scheme shows nonlinear bleaching as a consequence
of the increasing population of the first excited state with increasing intensity
as soon as the pump rate σ12I--inc becomes comparable to 1/τ21. The model
is depicted in Fig. 5.14.

σ1,2 = σ = σ2,1 τ

|2>

|1>

Fig. 5.14. Two-level scheme for describing
bleaching and the population of the first ex-
cited state. (The scheme is also useful for
more complicated situations, if one pump
process and one absorption recovery time is
dominant)

Under stationary conditions the rate equations for the population densi-
ties are given by:

0 = −N1(z)σ12I--(z) +N2(z)σ21I--(z) + k21N2(z) (5.22)
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0 = +N1(z)σ12I--(z)−N2(z)σ21I--(z)− k21N2(z) (5.23)

and

N1(z) +N2(z) = Ntotal (5.24)

with the total particle density Ntotal. The intensity follows from:

∂I--
∂z

= −(N1 −N2)σI--. (5.25)

The difference in population density (N1 − N2) can be calculated from
Eqs. (5.22)–(5.24) with τ = 1/k21 as a function of the intensity as:

(N1 −N2) = Ntotal
1

1 + 2στI--
. (5.26)

With this value the intensity equation can be integrated over the length
L of the sample to give:

ln
(
I--out

I--inc

)
= −σNtotalL+ 2στ(I--inc − I--out) (5.27)

which is the Lambert–Beers law for I--inc → 0 showing the conventional, low
intensity transmission T0. This equation can be written as:

nonlinear transmission lnT = −σNtotalL+ 2στI--inc(1− T )
= lnT0 + 2στI--inc(1− T ) (5.28)

or in calculable form:

I--inc =
1

2στ(1− T )
ln
T

T0
. (5.29)

This solution is nonlinear for values of I--inc which are approximately 1/2στ
which was called I--nl above. At this intensity the population density of the
excited state is Ntotal/4. The population of the first excited state in this
model is given by:

population N2 N2(I--) = Ntotal
στI--

(1 + 2στI--)
= Ntotal −N1(I--) (5.30)

and the maximum population density in this state is 50%.
It should be noted that the nonlinear behavior is a function of the product

of the cross-section and the decay time only. Thus the shape of the bleaching
curve of a stationary two-level model cannot be changed by changing the
material parameters (see Fig. 5.15, p. 282).

Only the start of the nonlinearity varies. Larger cross-sections and slower
recovery times allow smaller nonlinear intensities I--nl. The population density
of the excited state is given for the same parameters in Fig. 5.16 (p. 282).

The intensity I--nl can be found in these graphs at population densities
of N2 = N0/4. At this intensity the transmissions is T (I--nl) = 0.218 in this
example.
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Fig. 5.15. Bleaching as a function of the incident intensity for a two-level scheme
with realistic parameters for molecular systems and varying cross-sections. The
shape of the curve is constant for stationary interaction. The saturation intensity
Is is equal to the above-mentioned I--nl
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Fig. 5.16. Relative population density of the upper level 2 as a function of the inci-
dent intensity for a two-level scheme with varying cross-sections as used in Fig. 5.15.
The shape of this curve is constant for stationary interaction. The saturation in-
tensity Is is equal to the above-mentioned I--nl
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5.3.6.4 Stationary Four-Level Model

The stationary four energy level scheme with one absorption is typical of
many organic molecules in the singlet system containing the electronic ground
state and the excited state in the vibrational ground and excited state as well
as for several laser materials especially for solid state devices and dyes (see
Sects. 6.2 and 6.13 and especially Sects. 6.13.2 (p. 498) and 6.13.4, p. 518). Its
nonlinear bleaching can be calculated similar to the two-level scheme. The
four-level model is shown in Fig. 5.17.

σ1,2 = σ = σ2,1 k2,1

|2>

|1>

k4,1

k3,4

k2,3

|3>

|4>

Fig. 5.17. Four-level scheme
with one absorption

The population densities can be calculated under stationary conditions
from:

∂

∂t
N1 = −σ1,2I--N1 + σ2,1I--N2 + k2,1N2 + k4,1N4

!= 0 (5.31)

∂

∂t
N2 = +σ1,2I--N1 − σ2,1I--N2 − k2,1N2 − k2,3N2

!= 0 (5.32)

∂

∂t
N3 = +k2,3N2 − k3,4N3

!= 0 (5.33)

∂

∂t
N4 = +k3,4N3 − k4,1N4

!= 0 (5.34)

and

Ntotal = N1 +N2 +N3 +N4. (5.35)

The stationary solution of this system of equations is given by:

N1 =

σ2,1

σ1,2

(
1 +

k2,1 + k2,3

σ2,1I--

)
σ2,1

σ1,2

(
2 +

k2,1 + k2,3

σ2,1I--

)
+
k2,3

k3,4
+
k2,3

k4,1

Ntotal (5.36)

N2 =
[
σ2,1

σ1,2

(
2 +

k2,1 + k2,3

σ2,1I--

)
+
k2,3

k3,4
+
k2,3

k4,1

]−1

Ntotal (5.37)
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N3 =
k2,3

k3,4

[
σ2,1

σ1,2

(
2 +

k2,1 + k2,3

σ2,1I--

)
+
k2,3

k3,4
+
k2,3

k4,1

]−1

Ntotal (5.38)

N4 =
k2,3

k4,1

[
σ2,1

σ1,2

(
2 +

k2,1 + k2,3

σ2,1I--

)
+
k2,3

k3,4
+
k2,3

k4,1

]−1

Ntotal. (5.39)

These solutions should not diverge if cross-sections or time constants are
zero. Thus these equations have to be transformed before these parameters
are set zero. The intensity can be calculated from:

∂

∂z
I-- = −σ1,2I--N1 + σ2,1I--N2. (5.40)

The transmission follows analogously to the solution for the two-level
scheme from:

lnT = lnT0 −
2 +

k2,3

k3,4
+
k2,3

k4,1
σ2,1

σ1,2

· ln

⎧⎪⎪⎨
⎪⎪⎩

1
1 + (σ2,1 − σ1,2)(k2,3 + k2,1)

+

+
(σ2,1 − σ1,2)(k2,3 − k2,1)

(σ2,1 − σ1,2)(k2,3 + k2,1) + 1/I--inc
T

⎫⎪⎪⎬
⎪⎪⎭ . (5.41)

Thus energy levels which are only populated radiationless, do not change
the characteristic shape of the bleaching curve.

5.3.6.5 Stationary Model with Two Absorptions

Energy schemes with two absorptive transitions at the same wavelength con-
sist of at least three, but usually four energy levels as shown in Fig. 5.18.

σI k21

|2>

|1>

σI

σΙΙ k43

|4>

|3>

σII

k23

k31

Fig. 5.18. Energy level scheme with two absorptive transitions at the same wave-
length. The cross-sections of absorption and stimulated emission were assumed to
be equal for each transition
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The rate equations for the population densities again assuming stationary
conditions are given by:

∂

∂t
N1 = −(N1 −N2)σII-- + k21N2 + k31N3

!= 0 (5.42)

∂

∂t
N2 = +(N1 −N2)σII--− (k21 + k23)N2

!= 0 (5.43)

∂

∂t
N3 = −(N3 −N4)σIII-- + k23N2 − k31N3 + k43N4

!= 0 (5.44)

∂

∂t
N4 = +(N3 −N4)σIII--− k34N4

!= 0 (5.45)

and the intensity can be calculated from:

∂

∂t
I-- = − [σI(N1 −N2) + σII(N3 −N4)] I--. (5.46)

The stationary solution of any model with two absorptive transitions with
any number of levels and radiationless transitions can be given as:

nonlinear transmission lnT = −C1NtotalL+ C2I--inc(1− T )

+C3 ln
(

1 + C4I--inc

1 + C4I--incT

)
(5.47)

As can be seen from the transmission equation a further term is added in
comparison to the nonlinear model with one absorption (5.28). This allows
new shapes of the bleaching curve. As shown in Fig. 5.19 such a model can
have a plateau in the bleaching curve as a function of the incident intensity.
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Fig. 5.19. Nonlinear transmission as a function of the incident intensity for a term
scheme with two absorptions showing a plateau in bleaching (N = 3 · 1017 cm−3,
d = 1mm)



286 5. Nonlinear Interactions of Light and Matter with Absorption

If the cross-section of the excited state is much larger than the cross-
section of the ground state the nonlinear transmission can show a mini-
mum before bleaching and thus darkening is observed first as can be seen
in Fig. 5.20.

Parameters:
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σII = 5.10-16 cm2
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N = 1.2.1017 cm-3
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Fig. 5.20. Nonlinear transmission as a function of the incident intensity for a term
scheme with two absorptions showing a minimum before bleaching

It should be noted that the bleaching curve can also show the plateau at
the original (low intensity) transmission (see curve in the middle in Fig. 5.20).
In this case no change in the nonlinear absorption is obtained while in reality
at incident intensities above 1025 photons/cm2s high population densities in
the first excited singlet state are already realized. However, the strong ex-
cited state absorption at the same wavelength simulates unchanged bleaching!
Therefore additional methods such as, e.g., fluorescence intensity scaling (see
Sect. 7.9.3, p. 619) may be necessary to avoid major mistakes in the interpre-
tation of the experimental spectroscopic results.

In any case the nonlinear transmission finally shows bleaching at transmis-
sion values of up to 1 as long as no further nonlinear processes are activated.
In practical cases with excitation intensities below the damage threshold of
the material the maximum transmission values are usually lower than 1. This
indicates further excited state absorptions from higher excited states or other
nonresonant interactions.

Although an analytical solution is possible for stationary models with two
absorptive transitions it may be easier to use numerical calculations to de-
scribe the experiments. As shown below the numerical method is much more
flexible than the analytical calculation and not limited to stationary cases.
Nevertheless, the fundamental discussion of possible structures in nonlinear
transmission is better based on analytical formulas.
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5.3.6.6 General Stationary Models

The population densities Nl of all p energy levels of any stationary model
consisting of the above three processes will be described by a system of p
equations of the form:

∂

∂t
Nl(x, t) = I--(x, t)

∑
m(�=l)

{−σl,mNl(x, t) + σm,lNm(x, t)}

+
∑
m(�=l)

{−kl,mNl(x, t) + km,lNm(x, t)}

!= 0 (5.48)

and
p∑
l=1

Nl = Ntotal (5.49)

for all indices l and m from 1 to p. This linear system can be solved in general
to give:

Nl(I) =
Cl,no,0 + Cl,no,1I-- + · · ·+ Cl,no,rI--r

Cl,de,0 + Cl,de,1I-- + · · ·+ Cl,de,rI--r
Ntotal (5.50)

with the number r of absorptive transitions of the model and numerator
coefficients Cl,no,i and denominator coefficients Cl,de,i. These coefficients can
be complicated algebraic functions of the matter cross-sections and decay
times. This result shows the maximum order of nonlinearity which can be
reached for the absorption of any of these levels. The power of the highest
possible nonlinearity is r. In known experiments usually much lower orders
in the range ≤ 2 were observed. The reason for this smaller nonlinearity is
the usually successive activation of the different absorptive transitions as a
function of the excitation intensity.

If the model contains only a few levels, e.g. one triplet level, with non-
stationary lifetimes (e.g. longer than the pulse length) and a large system of
stationary levels the system can be analyzed as partly stationary. Thus it can
be solved as a very small nonstationary system and a large stationary one
[5.146].

But for the modeling of experiments again the direct numerical calculation
may be more efficient because of more flexibility and the general approach.

The photon transport equation is given by:

∂

∂z
I--(z, t) = I--(z, t)

∑
l

∑
m(>l)

(−σl,mNl(z, t) + σm,lNm(z, t)) (5.51)

with a total of r terms in the sum. The time derivative was neglected. A
general solution is not possible. A time-saving numerical method with high
accuracy is given below.
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If the intensity of a (second) probe beam is sufficiently low and therefore
does not disturb the population of the system, such an equation can simply
be integrated over the sample length L to give the result:

Tprobe =
I--probe(L, t)
I--probe(0, t)

= e
−L

{∑
l

∑
m(>l)

(+σl,m(λprobe)Nl−σm,l(λprobe)Nm)

}
.

(5.52)

The population densities Nl and Nm in this formula are the average values
across the length of the sample in the z-direction for each energy level as a
function of the applied incident intensity for the time of calculation t. In
the numerical calculation these values are easily available. The cross sections
have to be taken for the probe light wavelength and the upper levels with
Nm also have to be selected for the probe light wavelength.

5.3.6.7 Numerical Solution

With today’s computers the numerical solution of the partial differential sys-
tem of rate equations is possible even for large models in a few minutes or
seconds. But short computation times require numerical methods suitable for
this special mathematical problem. The coefficients of these stiff systems of
differential equations can vary from fs to seconds or longer. Thus the usually
used Runge–Kutta method can lead to 109 or more iterations. Therefore a
more useful method producing results with less than 1% error in 10–100 steps
will be sketched [5.146, 5.144].

The mathematical problem consists of p+ 1 population equations:

∂

∂t
Nl(x, t) = I--(x, t)

∑
m(�=l)

{−σl,mNl(x, t) + σm,lNm(x, t)}

+
∑
m(�=l)

{−kl,mNl(x, t) + km,lNm(x, t)}

p∑
l=1

Nl = Ntotal (5.53)

and the intensity equation:(
∂

∂z
+

1
c

∂

∂t

)
I--(z, t) = I--(z, t)

∑
l

∑
m(>l)

(−σl,mNl(z, t) + σm,lNm(z, t)).

(5.54)

The starting values of the population densities are usually:

N1

(
0 ≤ z ≤ L, t ≤ z

c

)
= Ntotal and N1 �=0

(
0 ≤ z ≤ L, t ≤ z

c

)
= 0

(5.55)
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meaning the lowest energy level l = 1 is occupied, only. In experiments the
incident light pulse is often used with Gaussian temporal profile:

I--(t) = I--max

〈
1.01t

t+ 0.01t0

〉
e
−

(
4 ln 2(t−t0)2

∆t2pulse

)
(5.56)

in which the expression in brackets improves the numerical stability at t = 0.
Otherwise the digitized experimental pulse shape I--inc(t) may be used for the
calculation directly.

The population density equations can be written in matrix form as:

∂

∂t
S(t) = P (t)S(t) + p (5.57)

with the vector S with p elements, the p× p matrix P containing all mate-
rial parameters such as cross-sections and decay rates, and the vector p as
the inhomogeneity, resulting from the total sum of the population densities.
The development of the population densities at time step ti+1 can be calcu-
lated from the values at time ti assuming a constant step width ∆t with the
approximation:

S(tn + 1) = S(tn) +
∆t
2
{P (tn)S(tn) + P (tn+1)S(tn+1) + 2p} (5.58)

to give

S(tn + 1) =
{E + (∆t/2)P (tn)S(tn) + ∆tp}

{E − (∆t/2)P (tn+1)} (5.59)

with unity p× p matrix E. Whereas the P matrix contains the intensity and
the parameters only, this expression can be used straightforward to calculate
reducing the computation time by orders of magnitude. The computation
time can be reduced by a further 30% if the denominator of this equation is
calculated as:

1
{E − (∆t/2)P (t)} =

Ωn,0 +Ωn,1I(t) + · · ·+Ωn,rI--r(t)
Ωd,0 +Ωd,1I(t) + · · ·+Ωd,rI--r(t)

(5.60)

and the matrices Ωn/d,i are precalculated once in advance for the given pa-
rameters.

The intensity equation can be numerically solved by Runge–Kutta proce-
dures of second or higher order.

As an example the results of modeling the nonlinear behavior of a solu-
tion of the molecule T15 (4’-n-pentyl-4-cyanoterphenyl) will be given. The
parameters are taken from [5.23]. In Fig. 5.21 (p. 290) the necessary level
scheme is depicted.

The calculated nonlinear transmission of this molecular solution of T15 is
given in Fig. 5.22 (p. 290). It shows bleaching behavior, but the slope of the
experimental curve is slower than it would be in case of a two-level scheme
(model 2). Therefore a two step absorption can be assumed as shown in
Fig. 5.21 (p. 290) (model 1).
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Fig. 5.21. Level scheme for modeling the nonlinear transmission of T15 [5.23]
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Fig. 5.22. Nonlinear transmission of T15 in cyclohexane as a function of the inci-
dent intensity at a wavelength of 308 nm measured with a pulse duration of 28 ns.
Model 2 is the common two level scheme whereas the better approximation is
reached with model 1 as in Fig. 5.21

The population density in the S1,0 state of the molecule as a func-
tion of time and intruding depth is calculated for an excitation intensity of
3.4 · 1024 photons cm−2 s−1 as shown in Fig. 5.23 (p. 291). The fluorescence
lifetime of this material was determined to be 1 ns [5.23].
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Fig. 5.23. Population density
in the S1 state of T15 excit-
ing at 308 nm with an intensity
of 3.4 · 1024 photons cm−2 s−1 as
a function of time and intrud-
ing depth. The concentration
was 4.11 · 1017 cm−3, the cross-
section 1.12 · 10−16 cm2 and
the pulse duration 28 ns. The
computation was based on the
model of Fig. 5.21 (p. 290)

Fig. 5.24. Population density
in the T1 state of T15 exciting
at 308 nm with parameters as in
Fig. 5.23 as a function of time
and intruding depth

In contrast to this figure the T1 population density shows a much longer
lifetime of 340 ns as taken from the data of Fig. 5.7 (p. 272) and thus an inte-
grative character over the exciting laser pulse. The result of the calculation
is given in Fig. 5.24.

These population densities can be measured via excited state absorption
(ESA) spectra at different wavelengths as shown in Fig. 5.7 (p. 272).

5.3.6.8 Considering Spectral Hole Burning with Rate Equations

If in spectral hole burning experiments no coherent interaction takes place,
e.g. if the light pulses are not too short, rate equations can be used to de-
scribe the bleaching experiment in principle [5.146]. A simple four-level energy
scheme as shown in Fig. 5.25 (p. 292) can be used.
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Fig. 5.25. Energy level
scheme for modeling
bleaching including the
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In this scheme it is assumed that one level 1A is absorbing at the selected
wavelength of the laser and a (large) number κHB of nonabsorbing levels build
a reservoir R. This absorbing level is populated via spectral cross-relaxation
from the reservoir with rate kIVR. The probability for the decay of this level
into the reservoir is then given by the rate κHB ·kIVR. The population density
without excitation is then given by:

N1A(I-- = 0) =
1

1 + κHB
Ntotal (5.61)

and

N1R(I-- = 0) =
κHB

1 + κHB
Ntotal = κHBN1A. (5.62)

The population densities in the four-levels can be calculated from the
following system of differential equations:

∂N1A

∂t
= −κHBσ1,2I--N1A + κHBσ2,1I--N2A + kIVRN1R

−κHBKIVRN1A (5.63)

∂N2A

∂t
= +κHBσ1,2I--N1A − κHBσ2,1I--N2A − kFCN2A (5.64)

∂N2R

∂t
= +kFCN2A − kT1N2R (5.65)

∂N1R

∂t
= +kT1N2R + κHBkIVRN1A − kIVRN1R (5.66)

and the intensity for the exciting light Eexc has to be calculated from:(
1
c

∂

∂t
+

∂

∂z

)
I--exc = −κHBσ1,2I--excN1A + κHBσ2,1I--excN2A. (5.67)

Its transmission is also the transmission of the probe light at the wavelength
of excitation. The transmission for the probe light I--P at other wavelengths
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detecting the bleaching of the reservoir state follows from:(
1
c

∂

∂t
+

∂

∂z

)
I--P = −σ1,2I--PN1R. (5.68)

With this model the spectral hole burning effect results e.g. in the bleach-
ing curves of Fig. 5.26.
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Fig. 5.26. Nonlinear transmission of an inhomogeneously broadened absorption
band. The number of homogeneous subbands was assumed to be 100 and the ex-
change time to be 100 fs. The lifetime of the upper state is 1.5 ps and the conven-
tional cross-section was assumed to be 5 · 10−15 cm2. The transmission THB results
from the probe light at the excitation wavelength and represents the transmission
of the “hole” and the transmission TBB represents the spectral broad band trans-
mission from the interaction with the non-resonant particles of the reservoir

As can be seen in the figure the transmission for the exciting laser is larger
than the bleached transmission of the reservoir. Thus even under steady-state
conditions short-lived hole burning can be observed if the ground state ab-
sorption recovery time is not much longer than the exchange rate kIVR. The
hole burning effect is of course easier to detect if the laser pulse duration is
shorter than the hole lifetime. This demands fs pulses at room temperature
but allows very slow measurements below 1 K for molecular systems. If very
short (fs-) excitation pulses are applied the spectral resolution may be insuf-
ficient as a consequence of the energy-time “uncertainty” causing spectrally
broad excitation as described in Eq. (2.21, p. 16).

The modeling of hole burning effects with rate equations has to be checked
carefully for competing effects such as induced gratings or coherent interac-
tion. Both can be considered explicitly as will be shown in Sects. 5.3.8 (p. 295)
and 5.4.3 (p. 304).



294 5. Nonlinear Interactions of Light and Matter with Absorption

5.3.7 Coherent Light Fields

If two or more coherent intensive light beams are applied in incoherent in-
teractions in the absorption range of the matter the nonlinear effects will be
spatially structured by the interference pattern of the light. If the phase re-
laxation time of the matter is too short for coherent interaction (see Sect. 5.4)
just the changes in the population densities in the matter states have to be
recognized for the theoretical description of this interaction.

But in addition the intensity pattern has to be determined in its non-
linear interaction with the matter absorption. This can demand extensive
numerical calculations of the coupled partial differential equations for the
time-dependent intensity field in three dimensions (see Sect. 2.9):

I--(r, t) =
c0ε0n

2hν

{∑
i

Ei(νi,ki, ϕi)

}2

(5.69)

coupling with the absorptive transitions of the matter:(
∂

∂z
+

1
c

∂

∂t

)
I--(r, t) = I--(r, t)

∑
l

∑
m(>l)

(−σl,mNl(r, t) + σm,lNm(r, t))

(5.70)

in combination with rate equations of population densities depending on time
as in the previous chapter. But the dependency in space can be more com-
plicated:

∂

∂t
Nl(r, t) = I--(r, t)

∑
m(�=l)

{−σl,mNl(r, t) + σm,lNm(r, t)}

= +
∑
m(�=l)

{−kl,mNl(r, t) + km,lNm(r, t)} (5.71)

n∑
l=1

N1(r, t) = Ntotal(r, t) (5.72)

while considering all relevant radiative matter transitions for the more or less
averaged frequencies of the incident and possibly generated light fields.

This incoherent nonlinear interaction of coherent light beams with ab-
sorbing matter has found several applications in photonics, especially using
light patterns with a well-defined spatial grating structure.

Bleaching or nonlinear transmission of matter will lead to spatial trans-
mission gratings of the sample (see Sect. 3.9.16 (p. 150) and Sect. 5.9.1,
p. 332). These can be used for deflection of light beams in optical switching.

If the incident light is used to excite the matter absorption gratings from
the generated excited state absorptions (ESA) can be observed in pump and
probe experiments (see Sect. 7.8.3, p. 609). The diffraction of the probe beam
at these often short-lived gratings can be used for highly sensitive measure-
ments of very small absorption changes. ∆OD values below 10−4 may be
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observable in this way. The absorption gratings may be overlaid by thermal
gratings caused by linear and/or nonlinear absorption.

If the incident light pattern is applied for the pumping of laser material
an inversion grating will be generated. This is applied, e.g. in distributed
feedback dye (DFB) lasers for the spectral tuning of the laser and for pulse
shortening (see Sect. 6.10.4, p. 472).

If the spatial modulation results from the standing wave in a laser res-
onator spatial hole burning (see Sect. 5.3.10, p. 297) can occur and can cause
instabilities in laser operation.

In general this nonlinear incoherent interaction based on intensity pat-
terns in the sample can be used for the coupling of light beams via the
nonlinear absorption (or emission) of matter in wave-mixing experiments.

5.3.8 Induced Transmission
and Excited State Absorption Gratings

In the simplest case two equal spectrally degenerate light waves with parallel
polarization but different propagation direction are used for illumination of
the sample. In the interference region of these two intensive pump beams a
spatial sine grating modulation for the intensity pattern would occur without
the interaction (see Fig. 5.27).

ΛI
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x
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T

Fig. 5.27. Interference grating pattern of two intensive equal coherent light beams
produces gratings of the ground state transmission, excited state absorption and
possibly inversion in the sample
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At positions of high excitation intensities the matter absorption at the
excitation wavelength can be bleached and/or new excited state absorptions
may occur at other wavelengths. For very high excitation intensities even
inversion may be produced as described in the next section. Because of the
nonlinear interaction the resulting transmission and absorption gratings will
in general not be sinusoidal.

The distance Λ of the grating structure follows from the angle θ between
the beams and the wavelength λexc of the pump light as:

Λ =
λinc

2 sin
(
θ

2

) . (5.73)

In the case of sufficiently low intensities, the grating structure can be
assumed to be almost sine modulated. Therefore the diffraction of a third
light beam at this grating structure can be determined from the formulas of
Sect. 5.9.1 (p. 332). The direction of the maxima and minima of the diffracted
intensity can easily be calculated from the simple Bragg conditions. The in-
tensity of the diffracted light in these directions can be very difficult to deter-
mine in special cases if, e.g. the grating structure is a complicated nonlinear
function of the excitation. Numerical calculations may then be necessary. Ex-
amples for spectroscopy based on induced gratings can be found in, for exam-
ple, [5.148, 5.149] and in Sect. 5.9.1 (p. 332) as well as in Sect. 7.8.4 (p. 611).

5.3.9 Induced Inversion Gratings

If laser active material is excited by the interference pattern of the pump
beams an inversion grating may be generated. The laser action will be de-
termined from this structure and especially the longitudinal modes and thus
the laser emission wavelength may be selected. This is applied in distributed
feedback (DFB) dye lasers for tuning the laser light (see Sect. 6.10.4, p. 472)
as schematically shown in Fig. 5.28 (p. 297).

Because of the interference of the laser light along the z axis in the sample
only a certain wavelength λDFBL can be amplified. The gain period is deter-
mined by the angle θexc between the two pump beams and their wavelength
λexc:

λDFBL =
nmatλexc

2 sin
(
θexc

2

) (5.74)

with refractive index of the material nmat.
The spectral width of the laser is approximately given by:

∆λlaser =
λ2

laser

2Lexc
(5.75)

where Lexc is the length of the excited matter which determines the number
of “grating lines”.



5.3 Incoherent Interaction 297

z

θexc

Λ
Iem Iem

Iexc Iexc

Fig. 5.28. Schematic of distributed feedback (DFB) dye laser for tuning the laser
light wavelength by varying the angle between the pump beams

In addition to this tuning effect the DFB dye laser can be operated at
threshold and thus generates short pulses as a consequence of the possibly
very short resonator (Sect. 6.10.4, p. 472).

5.3.10 Spatial Hole Burning

If the inversion is depopulated by the standing wave of the laser radiation in
the resonator the effect is called spatial hole burning (in contrast to spectral
hole burning described in Sect. 5.3.5, p. 275). In this case the positions of the
intensity maxima are coupled with the minima of the inversion and thus the
minima of the gain g (see Fig. 5.29).
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Fig. 5.29. Spatial hole burning in the active material of a laser via the standing
light wave for a given longitudinal mode and the resulting inversion structure along
the active material
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The standing wave occurs in the laser resonator as a result of the steady-
state field condition with nodes of the electric field at the mirror surfaces (see
Sect. 6.7). Thus the optical length Lres of the resonator defines the possible
wavelengths λlaser(p) of the axial or longitudinal laser modes:

possible axial modes λlaser(p) =
2Lres

p
(5.76)

where the optical length results, in the simple example of Fig. 5.29 (p. 297),
from:

Lres = Lgeom + Lactive mat(nactive mat − 1) (5.77)

and p as the axial mode order which is in practical cases of the order of 106.
If spatial hole burning occurs the gain of the active axial mode will drop.

Because the gain minima are differently located for the different axial modes
other possible axial modes within the gain profile will start to oscillate. In
consequence an oscillation between the axial modes can take place (mode
hopping) and the laser output power will fluctuate. Usually the transversal
modes are affected by this process too (see Sect. 6.7.5, p. 432).

If the gain profile of the active matter is spectrally inhomogeneously
broadened the different axial modes may oscillate completely independently
and laser intensity fluctuations can take place for each axial mode separately
only within the homogeneous linewidth. In the case of a laser with a spectrally
inhomogeneously broadened active material usually several axial modes will
be active if no further precautions are applied in the resonator (see Sect. 6.7.4,
p. 431).

Spatial hole burning in laser resonators can be avoided by preventing the
standing waves in the laser. Several types of resonators are known to solve
this problem. Examples are ring resonators with an optical valve forcing the
light wave to travel in one direction only, as can be seen in Sect. 6.7.5 (p. 432),
and unstable resonators as depicted in Sect. 6.5.2 (p. 390).

5.3.11 Induced Grating Spectroscopy

The nonlinear optical properties of matter especially of organic molecules can
be investigated by inducing a transmission grating, an excited state absorp-
tion grating or an inversion grating in the sample with two pump pulses and
using a third probe light beam for spectroscopy (see Fig. 5.30, p. 299).

The probe light will be diffracted at the induced grating structure if the
intensity of the two pump beams is high enough to reach the nonlinear range.
Although the diffraction efficiency of the probe beam is usually smaller than
10% (see Sect. 3.9.16, p. 150) this method allows a significant increase of
detection sensitivity in nonlinear absorption measurements because of the
possibly high signal to noise ratio.

The experiment can be set up in a way that no pump light will be de-
tectable in the observation direction of the scattered probe light and without
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Fig. 5.30. Induced grating spec-
troscopy: measuring the deflection of a
probe light beam at an induced optical
grating as a function of the excitation
intensity

nonlinear interaction also no probe light will be scattered. Thus the obser-
vation of scattered probe light has almost no background signal and can
therefore reach a comparatively high sensitivity as in fluorescence measure-
ments. For this purpose the angles of the incident pump beams and probe
light beam have to be chosen appropriately.

Because of this high sensitivity this type of spectroscopy (see Sect. 7.8.3,
p. 609) via induced nonlinear optical gratings can be used for the observation
of very weak transient absorption changes in the range below 10−4 even in
ultra-short pulse measurements with ps or fs time resolution. The induced
grating will generate different deflection angles θdetect of the probe light as a
function of its wavelength. Thus a spectral separation can be obtained in the
probe light detection.

5.4 Coherent Resonant Interaction

If dephasing in the matter after excitation is slower than the characteristic
time constant of the interaction, such as, e.g. the pulse duration of the co-
herent laser light, coherent interaction can take place and new effects are
observable [e.g. 5.150–5.164, M30, M39, M41, M44, M47, M48, M53, M54,
M58–M65]. Dephasing times in optical experiments are typically below 1 ps.
Usually a quantum theoretical description is necessary. The simplest and
most useful formalism is based on the density matrix of the system and the
visualizing technique based on Feynman diagrams. Unfortunately even the
density matrix formalism allows analytical solutions only in the very sim-
plest cases and numerical solutions can be obtained only for small systems
with one or two optical transitions. Therefore the above methods based on
Maxwell’s equations (χ tensor formalism) and rate equations should be used,
if no coherent interaction is present.
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As far as it is known no important photonic applications have been based
on coherent resonant interactions yet. However, new ideas in quantum com-
puting or in quantum cryptography and other information technologies may
change the situation in the near future.

5.4.1 Dephasing Time T2

As will be shown in more detail below the coherent electric field of the ex-
citation light beam induces electrical transition dipole moments µm in each
particle, e.g. in the atom or molecule, of the material. The macroscopic non-
linear polarization Pnl is the sum over all these microscopic dipole moments.
In the case of coherent interactions these dipole moments oscillate with fixed
phases in relation to each other and in phase with the electric field of the
light wave. This takes place as long as the system is not distorted, e.g. by
collisions (see Fig. 5.31).
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Fig. 5.31. Schematic of the decrease of nonlinear polarization Pnl of a system
of many particles as a consequence of the phase disturbing collisions resulting in
dephasing

The dephasing time T2 is defined as the time during which the macroscopic
polarization is decreased by 1/e after coherent excitation at time t = 0:

dephasing time T2 Pnl(t) = Pnl(0) e−t/T2 . (5.78)

These dephasing times are usually smaller than 10−12 s for molecules at
room temperature and usually in other materials shorter than µs [5.165–
5.186]. Only at times shorter than this dephasing time coherent interaction
can take place. Especially in molecular systems the dephasing can also result
from the interaction of the electronic transition with the internal vibrations of
the molecule. Therefore, the spectral cross-relaxation and internal vibrational
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relaxation times (T3, TIVR) are limiting the coherent interaction too and
sometimes T2 is about of the same size as these times (see also Sect. 5.3.5,
p. 275). Some examples are given in [5.187–5.213].

5.4.2 Density Matrix Formalism

For the analysis of the coherent interaction the whole system of all participat-
ing particles has to be taken into account. Therefore an averaging process over
the single particles seems to be adequate. Therefore the quantum theoretical
description of the single particle is extended for averaging over the ensemble
by the introduction of the density matrix ρ [see e.g. M39, M47, M48]. The
elements of this matrix characterize the population of the different states
of the matter including the transitions in their non-diagonal elements. This
formalism is based on the wavefunction of the single particles.

The potentially absorbing matter without any interaction is described in
quantum theory by eigenstates numbered here by m with a certain energy
Em and a characteristic wavefunction Ψm which is a spatial function of all
elements of the matter. In the case of a single atom or molecule the wave-
function depends on the positions of the atomic core(s) and electrons of this
particle. Therefore this function can be visualized only in highly simplified
cases.

Both values can be calculated for the stationary case, e.g. without inter-
action, from the stationary Schroedinger equation by:

stationary Schroedinger equation Hψm(r) = Emψm(r) (5.79)

In this differential equation H stands for the Hamilton operator which
contains all the kinetic and potential energies of the system. As reminder the
Hydrogen atom is described by:

H = − �
2

2msys
∇2 + V(r) (5.80)

with reduced system mass msys and the electrostatic potential V.
Whereas the energies of different parts of the system (not those interacting

with each other) which can be analyzed independently have to be added:

Em,total = Em,1 + Em,2 + Em,3 + · · · (5.81)

the wavefunctions have to be multiplied:

ψm,total = ψm,1 · ψm,2 · ψm,3 · · · · (5.82)

The energy of the different states m can be depicted in energy level
schemes (Jablonski diagram) as shown earlier. For example, for molecules
the energy levels for the different singlet and triplet electronic states and
the additional vibrational energies for each of them are shown in Fig. 5.32
(p. 302).

It will, as commonly done, be assumed that all particles of a system have
the same energy levels and the energy levels are not shifted even under the
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Fig. 5.32. Energy level scheme of a single molecule with an even number of elec-
trons showing singlet (S) and triplet (T) electronic levels with additional vibrational
levels. The first index counts the electronic states and the second the vibrational
states

influence of strong light. Only the population of these levels is assumed to be
changed by the laser light.

Under these assumptions the transition of particles between these levels
can be calculated with the time-dependent Schroedinger equation:

time-dependent Schroedinger Equation

i�
∂Ψ(r, t)
∂t

= HΨ(r, t) (5.83)

with the new Hamilton operator containing the light field and thus the in-
teraction with matter:

H = H0 + H′ (5.84)

with

H′ = −µE = −qrdipoleE (5.85)

where q describes the charge of the interacting dipole and E the electric field
of the light wave (compare also Sect. 3.3.1, p. 101).

With the assumption of only a small distortion of the system by the light
beam the expectation value of the dipole moment µ for the transition between
the states m and p can be calculated from:

transition dipole moment expectation value

〈µp←m〉 =
∫ ∞
−∞

ψ∗pqrdipoleψm dV. (5.86)

For finally averaging over all participating particles it is helpful to expand
the wavefunction of the single particle Ψ(t) in a complete set of orthonormal
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functions, e.g. the eigen-wavefunctions of the particle in the different energy
states ψm :

Ψ(r, t) =
∑
m

cm(t)ψm(r) (5.87)

here the coefficients cm(t) describe the temporal evolution of the share of the
m-th wavefunction of this particle in the total wavefunction of this particle.

The density matrix ρ of the entire system of particles can then be defined
based on these coefficients cm(t) by:

density matrix ρmp(t) = c∗m(t)cp(t) (5.88)

These elements of the density matrix, which is as large as the number
of considered eigenstates (or wavefunctions) of the single particle squared,
are the average over all particles of the system, noted by the bar above the
product. This matrix is obviously a Hermite matrix:

ρmp = ρ∗pm (5.89)

The density matrix elements have an easily understood meaning. The diag-
onal elements ρmm give the total average population density share in the m
eigenstates:

population of state m Nm(t) = ρmm(t)Ntotal (5.90)

whereas the non-diagonal elements ρmp describe the population density share
of the coherent transition between the states m and p:

transition m→ p ρmp (5.91)

If the nondiagonal elements of the density matrix are zero, no coherent inter-
action takes place and the rate equations can be used to describe the process
as described in Sect. 5.3.6 (p. 277).

The so-defined density matrix ρ can be used to determine the expectation
value of any physical quantity P as the average over all particles from the
expressions:

expectation value of P

〈P〉ensemble = Tr(ρP)

=
∫ ∞
−∞

Ψ∗(r, t)PΨ(r, t) dV

= 〈Ψ(r, t) |P|Ψ(r, t)〉
=

∑
l

pl〈Ψl(r, t)|P|Ψl(r, t)〉

=
∑
l

pl

(∑
m,p

c∗mcpPm,p

)
(5.92)

where in the third line the bracket formalism is used to express the second
line. In the fourth line pl represents the probability of the system being in



304 5. Nonlinear Interactions of Light and Matter with Absorption

state l or the share of particles being in state l. The density matrix operator
ρ can be written as:

density matrix operator

ρ = |Ψ(r, t)〉〈Ψ(r, t)| =
∑
l

pl|Ψ(r, t)〉〈Ψ(r, t)| (5.93)

Using this formula, e.g. the nonlinear polarization Pnl of the system under
light irradiation can be calculated including the coherent interaction and
averaging over the dephasing.

The temporal development of the density matrix is given by the Liouville
equation:

Liouville equation
∂ρ

∂t
=

i
�

[ρ,H]− 1
2
{ρ,Γ} (5.94)

which can be derived from the Schroedinger equation:

i�
∑
m

∂cm(t)
∂t

ψm(r) =
∑
l

cm(t)Hψm(r) (5.95)

by multiplying by ψ∗p, integration and considering the Hamilton operator is
hermitic. This leads to

i�
∂cm(t)
∂t

=
∑
p

cp(t)Hpm and i�
∂c∗m(t)
∂t

=
∑
p

c∗p(t)Hmp (5.96)

if the relation

∂ρ

∂t
= cp

∂c∗m
∂t

+ c∗m
∂cp
∂t

=
∑
l

pl

(
cp
∂c∗m
∂t

+ c∗m
∂cp
∂t

)
(5.97)

is used.
Using the second term in (5.94), relaxation processes or other random-

ization processes such as the population decay of excited states, spontaneous
emission or collisions can be considered. The statistical properties of the sys-
tem can be described with this equation. The phenomenologically introduced
relaxation operator Γ fulfills the condition {ρ,Γ} = ρΓ + Γρ.

Some further examples using the density matrix formalism will be given
below and can be found in [5.214–5.216].

5.4.3 Modeling Two-Level Scheme

As an example of applying the density matrix formalism the nonlinear polar-
ization of a two-level scheme with inhomogeneous broadening of the absorp-
tive transition shall be described (see Fig. 5.33, p. 305).
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{

{
k1

k3

k3

k2: phase relaxa tion

a

b

Fig. 5.33. Energy level scheme with two-levels a and b separated by the energetic
distance hν0 with a spectral broadening and an internal relaxation time T3 within
these levels. The energy relaxation time for b → a is T1 and the phase relaxation
time for coherent coupling is T2

In this model the absorption occurs at the frequency ν0 and the inho-
mogeneous broadening is considered by the distribution of the absorption
and stimulated emission probability with the spectral weight function g(ν0).
Therefore the density matrix becomes a function of the time and frequency
ρ(ν, t). Consideration of the assumed relaxation processes of the model of
Fig. 5.33 leads to the following system of Liouville differential equations for
the elements of the density matrix:

∂ρaa
∂t

=
i
�

[ρ,H]aa − k1(ρaa − ρ0
aa)− k3ρaa

+ k3
g(ν0)

∆νFWHM

∫ ∞
−∞

ρaa(ν′) dν′ (5.98)

∂ρbb
∂t

=
i
�

[ρ,H]bb − k1(ρbb − ρ0
bb)− k3ρbb

+ k3
g(ν0)

∆νFWHM

∫ ∞
−∞

ρbb(ν′) dν′ (5.99)

∂ρba
∂t

=
i
�

[ρ,H]ba − k2ρba (5.100)

with ρ0 as the density matrix of the particle without interaction. The kis
describe the decay rates and are the inverse of the i-th relaxation time (Ti).
In these equations the first expression describes pumping with the external
light. The second term gives the decay of the population in the first two
equations and of the phase in the third. The third and fourth terms in the
first two equations describe the exchange between, for example, vibrational
levels with the rate k3 which allows hole burning. Thus, levels a and b, which
are coupled to the light, decay into the reservoir and all reservoir levels decay
into these two levels to some extent. For very large k3 values no hole burning
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will be obtained. The lineshape of the whole band is described by g(ν0, ν) and
the full-width half-maximum of this band is given by ∆νFWHM. The integral
over g(ν) divided by ∆νFWHM is normalized to 1.

This problem can be solved by perturbation theory assuming that the
energy levels of the particle are not changed by the interaction. Therefore
the particle–light interaction can be written as an additive value H′ in the
Hamiltonian:

H = H0 + H′ with H′ = −µE (5.101)

with the matrix elements of the dipole moment operator

µaa = µbb = 0 and µab = µ∗ba (5.102)

not considering the orientation of the dipole explicitly. This is equivalent to
an averaging over all particle orientations and neglecting rotational relaxation
of the particles. This assumption is more valid the longer the orientational
relaxation time of the particles compared with the internal relaxation times.
For molecular systems in solution this time is of the order of a few ps up
to a few hundred ps as a function of the viscosity and the permanent dipole
moments. In pump and probe spectroscopy the magic angle can be used for
dealing with this point (see Sect. 7.1.5, p. 541).

With respect to pump and probe experiments especially, e.g. in the case
of hole burning investigations, the light is described by the sum over two
monochromatic waves with frequency ν1 for the pump beam and ν2 for the
probe beam:

E = Epump(r) e(−i2πν1t) +Eprobe(r) e(−i2πν2t). (5.103)

With these expressions the Liouville equation for the difference of the
population density ρD:

ρD = ρaa − ρbb (5.104)

can be derived:
∂ρD

∂t
= −2i

�
(H′abρba − ρabH′ba)− k1(ρD − ρ(0)

D )

− k3ρD + k3g(ν0)
1

∆νFWHM

∫ ∞
−∞

ρD(ν′) dν (5.105)

and the nondiagonal elements follow from:

∂ρba
∂t

=
∂ρ∗ab
∂t

= − i
�

H′baρD − (k2 + iν0)ρba (5.106)

The density matrix can be expanded in this approximation as a sum of the
undistorted value ρ0 and higher-order values ρ(l) as a function of the different
frequency components especially for the difference between the pump and the
probe light frequencies ν1 and ν2:

ρaa = ρ(0)
aa + ρ(2)

aa (0) + ρ(2)
aa (ν2 − ν1) e−i2π(ν2−ν1)t + · · · (5.107)
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and

ρbb = ρ
(2)
bb (0) + ρ

(2)
bb (ν2 − ν1) e−i2π(ν2−ν1)t + · · · (5.108)

for the diagonal elements, and for the nondiagonal elements:

ρml = ρ∗lm =
(
ρ

(1)
ml(ν1) + ρ

(3)
ml(ν1) + · · ·

)
e−i2πν1t

+
(
ρ

(1)
ml(ν2) + ρ

(3)
ml(ν2) + · · ·

)
e−i2πν2t. (5.109)

With these values the relevant third-order nonlinear polarization P (3)
nl can

be calculated, e.g. for the probe light frequency ν2, from:

P
(3)
nl (ν2) = 2πN0µ

∫ ∞
−∞

ρ
(3)
ba (ν0, ν2) dν0 (5.110)

and finally the experimentally easily accessible change of the absorption co-
efficient ∆a:

∆a(ν2) =
2πν2

c
Im

(
P

(3)
nl (ν2)

ε0E2(ν2)

)
. (5.111)

In the following calculation of the third-order term of the density matrix
as a function of the probe light frequency ρ

(3)
ba (ν2) for the stationary case,

rapidly oscillating terms with 2ν1 and 2ν2 and so on were neglected.
As result spectral hole burning with incoherent interaction occurs too:

∂ρ
(3)
ba (ν2) e−i2πν2t

∂t
= − i

�
H′ba(ν2)ρ(2)

D (0) e−i2π0t

−(k2 + i2πν0)ρ(3)
ba (ν2) e−i2πν2t (5.112)

with the stationary population density difference

ρ
(2)
D (0) e−i2π0t = ρ

(2)
D = const. (5.113)

which is produced by the strong excitation with frequency ν1 and is not
changed by the weak probe light with the frequency ν2. The solution of this
equation can be integrated (see (5.110)) with the assumption of a much larger
bandwidth g(ν) compared to the width of the burned hole. The solution of the
nonlinear polarization P (3)

nl can be used to calculate the change in absorption
∆a from (5.111)). There are two terms counting incoherent and coherent
interactions. The incoherent part is given by:

∆aic(ν2) = −N0Ω
2
Rρ

(0)
D (ν2)

12(k1 + k3)

[
k3

k1

1
∆νFWHM

+
2k2

(ν1 − ν2)2 + (2k2)2

]
(5.114)

with N0 as the total population density of the particles and the Rabi fre-
quency for the pump light:

Rabi frequency ΩR = 2π
µbaE1

h
∝√

Ipump (5.115)
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which describes the oscillation of the population density in the upper state
[5.217–5.220]. Its square is proportional to the incident pump intensity Ipump.

These formulas describe the spectral behavior of the bleaching of the
inhomogeneous broadened absorption transition of the sample. The first part
of (5.114) gives the homogeneous share of the bleaching which is constant over
the whole band. The second part describes the possible additional bleaching
of the burned hole.

The relation between the stronger bleaching of the burned hole and the
bleaching of the whole band is dependent on the relation of k3/k1 (see (5.114))
as found with rate equations, too.

Spectral hole burning with coherent interaction has to be calculated from:

∂ρ
(3)
ba (ν2) e−i2πν2t

∂t
= − i2π

h
H′ba(ν1)ρ(2)

D (ν2 − ν1) e−i2π(ν2−ν1)t

− (k2 + i2πν0)ρ(3)
ba (ν2) e−i2πν2t (5.116)

containing an oscillating population density difference ρ(2)
D beating with the

difference frequency ν2− ν1. This coherence effect broadens the hole further.
A discussion of this effect is given in [5.221].

In this approximation the burned hole shows a Lorentzian line shape
with a width given by the phase relaxation rate k2 divided by 2π where k2
is the inverse of the phase relaxation time 1/T2 which is identical to the
homogeneous linewidth of the subbands.

It can be shown that the burned hole will be broadened if saturation of
the transition is considered. The hole shape can be described by:

∆a = ∆amax
k2

2(I/Inl–HB)
4π2(ν2 − ν1)2 + k2

2(1 + I/Inl–HB)
(5.117)

with the intensity Inl–HB given by:

Inl–HB =
ε0c0h

2k1k2

32π3nµ2
ba

(5.118)

where n stands for the refractive index of the sample.
The resulting change of the shape of the burned hole is depicted in

Fig. 5.34 (p. 309).
With increasing pump intensity Iexc the hole width is broadened propor-

tionally to
√

1 + I/Inl–HB and as expected the hole depth is increased. The
maximum hole depth is ∆amax. The modeling of the results of spectral hole
burning experiments allows the determination of the parameters of the sam-
ple in a coherent interaction. Further detailed mathematical description is
given in [e.g. 5.222–5.227].

5.4.4 Feynman Diagrams for Nonlinear Optics

For the evaluation of the density matrix in nonlinear optical processes with
several light beams a special form of Feynman diagrams may be used as



5.4 Coherent Resonant Interaction 309

-2 -1 0 1 2
-1.0

-0.8

-0.6

-0.4

-0.2

0
∆α

(a
.u

.)

λ - λ0 (nm)

λ0 = 500 nm

5
2
1
S = 0.5

Fig. 5.34. Spectral hole burning in inhomogeneously broadened absorption of a
fictive material with T2 = 50 fs. The hole width and depth increase with increasing
excitation intensity Iexc which is given by S denoting for intensity times above
nonlinear intensity Inl–HB of the system

introduced in [5.228] and described in detail in [5.229]. An example is given
in [5.230].

The density matrix operator (see Sect. 5.4.2, p. 301) can be written as the
average over the product of the ket and the bra vectors of the quantum state
characterized by the wavefunction ψ:

density matrix operator ρ = |Ψ〉〈Ψ |. (5.119)

Thus two lines of propagation are necessary to describe the ket and the
bra side of this operator (see Fig. 5.35, p. 310 for examples).

The rules for using these diagrams to write down the expression for the
temporal evolution of the density matrix ρ(l) and thus for the nonlinear sus-
ceptibility χ(l) are:

i) System start is |g〉ρ(0)
gg 〈g| (bottom of the diagram).

ii) For propagation the ket state factors are multiplied on the left and the
bra state factors on the right.

iii) Absorption on the left side (ketside):
|b>

|a>

<g|

<g|

νn
(

1
i�

)
〈b|H′(νn)|a〉
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<g|
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|g>

|g>

<g|

<g|

ν
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ρgg
(0)

|g>
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ν
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ρgg
(0)

|g>
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<u' |
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ν2

d)

Fig. 5.35. Basic set of four Feynman diagrams describing the nonlinear optical
interaction for the second-order density matrix ρ(2) in sum frequency generation
(after [5.229])

iv) Emission on the left side (ketside):
|b>

|a>

<g|

<g|

νn (
1
i�

)
〈b|H′(+)(νn)|a〉

v) Absorption on the right side (braside):
|g>

|g>

<b|

<a|

νn −
(

1
i�

)
〈a|H′(+)(νn)|b〉

vi) Emission on the right side (braside):
|g>

|g>

<b|

<a|

νn

−
(

1
i�

)
〈a|H′(νn)|b〉
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vii) Propagation of the system in time along the double lines |l〉〈k| from
the mth to the (m + 1)th interaction is described by the propagator
Π:

Πm = ±
[

i

(
m∑
n=1

2π(νn − νlk + iklk)

)]−1

(5.120)

in which the photon frequency νn is taken positive if absorption at
this frequency occurs at the left or emission at the right, and negative
otherwise.

viii) The final state density matrix operator of the system results from the
product of the final ket and bra states (e.g. |u′〉〈u|).

ix) Propagation of the system via a particular set of states of the diagram
is described by the product of all factors from the initial state to the
final state (e.g. |g〉〈g| · · · |u′〉〈u|). The sum over all possible products
results in a density matrix which contains contributions from all states.

The absorption on the ketside appears as emission on the braside and
vice versa. The Hamilton operator H′ for the interaction of the photon with
frequency νl with the matter is proportional to:

H′(ν1) ∝ e−i2πν1t (5.121)

and it will annihilate a photon on the ketside and will create a photon if
applied on the braside.

If a diagram can be obtained from a permutation of another diagram be-
cause identical photons are present they would result in identical expressions
for the density matrix ρ(u). Thus the different diagrams and therefore the dif-
ferent interactions can be described by a degeneracy factor for this share of
the density matrix. Thus the second-order process ν = ν1 + ν2 leads to eight
diagrams but only four of them are necessary if the possible permutation of
ν1 and ν2 is considered (see Fig. 5.36).

ρgg
(0)

|u>

|g>

<u|

<g|

ν

ν1

ν2
ρgg

(0)

|u>

|g>

<u|

<g|

ν

ν2

ν1

Fig. 5.36. Two of the eight Feynman diagrams for sum frequency generation in
which the incident photons 1 and 2 can be permuted resulting in identical diagrams
leading to a degeneracy factor of 2 for this share of the density matrix
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Using the expression for the density matrix from the example of Fig. 5.35
(p. 310) the components of the second-order nonlinear susceptibility χ(2) can
be calculated from the components of the nonlinear polarization P (2) and the
electric fields E:

χ
(2)
ijk(ν = ν1 + ν2) =

P
(2)
i (ν)

ε0Ej(ν1)Ek(ν2)
(5.122)

and the nonlinear polarization follows from:

P
(2)
i = Tr(ρ(2)Pi) (5.123)

The result was given in [5.229]. The second-order nonlinear susceptibility
follows as:

χ
(2)
lmv(ν = ν1 + ν2) =

P
(2)
l (λ)

ε0Em(ν1)Ev(ν2)

= −N0
4π2e3

e

ε0h2

∑
g,u,u′

[
(r1)gu(rm)uu′(rv)u′g

(2π(ν − νug) + ikug)(2π(ν2 − νu′g) + iku′g)

+
(r1)gu(rv)uu′′(rm)u′g

(2π(ν − νug) + ikug)(2π(ν1 − νu′g) + iku′g)

+
(rv)gu′(rm)u′u(r1)ug

(2π(ν + νug) + ikug)(2π(ν2 + νu′g) + iku′g)

+
(rm)gu′(rv)u′u(r1)ug

(2π(ν + νug) + ikug)(2π(ν1 + νu′g) + iku′g)

− (rm)ug(r1)u′u(rv)gu′
(2π(ν − νuu′) + ikuu′)

·
(

1
2π(ν1 + νu′g) + iku′g

+
1

2π(ν1 − νug) + ikug

)

− (rv)ug(r1)u′u(rm)gu′
(2π(ν − νuu′) + ikuu′)

·
(

1
2π(ν2 − νug) + ikug

+
1

2π(ν1 + νu′g) + iku′g

)]
ρ(0)
g . (5.124)

This method can also be applied for higher-order calculation. However, it
should only be used for cases demanding the quantum description. Otherwise
the above calculations based on Maxwell’s equations or rate equations may
be much easier to use and more appropriate to describe nonlinear optical
experiments, especially if more than two-levels are involved or nonresonant
interactions are investigated.
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5.4.5 Damped Rabi Oscillation and Optical Nutation

In the simplest picture of an optical transition the material is described quan-
tum mechanically by a two-level model with resonance frequency ν0. If a
near-resonant light beam with electric field amplitude Eexc and frequency
νexc is applied the transmission of the sample will be modulated with the
Rabi frequency ΩR:

Rabi frequency ΩR =

√
2π(νexc − ν0)2 +

(
µbaEexc

2πh

)2

. (5.125)

If the particle relaxes from the excited level to the ground level with energy
relaxation time T1 and phase disturbing mechanisms are present resulting
in the phase relaxation time T2 a damping of these oscillations will occur.
The resulting total damping time τR is given for the exponential decay after
resonant excitation in this case:

damping time τR = 2
(

1
2T1

+
1
T2

)−1

(5.126)

and nonresonant excitation results in a slightly nonexponential decay of the
form [5.231]:

µba ∝ e−t/τR

[1 + CRt2(νexc − ν0)4]1/4
(5.127)

with a small value of CR depending on Eexc and thus this correction can
mostly be neglected.

To obtain the Rabi oscillations in the transmission the damping time has
to be longer than the inverse Rabi oscillation frequency. Thus the intensity
has to be high enough. In most cases the phase relaxation is the fastest
process and thus the T2 time is the relevant value to compare. For atoms in
the gas phase T2 may be in the range of several 10 ns and intensities above
some W cm−2 may be sufficient. For the observation of Rabi oscillations in
molecular vibrational transitions intensities in the range of some kW cm−2

may be necessary and for molecular electronic transitions with T2 times in
the sub-ps range even MW cm−2 to GW cm−2 are necessary.

The observable effect of the periodic absorption (particles in the ground
state) and amplification (particles in the excited state) of the incident light
as a function of time is observable as optical nutation (see Fig. 5.37, p. 314)
or optical free induction decay.

This formalism of coherent optical interaction is developed similar to the
description of coherent NMR interactions where the time constants are in
the µs to ms range and thus all coherent processes are observable much more
easily than in optics [5.231–5.237].
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Fig. 5.37. Damped Rabi oscillations (schematic) as, e.g. observable from optical
vibrational nutation in 13CH3F with an excitation wavelength of 9.7 µm [M15]

5.4.6 Quantum Beat Spectroscopy

If the particles have two closely spaced energy levels such as, e.g. two excited
states and the exciting light excites both levels at the same time with a
spectrally broad short laser pulse a coherent interaction between these two
states will occur. As a result the absorption and emission of this particle will
show temporal oscillations which are known as quantum beats [5.238–5.254].

The two states (see Fig. 5.38) have energies E1 and E2 in addition to the
ground state energy E0.

|2>

|0>

|1>

|3>

|4>

I exc

ν13ν23

I em

IESA

E2 E1

∆E

Fig. 5.38. Energy level scheme with two closely spaced states 1 and 2 resulting in
quantum beats after simultaneous excitation
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The energetic spacing between these levels 1 and 2 is ∆E. If the excitation
pulse duration is shorter than (∆E/h)−1 a coherent state of the two excited
levels will be prepared. Assuming both states decay with the same decay time
τexc and the absorption cross-section for the excitation of the two-levels is the
same the resulting wavefunction of the superposition of these upper state(s)
can be written as:

ψ(t) = ψ1(0) e−(i2πν13+t/2τexc) + ψ2(0) e−(i2πν23+t/2τexc)

= [ψ1(0) + ψ2(0) e−i2π∆νt] e−t/τexc · e−i2πν13t. (5.128)

Since the emission intensity Iem as well as the absorbed intensity IESA
with a spectral band width not discriminating the transitions from the two
states are proportional to the expression:

Iem ∝ |〈ψ3|Eµ|ψ(t)〉|2 and IESA ∝ |〈ψ4|Eµ|ψ(t)〉|2 (5.129)

this spectrally unresolved measurement of the emission or absorption inten-
sities from these states will show an exponential decay, but in addition an
oscillation with the beat frequency ∆ν:

Iem(t), IESA(t) ∝ e−t/τexc [C1 + C2 cos(2π∆νt)]. (5.130)

This modulation in the decay function (see Fig. 5.39) for the population
of this doublet of states represents the coherent superposition of the two
quantum states.

Therefore from this temporal measurement the energy difference of the
two states can be determined with higher accuracy the closer the levels are.
This method allows a resolution better than Doppler broadening.
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Fig. 5.39. Oscillation (quantum beat)in the decay measurement via emission or
excited state absorption from a doublet of an energetically closely spaced excited
level (by 3 GHz) occurring if the signals from both transitions are not spectrally
resolved and the sample decays with a decay time of 1 ns
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5.4.7 Photon Echoes

If an ensemble of atoms or molecules is excited with two short and intensive
laser pulses of a certain energy with a sufficiently small delay ∆t1 between
them a new pulse can be obtained as a photon echo after a second delay ∆t2
(see Fig. 5.40) if several conditions are fulfilled [5.255–5.288].

As a result of the excitation with the first short pulse the dipole moments
of all particles will first oscillate in phase (see Fig. 5.41, p. 317). However,
these particles may have slightly different resonance frequencies distributed
over the range ∆ν and thus the oscillation will dephase in time. But for
times not longer than T2, the initial phase information is still present in the
system. With the second short pulse of a certain energy applied at the time
∆t1 the oscillation can be phase-shifted by 180◦. As a result the oscillations
will rephase and after the time ∆t2 all particles are in phase again except for
the phase information loss resulting from T2 collisions. Thus after that time
a light pulse can be emitted as an echo of the first two pulses (see Fig. 5.40).

t

∆tpulse 2∆tpulse 1

techot2t1

2T 2*

∆t2∆t1

first 
excitation

second 
excitation

emission

Fig. 5.40. Light pulse sequence in photon echo experiments

The phases of the Rabi oscillations may be visualized as given in Fig. 5.41
(p. 317). The temporal development of the phases is depicted as the angle of
the polar coordinates of the dipole moment vector in the xy plane for an
exciting light pulse propagating in the z direction.

If the exciting pulse is short and intensive enough to provide a sufficiently
strong electric field:

Eexc � h

µba
|ν − νexc| (5.131)

all dipoles will be excited after the pulse with the same phase. The phase
angle θphase develops in time as:

θphase =
∫ tFWHM,pulse

0

µba
2πh

Eexc dt. (5.132)
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z, k

t=t1 t1<t<t2 t=t2-ε t=t2+ε t1<t<techo t=techo

∆t2∆t1

Fig. 5.41. Phases of the Rabi oscillations of particles excited at t1 and inverted
with a second pulse at the time t2 resulting in a minimal phase difference at time
techo for the pulsed excitation after Fig. 5.40 (p. 316)

For the photon echo experiment the first pulse has to produce a phase
shift of:

1. excitation pulse θphase,pulse1 =
π

2
. (5.133)

During the following time t < t2 the phase angles become more and
more different. Usually many oscillations take place. Coherent oscillation is
destroyed after the fanning out time T ∗2 :

fanning out time T ∗2 =
1

2π∆ν
(5.134)

for the distributed resonance frequencies over the range ∆ν. T ∗2 is in photon
echo experiments shorter than ∆t1/2.

Then a second short intensive laser pulse is applied after a time ∆t1. It
has to produce a phase shift of:

2. excitation pulse θphase,pulse2 = π (5.135)

and thus the phase is inverted and the following process can be illustrated
as a “back-rotation” in the phase diagram as depicted in Fig. 5.41. Finally
after a second time interval ∆t2 which is obviously the same as ∆t1 = ∆t2 all
dipoles are in phase again except for the fanning out time resulting from the
spectral broadening of the particles. This results in a spreading of the phase
and thus the observed emission, the photon echo, of the sample will have a
pulse width of 2T ∗2 as illustrated in Fig. 5.40 (p. 316).

Of course this type of coherence experiment can be carried out only for
delay times ∆t1/2 shorter than the T2 describing the phase disturbing colli-
sions:

photon echo condition ∆t1/2 < T2 (5.136)

whereas the measurement of the echo intensity as a function of the delays
∆t1/2 shows an exponential decay which is described by the T2 time which
can be determined this way.
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In photon echo experiments phase shifts different from π and π/2 also are
possible. In any case the intensity of the excitation has to be strong enough to
produce enough transition dipole moments in competition to the relaxation
processes. Thus the necessary intensities are in the range:

photon echo intensities Iexc ≥ c0ε0nh

2µ2
ba

(
1
T1

+ 2π∆ν
)

(5.137)

with the transition dipole moment µab which can be determined from the
cross-section spectrum as described in Sect. 3.3.1 (p. 101) and the energy
relaxation time of the transition T1.

Because of the different T2 times for different materials such as atoms,
solids and molecules, photon echo experiments need laser pulses of different
lengths ranging from µs to fs.

In addition to temporal and energetic conditions an angular condition for
the wave vectors has to be fulfilled:

wave vector condition kecho = 2kpulse1 − kpulse2 (5.138)

which allows background-free detection of the weak echo pulse as a function
of the delay of the second excitation pulse.

5.4.8 Self-Induced Transparency: 2Π Pulses

If optically thick samples with transmissions in the range of some 10% or be-
low are used in coherent nonlinear experiments the shape of the propagating
short pulses will be changed by matter absorption. It was observed that light
pulses of a certain pulse profile (hyperbolic secant) and related pulse energies
can transmit even through strongly absorbing samples without any change
of their shape and energy [5.289–5.303]. Such pulses are called 2Π pulses.

In this case the front part (leading edge) of the pulse is absorbed producing
an inversion in the sample. This inversion amplifies the trailing part of the
pulse and thus the energy is conserved for the pulse. But the process causes
a delay of the pulse which is longer the further the pulse transmits through
the sample and thus the light seems to move much slower than c0/n (see
Fig. 5.42, p. 319).

The description of this self-induced transparency is based on the nonlinear
wave equation (4.7). Assuming the pulse propagates unchanged with velocity
vpulse in the z direction through the material with induced dipole moment
µmat the temporal part of the wave equation can be written as [5.303]:

∂E(t− z/vpulse)
∂t

=
1
τsetr

E

√
1−

(
2πµbaτsetr

h
E

)2

(5.139)

with

τsetr =

√
ε0h

4πc0νN0µ2
ba

(
1

vpulse
− 1
c0

)
. (5.140)
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tmax tdelay tt

before interaction sample

amplification absorption

Fig. 5.42. Transmission of a Π pulse through an absorbing sample without change
of pulse shape and energy via absorption of the leading edge and amplification of
the trailing edge resulting in a delay tdelay

The solution of this equation gives for the shape of the unchanged pulse:

E(t− z/vpulse) =
h

2πµbaτsetr
sec h

[
1

τpulse

(
t− z

vpulse

)]
(5.141)

and the integral over this pulse shape has the value:∫ ∞
−∞

2π
µba
h
E dt = 2π (5.142)

which explains the name 2Π pulse.
It can be shown that pulses of any shape will be changed by the sample

absorption to the sech shape of the 2Π pulses as long as the conditions for
self-induced transparency are fulfilled. If the temporal integral of the incident
pulse is larger than n times 2π the incident pulse is split into n 2Π pulses.

The pulse velocity is approximately given by:

2Π pulse velocity vpulse =
c0

1 + 2c0amat∆ντ2
setr

(5.143)

with the absorption coefficient amat and the spectral width of the transition
∆ν. Thus the pulse velocity can be reduced by more than a factor of 103

compared to the speed of light and thus time delays tdelay = Lsample/vpulse
of 100 ns or longer can be obtained in samples with lengths Lsample in the cm
range [5.289]. This coherent effect is much larger by many orders of magnitude
than is possible by conventional linear refraction.

For obtaining self-induced transparency with 2Π pulses coherent interac-
tion has to be achieved and thus the pulse duration has to be shorter than
the T2 and the T1 times of the material.
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5.4.9 Superradiance (Superfluorescence)

Coherent coupling of light-emitting particles (without a laser resonator) re-
sults in coherent radiation which is called superradiance or superfluorescence
[5.304–5.312]. The resulting intensity Iradiation is quadratically proportional
to the number of particles as long as no saturation effects occur, in contrast
to stochastic emitters (see Table 5.1).

Table 5.1. Properties of superradiance and stochastic emitted light with the in-
tensity Iradiation

Superradiance Incoherent emitters

Particle density N Iradiation ∝ N2 Iradiation ∝ N
Spatial distribution Iradiation ∝ cos2 ϕ isotropic

(higher in the direction of (for isotropic emitters)
most particles)

Temporal distribution short pulses proportional excitation
and population lifetime

The coherence can be established by coherent excitation of the emitters
or it can be based on the sufficient high population of the excited emitting
state. Based on spontaneous fluorescence the superradiance can then develop
by coherent amplification. Finally a high gain in the material will be obtained.
In resonators this superradiance passes to coherent laser radiation.

A mathematical description is possible with the fundamental equation
of nonlinear optics (see Sect. 4.3) including the coherent interaction (see
Sect. 5.4.2, p. 301).

In excimer and nitrogen lasers the influence of the external resonator is
sometimes so small that some of these lasers are named superradiators.

5.4.10 Amplification Without Inversion

Amplification of light in matter usually demands the inversion of the popu-
lation densities of the participating energy levels. This inversion is the basic
requirement for lasers as usually applied in photonics.

But if three or more energy levels are coherently coupled via the light
field the absorption can be decreased in these materials showing a very high
refractive index. In some cases even amplification is possible although the
population densities are not inverted.

This process can be based, e.g., on the double-Λ-scheme as shown in
Fig. 5.43.

The lower states |b〉 and |b′〉 can be superimposed to the orthogonal states
1/
√

2(|b〉 − |b′〉) and 1/
√

2(|b〉 + |b′〉). If the absorption of the first state to
the excited state |a〉 is forbidden it is called a trapped state. If most of
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Fig. 5.43. Double-Λ-scheme with coherently coupled quantum states b allowing
for amplification without inversion

the particles are in this trapped state and the emission of |a〉 to the second
combined ground state is allowed then amplification can be observed without
having more particles in |a〉 than in |b〉.

A detailed theoretical discussion is given in [5.313–5.315]. More experi-
ments are described in [5.316–5.329]. Based on this amplification, laser with-
out inversion can be investigated. For photonic applications these lasers are
not used today.

5.5 Two-Photon and Multiphoton Absorption

Absorption and emission of two [5.330–5.414], three [5.416–5.429] or several
[5.430–5.439] photons can occur stepwise or simultaneously (see Fig. 5.44,
p. 322).

Stepwise multiphoton absorption as in Fig. 5.44 (c) (p. 322) and (d) does
not require coherence of the exciting light beam(s) and can be described by
simple rate equations as given in Sect. 5.3.6 (p. 277). As long as the population
densities of the involved lower states of the transitions are sufficiently high
further absorption to higher states will occur. It turns out that, e.g. for many
molecules the lowest energy ground state absorption band occurs in the first
excited state in a similar form. Thus in laser experiments with such molecules
stepwise absorption may happen.

In contrast, simultaneous absorption demands the simultaneous presence
of the two or more photons “within” the cross section of the particle. Thus
for a rough estimate the necessary intensity can be calculated to realize the
necessary overlap in space and time.

But both absorptions via an intermediate energy state or without may
occur as coherent interaction between light and the transition dipole moment.
Using rate equations the two-photon transition probability from the state l
to the state m can be phenomenological described by:
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Fig. 5.44. Absorption and emission of photons: (a) two photons of the same fre-
quency are absorbed simultaneously (two-photon absorption TPA), (b) two photons
of different frequencies are emitted simultaneously, (c) stepwise absorption of two
equal photons and (d) stepwise absorption of seven equal photons, e.g. between
vibrational energy levels

(1) two-photon absorption from l to m (Nl → Nm):

∂Nl
∂t

= −σ(2)
l,mI--1I--2Nl and

∂Nm
∂t

= +σ(2)
l,mI--1I--2Nl (5.144)

(2) two photon emission from m to l (Nl ← Nm):

∂Nl
∂t

= +σ(2)
m,lI--1I--2Nm and

∂Nm
∂t

= −σ(2)
m,lI--1I--2Nm (5.145)

leading to a quadratic intensity dependence if just one light beam is ap-
plied. The cross-section σ

(2)
l,m is then measured in cm−4 s if the intensity I-- is

measured in photons cm−2 s−1. Typical values for the cross-section in interac-
tions without an intermediate state are in the range of 10−48–10−50 cm4 s for
molecules and even 100–104 times smaller for atoms. As cross section unit for
two photon absorption GM = 10−50 cm4 s is frequently used (with respect to
the work of Maria Goeppert-Mayer [5.440]).

Usually only small population densities are reached in the excited state
and therefore the photon transport equation can then be written as:

∂I--
∂z

= −Ntotalσ
(2)I--2exc (5.146)

which can be integrated to give:

two photon absorption I--(z) = I--0
1

1 + σ(2)NtotalI--0z
(5.147)

with the incident excitation intensity I--0 at z = 0 and the total number of
absorbing particles Ntotal. This approximation is valid only far below satura-
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tion or bleaching. This is usually fulfilled because of the small cross-sections.
Therefore intensities in the GW cm−2 range are required for this type of ex-
periment. Such high intensities are close to the damage threshold of optical
glasses and can produce optical breakdown in the sample (see Sect. 5.6).
Thus excitation is limited. Suitable intermediate energy levels can increase
the cross-section value by a factor of 106. In all cases resonance of the energy
of the two photons with the energy levels of the sample is assumed.

The line shape is for parallel beams the same as the single photon band
profile. In the case of two antiparallel beams the broadening effects from
the moving particles can be avoided and the resulting two-photon spectra
are Doppler-free, allowing, e.g. the resolution of the hyperfine structure of
atoms [e.g. 5.393, 5.397–5.405]. This can result in strong signals although
the two-photon cross-section is much smaller than the single-photon one. In
this Doppler-free spectroscopy no inhomogeneous broadening takes place and
thus all particles contribute to the transition at the light wavelength. In any
case the polarization of the two photons should be the same for the maximum
transition probability.

A theoretical description of the two-photon processes as in Fig. 5.44 (a)
(p. 322) and (b) can be based on the combined successive transition from the
ground state |g〉 to a virtual state |v〉 which is reached by the first photon
and then from the virtual state |v〉 to the upper state |u〉 representing the
transition from the second photon [M47, M48]. The transition state is then
represented by the linear combination of the wavefunctions of all real energy
states of the matter which have allowed single photon transitions from the
ground state.

The transition probability for this transition results from the sum of all
these single transition probabilities. The second transition is treated in the
same manner and thus the final transition results from the product of these
two single step probabilities.

Therefore the two-photon process has different selection rules. Compared
to the single-photon transitions which are allowed between states of opposite
parity two-photon transitions are strong between states of the same parity:

allowed single photon transitions:
even → odd and odd → even (5.148)

but
allowed two photon transitions:

even → even and odd → odd (5.149)

and thus with two-photon spectroscopy states can be reached which are for-
bidden in conventional spectroscopy. But in many practical cases, especially
for molecules, the selection rules are not so strongly restrictive and thus even
“forbidden” transitions are measurable from single-photon spectroscopy.

If the two or multiphoton transition occurs almost resonantly via a real
energy level of the sample as in Fig. 5.44 (c) (p. 322) and 5.44 (d) (p. 322) the
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transition probability is strongly enhanced and reaches values of the usual
single-photon transitions.

Two photon emission as in Fig. 5.44 (b) (p. 322) can be stimulated by
an incident light beam of frequency ν1 or ν2 and the second photon with
frequency ν2 or ν1 respectively will be emitted in the same direction. The
spontaneous two photon emission is usually too weak to be observable.

Two-photon absorption is used in several photonic applications in sci-
ence and may become increasingly important, e.g. in laser medicine. Thus,
e.g. samples with “blue” absorption can be excited with “red” lasers (see
Sect. 7.6.4 (p. 583), Sect. 1.5 (p. 6) and 6.2 (p. 362)). Larger penetration
depths of several mm may become realizable with red laser radiation for
both measuring applications or for tissue modification in contrast to green
and blue light which is typically absorbed in the first few 100 µm.

As a possible measuring error in this case single-photon excited state ab-
sorption at the wavelength of the pump laser can occur with 103 times higher
cross-section [e.g. 5.23] and simulate a very strong two photon cross-section.

This two-photon absorption can be used for exciting molecules as tumor
markers or in photodynamic therapy (see Sect. 1.5). This avoids the distor-
tions from much less intense sunlight which is insufficient for two photon
excitation. Using different directions of the two pump light beams or a high
aperture of the focusing lens a high spatial resolution in the µm range can
be achieved in the detection in all three space dimensions. Usually scan-
ning microscope techniques are applied for this purpose to generate three-
dimensional pictures of the material enabling the display of sub-cell structures
in biological or medical applications.

Conventional fluorescence can be excited via two-photon absorption,
called two-photon induced fluorescence (TPF). This easily to observe second-
order nonlinear process is, together with the above-mentioned applications,

I

t

I

z

ImaxI0

∆zTPF

Fig. 5.45. Two-photon induced fluorescence for measuring the duration of short
laser pulses from the spatial expansion ∆zTPF
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also used for the determination of the pulse length of short laser pulses [5.406]
as shown in Fig. 5.45.

Two equal shares of an incident beam are guided antiparallel into a cell
with strongly fluorescing material (e.g. a laser dye) which can be excited by
two-photon absorption with the laser wavelength. In the temporal overlap
region of the two pulses the fluorescence will be much stronger over the
FWHM range ∆zTPF-FWHM which can easily be measured using a magnifier
or a microscope in the sub-mm range. The resulting pulse length in the ps or
sub-ps range can be evaluated from:

pulse width (Gauss) ∆tFWHM =
1
c
√

2
∆zTPF-FWHM (5.150)

with ∆zTPF-FWHM as the full width at half maximum of the TPF signal after
background subtraction and the speed of light c in the matter. For hyperbolic
secans pulse shapes the pulse width of the exciting signal is smaller for the
same spatial width of the TPF signal and follows from:

pulse width (sech) ∆tFWHM =
1

1.5429 · c∆zTPF-FWHM. (5.151)

These concepts can be applied analogues if second harmonic generation
(SHG) is used for the pulse duration measurements. In this case a nonlinear
crystal is applied instead of the TPF cuvette and the second harmonic light
intensity is detected instead of the fluorescence while the temporal delay
between the two beams is varied. Laser pulse asymmetries can be detected
using three-photon absorption [5.420].

Other applications of TPF are high-resolution microscopy (see Sect. 1.5
and references there and, for example, [5.371, 5.387]) or single molecule imag-
ing based on two-photon absorption processes (see Sect. 1.5 and, for example,
[5.372, 5.376]).

The simultaneous absorption of more than two-photons becomes less
probable by a factor of 10−6 with each additional photon and thus multi-
photon absorption as in Fig. 5.44 (d) (p. 322) is easily observable only with
resonant energy levels. Such equal steps of energy levels are provided, e.g.
from the vibrational energies of molecules. Because of the multiple resonance
condition this type of excitation can be very selective. It was shown that even
different conformations of molecules or different isotopes in these molecules
can be differentiated via a multi-photon excitation with 20–50 photons result-
ing in the dissociation of the molecule. This offers a new approach for very
selective photochemical reactions. Laser chemistry may be develop based on
these multiphoton excitations in addition to femtochemistry (see Sect. 1.5
and references there).

Multiphoton excitations allow the preparation of very special quantum
states of matter. Dressed atoms with electrons in very high orbits can be
prepared this way. The investigation of atoms in highly excited Rydberg
states which can be achieved with multiphoton excitation has given some
insides in the their structure [e.g. 5.423].



326 5. Nonlinear Interactions of Light and Matter with Absorption

5.6 Photoionization and Optical Breakdown (OBD)

If the intensity is increased to very high values above 1010 W cm−2 s−1 finally
all absorbing or nonabsorbing materials can be ionized and possibly damaged
[5.441–5.506]. These high intensities can be easily achieved with focusing of
short pulses. Besides the effects caused by strong heating the consequences of
the extremely high electric fields and possible photoionization via multipho-
ton excitation can also be observed. In practical cases mostly a combination
of these effects occurs.

f = 100 mm

> 100 mJ, 10ns

OBD

air

Fig. 5.46. Scheme for observing optical breakdown in air

If photoionization takes place during a short period many free electrons
will be generated and a hot plasma will be obtained. This optical breakdown
can be observed, e.g., by focusing a Q switched laser pulse of good beam
quality with a few mm diameter, a pulse duration of 10 ns and a pulse energy
of 100 mJ with a lens with a focal length of 100 mm in air (see Fig. 5.46).

With shorter pulse lengths the pulse energy can be correspondingly
smaller and vice versa. This impressive and noisy effect works in gases with
repetition rates of more than 100 Hz, in liquids with a few 10 Hz and in solids
just one time per volume.

The obtained “white” light covers a large spectral range as a function
of the material and may be used for illumination. In the generated plasma,
optical phase conjugation (see Sect. 4.5.14, p. 250) can occur and thus the
laser source can be damaged by the back-scattered light, especially if oscil-
lator amplifier laser systems are used. In this case optical isolation with a
Faraday rotator and a polarizer may be applied to protect the laser source
(see Sect. 6.11.3, p. 480).

Both experimental and theoretical investigations of this effect are difficult
to carry out because of the competing effects in this intensity range. Usually
at intensities much smaller than the breakdown value other nonlinear effects
may also broaden the laser pulse spectrum. Typically some Raman scattering
in combination with subsequent four wave mixing and soliton effects accom-
pany the self phase modulation after self focusing. All these effects have to
be distinguished from the OBD.



5.6 Photoionization and Optical Breakdown (OBD) 327

Multiphoton excitation as discussed in the previous chapter with sub-
sequent ionization leads for the ionization, measured e.g. as the number of
generated ions NOBD-ions, as a function of the exciting intensity Iexc to a
high-power kOBD:

NOBD-ions ∝ ∆tpulse,FWHMI
kOBD
exc . (5.152)

The pulse duration ∆tFWHM increases linearly the probability of this ion-
ization.

The exponent kOBD is of the size of the quotient of the ionization energy
Eionization divided by the photon energy hνexc:

kOBD ≈ Eionization

hνexc
(5.153)

but the observed kOBD values may be smaller. In [5.464] a value of kOBD = 6.5
was observed for the ionization of krypton atoms, which have an ionization
energy of 14 eV, with a pulsed ruby laser light of the wavelength of 694 nm.
The theoretical value of kOBD is approximately 10. This discrepancy may be
explained by the supporting field emission from the very high electric fields
in the light beam and other processes.

Table 5.2. Strength of the electric field Eav of a light beam as a function of the
intensity I

I I-- Eav

(Wcm−2) (photons cm−2 s−1) (V cm−1)
(with λ = 1 µm)

10 5.0341 · 1019 86.80
103 5.0341 · 1021 8.680 · 102

106 5.0341 · 1024 2.745 · 104

109 5.0341 · 1027 8.680 · 105

1012 5.0341 · 1030 2.745 · 107

1015 5.0341 · 1033 8.680 · 108

The electric field strength Eav as calculated from (2.48) can exceed the
field emission strength EFE (see Table 5.2). With static fields this value is of
the order of 107 V cm−1.

Because of the high power of IkOBD this effect appears with a threshold
character. This “threshold intensity” depends on many parameters. Measured
values for xenon, krypton, argon and neon gases at normal pressure are in
the range of 1010–1011 W cm−2 s−1 for red light and ns pulse duration. The
OBD “threshold” shows a minimum as a function of gas pressure in the range
of 100 MPa–1 GPa [5.481] because of too few particles at low pressures and
stronger damping at high pressures.

Impurities can decrease this “threshold” by orders of magnitude. There-
fore the “threshold” can be increased by purification if necessary even for
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“pure” gases by at least one order of magnitude as shown in [5.460]. In these
experiments a transversal electric field was applied in gases to extract all
particles out of the beam cross-section. OBD can be, e.g. the limiting fac-
tor for good phase conjugation based on stimulated Brillouin scattering (see
Sect. 4.5.9, p. 224). Liquids can be distilled in a special procedure using a
pump and freeze technique to remove the particles which are usually not
specified by the supplier to increase the OBD threshold [4.408].

Photoionization and the resulting plasma can disturb photonic applica-
tions as, for example, stimulated Brillouin scattering (SBS), as discussed in
Sect. 4.5.9 (p. 224) and the references therein, but they can also be used
for other applications. Thus the laser-induced plasma can be used as new
broadband UV and XUV light sources (see Sect. 6.13.5 (p. 520) and [5.465–
5.482]). Microparticles can be detected [5.485], laser pulses can be shortened
[5.461] and laser spark ignitions can be realized [5.504]. Some more-detailed
investigations of the breakdown mechanism are given in [5.489–5.503].

5.7 Optical Damage

Damage of optical materials by laser radiation with high powers depends on
both the matter and light parameters [5.507–5.559]. It is difficult to measure
and to model because of the very high nonlinearity of the process and thus
because of the high sensitivity towards impurities. Therefore a phenomenolog-
ical description of the “damage threshold” is applied and is mostly sufficient.

Optical damage threshold is different for bulk materials and surfaces. It
is also a function of almost all radiation parameters such as pulse duration,
wavelength, intensity and energy, mode structure, beam size and even polar-
ization for nonperpendicular incidence at surfaces. Most crucial are material
impurities such as absorbing, e.g. dust, particles at the surface or in the bulk
or inner tensions from the production process. Optical damage is investigated
for optical components such as, e.g. mirrors, laser and frequency converting
crystals, coatings and other nonlinear materials.

As a rough guideline the damage intensity Idamage is inversely proportional
the square root of the pulse duration ∆t [5.524]:

pulse width Idamage(∆t) = Idamage,ref

√
∆tref

∆t
+ Idamage,cw (5.154)

with the reference damage intensity Idamage,ref of a pulse with the duration
∆tref and the damage intensity Idamage,cw for continuos radiation. Sometimes
instead of the damage intensity the damage fluence Fdamage = Idamage∆tpulse
is given for a certain pulse width. The damage fluence will increase with the
square root of the pulse duration ∆tpulse.

In Table 5.3 (p. 329) some characteristic values of the damage intensity
and fluence are given [M33].
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Table 5.3. Rough estimates of damage thresholds for transparent optical compo-
nents for light pulses of different pulse durations

Idamage Idamage Idamage Idamage Fdamage

(GWcm−2) (GWcm−2) (GWcm−2) (GWcm−2) (J cm−2)
(10 ns) (1 ns) (30 ps) (100 fs) (1 ns)

Bulk damage 16 50 290 5.000 50
Surface damage 3 10 58 1.000 10

(uncoated)
Dielectric mirrors 3 10 58 1.000 10
Antireflection 1.6 5 3 500 5

coatings

These values may be used to estimate the useful intensity ranges for op-
tical components in nonlinear optics. Intensities of a factor of 10–100 smaller
than the damage threshold usually guarantee safe operation under clean con-
ditions.

For continuous radiation (cw) the damage intensity is in the range of a
few 10 kW cm−2.

The damage threshold is decreased by the roughness of the optical surface
drastically. For the rms roughness δsurface between 1 and 30 nm a simple
relation was given for the decrease of the damage threshold:

roughness Idamage ∝ 1
δmsurface

(5.155)

with an exponent m between 1 and 1.5 [M33]. Thus the damage threshold can
be decreased by more than two orders of magnitude. Thus in high-intensity
measurements highly polished surfaces should be used, e.g. for cuvettes and
all components.

Further the damage threshold decreases with increasing spot area Aspot
as [M33]:

spot size Idamage ∝ 1√
Aspot

. (5.156)

For absorbing matter the damage threshold decreases with increasing ab-
sorption. For absorption coefficients a = −1/L lnT between 0.01 and 50 cm−1

the following formula was observed [5.524]:

absorbing matter Idamage =
264 kW/cm2

(a/cm−1)0.74 . (5.157)

Single molecules can be stable for several hundred absorption cycles but
they can also be destroyed after a few absorptions, see [5.549–5.556]; this is
a function of their structure. In solid materials melting or other degradation
processes can occur (see the next Section and, for example, [5.557–5.559]).
Color centers may be produced in certain nonlinear crystals and even in solid



330 5. Nonlinear Interactions of Light and Matter with Absorption

state laser material [e.g. 3.20, 3.21]. Sometimes these color centers can be
healed by special heating cycles. In any case self-focusing of the laser light
(see Sects. 4.5.3 (p. 212) and 4.5.6, p. 218) may increase the intensity in the
material and thus produce optical damage [5.560–5.564].

The valuable side of the optical damage is optical material processing.

5.8 Laser Material Processing

In most cases optical material processing is based on the thermal effects of
the absorbed light in the matter resulting in characteristic time constants of
µs up to seconds.

In general three main types of material processing applications may be
distinguished:

• heat treatment (104–105 W cm−2): hardening of steel, surface oxidation;
• melting (105–107 W cm−2): soldering, welding, marking, labeling, cutting,

surface treatment;
• vaporization (107–1010 W cm−2): drilling, cutting, labeling, trimming.

The first two methods can be applied with cw lasers or pulsed systems
with pulse widths from ms to ns. The vaporization technique demands pulsed
operation in the µs to ps range. The use of fs laser pulses resulted in drilling
and micromachining to very high accuracy and may find applications, too,
depending on the price of these lasers and the advantage in precision.

The theoretical description of these material processing applications has
to be based on the modeling of the light energy absorption and the following
heat distribution in the matter using differential transport equations.

The temperature difference distribution ∆T as a function of the radial
distance r and time t inside a sample which is excited at a small spot can be
calculated from:

∆T (r, t) = ∆E
1
ρcP

(4πκt)−1.5
{

1 +
(
r2

κt
− 6

)
s2

40κt

}
e−r

2/4κt (5.158)

where the sample was assumed to be indefinitely large compared to the ex-
cited volume dimensions. The computation of the temperature distribution
was based on the superposition of spherical heat sources providing an in-
stantaneous energy deposition ∆E. ρ denotes the density of the medium, cP
the heat capacity and κ the heat diffusion coefficient. The radius of the heat
sources has to be small compared to the heat dissipation radius which is in
practical cases at the order of a few 0.1 mm.

Typical material parameters are given in Table 5.4 (p. 331). With these
temperature and heat values the necessary laser pulse energy or power can
be estimated.

It has to be noticed that the absorption (1 − R) can change drastically
if the matter is melted or if in pulsed operation a plasma is formed at the
surface.
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Table 5.4. Material parameters relevant for material processing: density, specific
heat cp, heat conductivity kh, melting temperature Tm, vaporization temperature
Tv, melt heat Qm, vaporization heat Qv, absorption 1 − R (for 1 µm light) (from
[5.566])

Material ρ cp κ Tm Tv Qm Qv 1−R
(gcm−3) (JgK−1) (Wcm−1K−1) (◦C) (◦C) (Jg−1) (Jg−1)

Aluminium Al 2.70 0.90 2.22 660 2450 395 10470 0.10
Chromium Cr 7.19 0.46 0.67 1875 2220 282 5860 0.40
Copper Cu 8.96 0.39 3.94 1083 2595 212 4770 0.06
Gold Au 19.3 0.13 2.97 1063 2966 67 1550 0.02
Iron Fe 7.87 0.46 0.75 1537 2735 274 6365 0.35
Lead Pb 11.3 0.13 0.33 327 1750 26 858
Manganese Mn 7.43 0.48 0.5 1245 2095 267 4100
Nickel Ni 8.9 0.44 0.92 1453 2840 309 6450 0.28
Platinum Pt 21.5 0.13 0.72 1769 3800 113 2615 0.27
Silicon Si 2.33 0.76 1.49 1410 2355 337 1446
Silver Ag 10.5 0.23 4.29 961 2212 105 2387 0.03
Tin Sn 7.30 0.23 0.63 232 2270 61 1945 0.45
Titanium Ti 4.51 0.52 0.17 1668 3280 403 8790 0.40
Tungsten W 19.3 0.14 1.67 3410 5930 193 3980 0.41
Vanadium V 6.07 0.50 0.29 1900 3530 330 10260 0.40
Zinc Zn 7.13 0.39 1.13 420 907 102 1760 0.50

From these values it can be estimated that the melt energy for 1 mm3

of material is of the order of 1–10 J and the vaporization energy is about
10 times larger. For a usually sufficiently small variation of the cut or drill
diameter of less than 10% along the laser beam the Rayleigh length of the
focused light should be three times larger than the material thickness.

Therefore the cut or welding speed for materials depends on the average
laser power absorbed in the material. For a copper sheet with a thickness
of 1 mm with a laser power of 60 W at 1 µm wavelength in a pulsed regime
resulting in a peak power of 10 kW the possible cut speed is larger than
20 mm/s. For commercial laser material processing in, e.g. car production
the used lasers show average output powers of 2–6 kW at 1 µm (Nd laser) or
even higher values at 10.6 µm (CO2 laser).

Laser ablation is especially investigated in [5.571–5.596] and laser writing
or prototyping can be found in [5.597–5.607]. The melting process, especially
using short pulses, is described in [5.608–5.626]. Some biological and medical
aspects are studied in [5.627–5.630] in addition to the references in Sect. 1.5.
The use of very short pulses, and, thus, very high powers is described in
[5.631–5.637] and the beam delivery is discussed in [5.638–5.642]. Some more
and recent applications are given in [5.643–5.664].
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5.9 Combined Interactions with Diffraction
and Absorption Changes

If the absorption of matter is changed the real part of the refractive index
and thus the diffraction will be changed, too. Thus both the amplitude and
the phase of the applied light will be changed.

change of absorption and refractive index
⇓

change of intensity and phase of the light

In absorption measurements such as pump and probe techniques the phase
change will not always be detected. But if interference setups are used and
thus absorption and phase gratings are applied in the matter both changes
have to be considered in the interaction of the probe light with the matter.

In this type of measurements two, three or four light beams interact more
or less simultaneously with the matter. These experiments are in general
described by the formalism of four-wave mixing (FWM). The theory of this
FWM can be very complicated if the applied beams have different spectra,
different temporal and spatial structure, different polarization and coherence.
Simple cases more easily described will be reported below.

As the simplest example the generation of transient or permanent grat-
ings by two equal light beams with different propagation directions will be
outlined, first.

5.9.1 Induced Amplitude and Phase Gratings

If the production of the amplitude and phase grating in the material with
two pump beams and the detection of these induced changes in the matter
with the probe beam are obtained separately with temporally nonoverlapping
light pulses the description of the previous sections may be sufficient for the
analysis. The probing was described in Sect. 3.9.16 (p. 150). The grating
production can be calculated with the interference formulas from Sect. 2.9
and the nonlinear interaction formulas given in Chaps. 4 and 5 describing the
nonlinear change of the refractive index and the nonlinear transmission.

If the diffraction at the transient grating is observed, simultaneously, using
a third beam as probe resulting in a fourth beam which is used to detect the
four-wave mixing process, then a description such as that given in the next
section has to be used. But here it is assumed here that only two beams are
applied (see Fig. 5.47, p. 333).

If, via the nonlinear interaction of the interference pattern from the two
beams, an absorption or phase grating is induced in the matter some light of
the pump beam p can be diffracted into the direction of the transmitted beam
s and vice versa. Some examples for induced gratings and their theoretical
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nonlinear mater ial

grating

Is

Ip

Idetect

Fig. 5.47. Production and detection of induced gratings via the nonlinear interac-
tion of two beams with absorbing matter

treatment are given in [5.665–5.700]. Additional examples can be found in
the next Section.

If the two beams have distinctively different intensities, an “amplifica-
tion” of the weaker beam can be obtained. This process is also called two-
wave mixing (TWM) or beam coupling [5.690–5.700]. It can be used for beam
cleanup. Therefore, a weak beam with good and/or desired properties is am-
plified via two-wave mixing by a strong pump beam with bad beam quality
[5.698–5.700].

The analysis is easy if the following assumptions about the two beams are
justified:

• they are plane waves (e.g. in the waist region of Gaussian beams);
• coherence is sufficient for complete interference;
• they are linearly polarized perpendicular to the interaction plane;
• light frequencies are only slightly different;
• intensities are not to high (below saturation of the nonlinear effect).

The electric fields of the two beams are then given by:

Ep = E0
p cos(2πνpt− kp · r + ϕp) (5.159)

and

Es = E0
s cos(2πνst− ks · r + ϕs) (5.160)

with the resulting intensity ITWM modulated in the sample:

ITWM = Ip + Is + 2
√
IpIs cos{2π(νs − νp)t− (ks − kp) · r + ∆ϕ}(5.161)

and with ∆ϕ = ϕs − ϕp.
If the two beams have the same frequency, i.e. they are degenerate, the

spatial modulation is a function of the angle between the two incident light
waves and their relative phase, only.

The diffraction efficiency of the pump beam with Ip towards the direction
of Idetect is a function of the type of grating and the phase difference between
Ip and Is as given in Table 5.5 (p. 334).
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Table 5.5. Diffraction of pump beam Ip towards the direction of Idetect as given
in Fig. 5.47 (p. 333) as a function of the relative phase ∆ϕ between the beams Ip
and Is

phase grating

n(z): ∆ϕ = 0 Idetect = min.

∆ϕ =
π

2
Idetect = max.

amplitude grating

a(z): ∆ϕ = 0
Idetect = max.

⇑
bleaching

Idetect = min.
⇑

induced absorption
∆ϕ =

π

2
Idetect = min.

If the two intensities are equal the minimum intensity Idetect can be zero.
The maximum diffraction efficiency occurs for refractive index gratings for
phase shifts of π/2 between the two beams and for zero phase difference in
the case of bleached absorption gratings.

For optimal phases the diffraction efficiency ηdiff , related to the diffracted
light can be calculated from:

diffraction efficiency

ηdiff =
Idetect

Ip

=
(
π∆nLmat

λ

)2

+
(

∆αLmat

4

)2

(5.162)

with the sample thickness Lmat. The maximum change of the refractive index
∆n describes the phase grating and the maximum change of the absorption
∆a the amplitude grating.

As an example the maximum effect for an absorption grating produced by
an absorption change of ∆a = 0.03 cm−1 with an interaction length d = 1 mm
would lead to a diffraction efficiency of ηdiff = 5.6·10−7. If this change was pro-
duced, as a realistic case, by a pump intensity Ip of 4 · 1026 photons cm−2 s−1

and an intensity Is of 1025 photons cm−2 s−1 for the second beam the addi-
tional signal intensity in the detection would be 2 · 10−5 of the intensity Is,
only, and thus very difficult to detect.

The phase grating diffraction effect can easily be much stronger. If, e.g.
both beams of the given example have wavelengths of 500 nm an index change
of ∆n = 7 · 10−5 results in a diffraction efficiency of ηdiff = 0.2. In this case
the scattered intensity would be four times larger than the intensity Is and
thus very easy to detect.

For small absorption and small changes of absorption and refractive index:

assumptions a, ∆a� 4π
n

λ
and ∆n� n (5.163)
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the change of the refractive index accompanying the absorption change can
be calculated from:

∆n =
1

2π2

∫ ∞
0

∆a(λ)
1− (λ′/λ)2 dλ′ (5.164)

and with the approximations:

χ =
(
n+ i

λ

4π

)2

− 1 ≈ n2 − 1 + i
λ

2π
n (5.165)

and thus:

∆χ ≈ 2n∆n+ i
(
λ

2π
n

)
∆α (5.166)

and so:

ηdiff =
(
πd

2nλ

)2

· |∆χ|2 (5.167)

which allows the calculation of the diffraction efficiency based on the suscep-
tibility change of the matter.

5.9.2 Four-Wave Mixing (FWM)

In the four-wave mixing process (FWM) in general two pump beams Ip1
and Ip2 are used to interfere and induce phase or amplitude gratings via a
nonlinear optical process together with an additional third beam Is3. These
beams are diffracted at the resulting gratings forming the fourth beam Id4
which is detected (see Fig. 5.48).

θ
θ

nonlinear material

Ip1 Ip2

IdetectIs3
grating

Fig. 5.48. Schematic of four-wave mixing (FWM) using two pump beams p1 and
p2 to induce reflection gratings in the matter together with a third beam s3 resulting
in a the fourth beam detect

This scheme is used in many applications such as, e.g. holography, optical
phase conjugation and coherent anti-Stokes Raman scattering (CARS) as
described in Sect. 4.5.13 (p. 240). Some examples for degenerate four wave
mixing (DFWM), where all beams have the same frequency, are given in
[5.701–5.716] and for non-degenerate FWM in [5.717–5.738].
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Whereas the grating in conventional holography is static and thus the
writing of the grating and the read-out are temporally separated in FWM
all processes take place at the same time. Thus FWM is sometimes called
real-time or dynamic holography.

This four-wave mixing (FWM) is obviously a third-order nonlinear optical
process with nonlinear polarization:

P FWM
nl (r, t) =

ε0

2
χ(3)Ep1(r, t)Ep2(r, t)Es3(r, t) (5.168)

with a complex third-order susceptibility χ(3) describing phase and amplitude
changes of the material as a function of the orientation of the material, the
polarization and the frequencies of the light beams with electric fields Ep1,
Ep2 and Es3.

Because all beams have to be coherent during the time of interaction in
four-wave mixing at least four gratings are induced in the matter. For ex-
ample, beam p2 forms a reflection grating with beam s3 as depicted by the
grating planes in Fig. 5.48 (p. 335). Beam p1 can be thought of as “reflected”
at this grating towards the detection direction of Id4. In addition three more
gratings are important in FWM. A reflection grating results from the inter-
ference of the two pump beams p1 and p2 (see Fig. 5.49a). This grating will
have the shortest grating constant and it allows the back reflection of the

Ip1 Ip2

Is3

Id4

a)

Ip1 Ip2

Is3

Id4

b)

c)

Ip1 Ip2

Is3

Id4

Fig. 5.49. Additional gratings (compare Fig. 5.48, p. 335) occurring in four-wave
mixing: (a) reflection grating build by beams p1 and p2; (b) reflection grating built
by beams s3 and d4; and (c) transmission grating built by beams p1 and s3 as well
as by p2 and d4
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two pump beams p1 and p2. Another reflection grating is formed by s3 and
d4 (see Fig. 5.49b, p. 336). The fourth is a transmission grating generated by
the beams p1 and s3 as well as by p2 and d4 (see Fig. 5.49c, p. 336). Grating
planes will always occur in the direction of the half-angle plane between the
beams (see Fig. 5.49, p. 336).

Energy and momentum conservation have to be fulfilled for the photons
in the FWM scattering process and therefore

νp1 + νp2 = νs3 + νdetect (5.169)

and

kp1 + kp2 = ks3 + kdetect (5.170)

are required.
If the signal beam with intensity Is3 is equal to one of the pump beams

four-wave mixing is observed as a two-wave mixing process (TWM) as de-
scribed in the previous section. The stimulated scattering processes such as
stimulated Brillouin scattering (SBS) or stimulated Raman scattering (SRS)
can be described as a four-wave mixing process in the TWM formalism. But
these nonlinear processes can be used for real FWM, too, as, e.g. in Brillouin
enhanced four-wave mixing (BEFWM) [5.739–5.745].

If the frequencies of all four waves in FWM are the same as in degenerate
four-wave mixing (DFWM) the mathematical description is much easier. If
the frequencies are different (as in SBS) the gratings will move in time.

In holography the phase front of the incident read-out wave is restored
to produce the picture of the original object. Thus it is easy to imagine that
real-time holography or four wave mixing produces the phase conjugate of
the incident signal wave with Is3.

Because of the importance of FWM in many fields of photonics a large
number of investigations are made in the last 20 years [e.g. 5.702–5.802].
FWM is obtained with both transparent materials (Kerr-like media) as well
as with absorbing matter. It is applied for small powers in the range of mW
with cw-lasers up to high powers in the MW range. Thus all types of matter
are used as the nonlinear material, dependent on the use. Apart from the
nonlinear “threshold” of the matter their time constants are relevant param-
eters. Usually low necessary intensities as a result of a high nonlinearity of
the matter are combined with long lifetimes in the range of µs to ms.

Theoretical descriptions of four-wave mixing and possible optical phase
conjugation are given, for example, in [5.746–5.767]. In general the FWM can
be described based on the fundamental equation of nonlinear optics as:

∆E − µ0ε0
∂2E

∂t2
− µ0aabs

∂E

∂t
= µ0

∂2P FWM
nl

∂t2
(5.171)

with aabs and PFWM
nl accounting for the possible absorption and the nonlinear

polarization of the matter. This equation has to be solved for the four coupled
electric fields Ep1, Ep1, Es3 and Ed3.
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If some of the photons are resonant with matter transitions the analysis
of χ(3) can be visualized with Feynman diagrams as, e.g. shown in Fig. 5.50
for the example of doubly resonant four-wave mixing.

g
νdetect

u

v

νs3

νp1

<u|

<g|

<g' |

<v|

νp1 νdetectνp2νs3

νp2

g

g'

νp1 + νp2 = νs3 + νdetect

g
νdetect

u

v

νp1

νs3

νp2

g

g

Fig. 5.50. Term schematic and Feynman diagram for a doubly resonant four-wave
mixing process [5.760]

The resonant part of χ(3) can then be calculated quantum mechanically
from:[

X(3)
res (νdetect = νp1 + νp2 − νs3)

]
ijkl

= − (2π)3Ntotale
4

ε0h3

·
∑
v

〈g|ri|u〉〈u|rj |g′〉
(νp1 + νp2 − νs3 − νdetect + iku→g)(νp1 − νs3 − νjg + ikg′→g)

·
[ 〈u|rj |v〉〈v|rl|g〉

(νp1 − νvg) +
〈g′|rl|v〉〈v|rk|g〉
−(νs3 − νvg)

]
ρ0
gg

+ terms with j and l interchanged (5.172)

as given in [5.760]. Other examples of singly or triply resonant cases are
given there, too. Saturation effects are not involved in this type of theory.
Therefore, sometimes especially in cases with absorption and high excita-
tion intensities it may be easier to achieve wave mixing and determine the
nonlinear parameters experimentally.

For some cases the differential equations for the field amplitudes E0,l can
be given explicitly. If, e.g., all light beams have the same frequency with a
linear polarization to the interaction plane and thus degenerate four-wave
mixing (DFWM) is obtained, the equations for the field amplitudes are as
given in [5.765]:
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∂E0
p1

∂z
= −aE0

p1 − i2κpmE
0
p1

(|E0
p1|2 + |E0

p2|2 + |E0
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d4|2
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0
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p1E
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0
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0
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0
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p1E
0∗
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−iκ2p
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(
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0
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)
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0
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0
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)
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(5.173)

and
∂E0

p2

∂z
= −aE0

p2 − i2κpmE
0
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(|E0
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p2|2 + |E0
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(5.174)

and
∂E0

s3

∂z
= −aE0
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0
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(
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(5.175)

and
∂E0

d4

∂z
= −aE0
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0
d4

(|E0
p1|2 + |E0

p2|2 + |E0
s3|2 + |E0

d4|2
)

+i2κtE
0
p2

(
E0

p1E
0∗
s3 + E0∗

p2E
0
d4
)
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(
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)
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. (5.176)

In these equations the z direction was assumed to be in the direction of
the bisectrix between the beams p1 and s3 or p2 and d4 as shown in Fig. 5.48
(p. 335). Weak absorption with the absorption coefficient a was considered:

a =
Ntotalσ

2 cos θ

√
1
ε
. (5.177)

Besides the effect of the reflection (r) and transmission (t) gratings, a self
and crossed phase modulation (pm) and a two-photon excitation (2p) was
considered in these equations. The nonlinear coefficients κ follow from:

κpm =
2πνχ(3)

pm

8 cos θ

√
µ0

ε
κt =

2πνχ(3)
t

8 cos θ

√
µ0

ε
(5.178)

κr =
2πνχ(3)

r

8 cos θ

√
µ0

ε
κ′r =

2πνχ′(3)
r

8 cos θ

√
µ0

ε
(5.179)
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κ2p =
2πνχ(3)

2p

8 cos θ

√
µ0

ε
(5.180)

If all nonlinear coefficients are equal meaning all χ components are the
same the differential equations become much simpler:

∂E0
p1

∂z
= −aE0

p1 − iκ
[
E0

p1
(
3|E0

p1|2 + 6|E0
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s3|2 + 6|E0
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)
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0
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]

(5.181)

∂E0
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(5.182)
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∂z
= −aE0

s3 − iκ
[
E0

s3
(
6|E0

p1|2 + 6|E0
p2|2 + 3|E0

s3|2 + 6|E0
d4|2

)
+6E0

p1E
0
p2E

∗
d4
]
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∂E0
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∂z
= −aE0

d4 − iκ
[
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(
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s3|2 + 3|E0
d4|2

)
+6E0

p1E
0
p2E

0∗
d4

]
(5.184)

which can be solved numerically. Further approximations such as neglecting
absorption and the two-photon process are often useful.

For negligible absorption and two equal and undepleted pump intensities
with Ipump at the entrance windows, the generation of the new beam d4 was
calculated analytically in [5.765]. With the new variables for the beams:

Ẽ0
s3 = E0

s3 ei6κz|Epump|2 (5.185)

Ẽ0
d4 = E0

d4 e−i6κz|Epump|2 (5.186)

and for the nonlinear coefficient:

κ̃ = 6κ|Epump|2 e−i3κL3|Epump|2 (5.187)

with the interaction length L in the z direction. The new fields are then given
as a function of z as:

Ẽ0
s3(z) =

cos[|κ̃|(L− z)]
cos[|κ̃|L]

Ẽ0
s3(z = 0) (5.188)

and

Ẽ0
d4(z) = −i

κ̃

|κ̃|
sin[|κ̃|(L− z)]

cos[|κ̃|L]
Ẽ0∗

s3 (z = 0). (5.189)

The last equation shows that the generated wave d4 is proportional to the
complex conjugate of the incident probe signal s3 and thus optical phase con-
jugation takes place with this scheme of DFWM. Examples of optical phase
conjugation based on four-wave mixing are given in [4.630, 5.762–5.793].
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With these formulas the transmission Ts3 for the beam s3 and the reflec-
tivity Rs3 accounting for the total amount of light reflected into the direction
d4 relative to the incident value of s3 can be calculated:

Ts3 =
|E0

s3(z = L)|2
|E0

s3(z = 0)|2 =
1

cos2(|κ̃|L)
(5.190)

and

Rs3 =
|E0

d4(z = 0)|2
|E0

s3(z = 0)|2 = tan2(|κ̃|L). (5.191)

The transmission of s3 is always larger than 1 (absorption was neglected)
and the reflection can be larger than 1 if |κ̃|L ≥ π/4 which is easily possible. In
both cases the energy is provided by the pump beams p1 and p2. Reflectivity
values above 10 or 100 are observed. Even values above 103 are possible
with suitable materials and very small signal intensities in s3. The maximum
amplification and reflection will be limited by the depletion of the pump
beams.

With reflectivity values larger than 1, laser oscillators can be built using
the FWM phase conjugating material as one of the resonator mirrors and as
active material at the same time. By including an active material different
schemes have been proposed, as described in Sect. 6.6.12 and 6.7.6.

Besides these applications in lasers, spectroscopy and other measuring
techniques potential applications in communication technologies and com-
puting have been discussed. Thus OR, NOR, XOR and AND gates have
been demonstrated (see Sect. 1.5). In other schemes six-wave mixing has been
achieved [5.794–5.796]. Some more examples of the application of four-wave
mixing are described in [5.797–5.802].

5.9.3 Optical Bistability

Optical bistability [5.803–5.827] is exhibited by optical devices which show
ideally two stable transmission values T1 and T2 as a function of the input
beam parameters, especially its intensity. These devices can be used for op-
tical switching.

Achieving optical bistability requires an optical nonlinear element and
optical feedback (see Fig. 5.51, p. 342).

The transmission Tbs of the material is then given as a function of the
output intensity Tbs = T (Iout). If this is, e.g. a bell-shaped function (see
Fig. 5.52, p. 342, left side), the output intensity Iout as a function of the
incident intensity Iinc will reflect this behavior in a nonmonotonic shape (see
Fig. 5.52, p. 342, right side).

This results in an ambiguous function of the output intensity as a function
of the incident intensity which crosses an unstable region between points 1
and 2 (see Fig. 5.52, right side). Thus the output intensity will jump from
point 1 to point 1’ if the input intensity is increased and from point 2 to
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Fig. 5.51. Schematic of an
optical bistable device. Part
of the output light with Iout

is split off and fed back into
the nonlinear optical material
(NLM). The transmission of
the device shows two stable
values
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Fig. 5.52. Optical bistability produced by a bell-shaped function of matter trans-
mission as a function of the intensity (see text for explanation)

point 2’ if the input intensity is decreased. At these points the transmission
is changed rapidly as shown on the left side of Fig. 5.52. Thus the device
should be used for incident intensities between Iinc,low and Iinc,high. Many
kinds of nonlinear effect can be applied for such bistable optical devices.

As an example a nonlinear absorber inside a Fabry–Perot interferometer
can be used for this optical bistability (see Fig. 5.53).

NLM

Iswitch

I inc Iout

R R

L

Fig. 5.53. Optical bistability using a Fabry–Perot interferometer filled with a
nonlinear material. This device can also be used as an opto-optical switch applying
a small switch intensity Isw
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Using (5.4) as a simple approach to describe the nonlinear transmission
of the sample by the low signal absorption coefficient a0 and the nonlinear
intensity Inl the transmission of this bistable device can be written as:

T (Iout) =
Iout

Iinc
=

[
1 +

a0L

(1−R)(1 + 2Iout/Inl)

]−2

(5.192)

if both the reflectivity R of the Fabry–Perot mirrors and the transmission
T of the material are close to one. In this formula L is the length of the
active material. The operation of this device is better the higher the quotient
(1− T )/(1−R).

Besides nonlinear absorption the nonlinear Kerr effect can also be applied
for optical bistability [5.807]. If the Kerr material is used as the nonlinear
material in the scheme after Fig. 5.53 (p. 342) the nonlinear transmission of
the device can be written as:

T (Iout) =
(1−R)2

(1−R)2 + 4R sin2[2πL/λ0(n+ 2γIIout(1−R))]
(5.193)

with the Kerr constant γI , refractive index n and wavelength λ0 of the in-
cident light. It is assumed that for low intensities the length L is tuned to
resonance. Because of multiple resonance with increasing intensity this ele-
ment shows periodically instabilities.

As nonlinear materials such as organic molecules or semiconductors can
be used in this type of optical bistable element. The reaction time is given by
the round-trip time of the Fabry–Perot interferometer and the reaction time
of the matter. Therefore thermal effects which are also possible are usually
too slow for the desired application. But again known materials with fast
reaction times demand high intensities for switching. Thus the usefulness of
these optical switches are difficult to estimate.

5.10 Materials in Resonant Nonlinear Optics

Potentially many kinds of gases, liquids, solutions and solids are useful for
nonlinear optical applications based on nonlinear absorption and emission.
Most important are laser materials which are described in the next chapter.
Also important are nonlinear absorbers applied for Q switching and mode
locking in laser oscillators. Organic and inorganic systems such as solids or
liquids are used for this purpose. Optical switching, storage and especially
new display technologies may become even more important in the next few
years. For these applications better knowledge about the nonlinear optical
processes and the quantum mechanical structure of these functions is de-
manded.

Organic matter seems to have the greatest variability to fulfill the dif-
ferent functions, but their sometimes limited stability has to be increased



344 5. Nonlinear Interactions of Light and Matter with Absorption

significantly. New concepts using structures in the µm and nm scale reach-
ing molecular dimension will be developed, but also new inorganic matter or
combinations such as, e.g. colloides may be obtained.

In any case new materials for these new photonic techniques are required
for wide use in science and industry and knowledge about the nonlinear op-
tical interaction of these systems has to be improved. Some methods for this
purpose are described in Chap. 7.

5.10.1 Organic Molecules

The structure of organic molecules and their arrangement with more or less
strong coupling to the environment can be designed in nearly indefinite vari-
ations. Thus it seems to be possible to develop almost all required new func-
tions for photonic applications based on these compounds.

The parameters of molecular systems can vary in wide ranges:

• spectral absorption bands: UV-Vis-IR (150 nm–10 µm);
• cross-sections (molecules): < 10−15 cm2;
• cross-sections (aggregates): > 10−15 cm2;
• lifetimes: fs – years;
• saturation intensities: < kW cm−2 → GW cm−2.

Organic matter is used in photonics, e.g. as a laser material (e.g. dye
lasers), as an optical switch (e.g. Q switch and mode locker) and as a
waveguide. Potential applications may be new emitters for new displays (e.g.
OLEDs) or for new lasers, advanced optical switching and optical storage,
nonlinear phototherapy in medicine and new solar energy techniques.

Nature uses this potential, e.g. in photosynthesis and in the process of
seeing. But in these examples a very complex layout of thousands of molecules
achieves the function whereas the nonlinear behavior of single molecules such
as the chlorophyll and plastoquinone (see Fig. 5.54, p. 345) is quite simple.

Although many details about these complex structures are known we are
still far from building similar structures for photonic applications with com-
parably good and stable operation artificially. Nevertheless, these examples
challenge further research activities in this field.

But as a simple rule the single molecule as a basic unit of these structures
should have favorably high cross-sections σ in the applied spectral range
for nonlinear optics. The higher the cross-section the lower the necessary
excitation intensity Iexc for the required σIexc products. The cross-section of
the particles in the sample can be increased by aggregation and other special
arrangements of single molecules by many orders of magnitude.

In stationary cases with pulse widths and modulation times much longer
than the characteristic relaxation time τ of the matter the product στ can be
as large as possible to allow small excitation intensities. Thus the relaxation
time can be large for low intensities but on the other hand fast enough for the
required application. For excitation of materials with long relaxation times,
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Fig. 5.54. Molecular structure of chlorophyll and plastoquinone

much longer than the pulse integration of the excited particles will occur. In
this case the cross-section alone is responsible for the onset of nonlinearity.

Frequently used and investigated molecules for Q switching and mode
locking are cryptocyanine, DTTC, phthalocyanine for ruby lasers and Kodak
dyes #9860, #9740 and #14015 for neodymium lasers. For mode locking and
fs generation of dye laser, e.g. cresylviolet and DODCI were used. Further
details are given in Sects. 6.10.2 (p. 454) and 6.10.3 (p. 460).

5.10.1.1 Structure and Optical Properties

Some general simple rules will be discussed, with examples of the simplest
molecules of their kind. The linear and nonlinear optical behavior of more
complex molecules may be estimated from this simple picture (see [5.828–
5.836, M6, M31]). For a precise theoretical description of the wavelength
and oscillator strength of the optical transitions quantum chemical calcu-
lations are needed, as they are possible, e.g. with the Gaussian package or
the ZINDO-S (see Sect. 7.13.3, p. 633). The theoretical description of the
bandwidth and the relaxation times is still difficult for the interesting large
molecules. A statistical approach is described in [5.837].

The absorption wavelength is a function of the electronic structure of the
molecule. The larger the geometrical dimension of the electronic orbitals of
the binding electrons the longer the wavelength of the absorption. Therefore
the strongly localized σ bonds (see Fig. 5.55, p. 346) show very short absorp-
tion wavelengths in the UV, typically below 200 nm. The additional much less
localized π bonds formed by the π electron system from the double bonds or
triple bonds shift this absorption to longer wavelengths.
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Fig. 5.55. Molecular structure of the three molecules with two C atoms: ethane
(a), ethylene (b) and acetylene (c) which have zero, two and four π electrons

Molecules with π electron bonds can show widespread electronic distribu-
tions across large parts of the molecule. Thus the confinement for the wave
function is enlarged and the energy levels are lowered. These molecules are
called conjugated molecules. They can show molecular absorption in the whole
range from UV to the visible up to the near IR spectral range.

Molecules of a geometrically similar structure can also be different de-
pending on the number of H atoms and π electrons in cyclic form, as shown
in Fig. 5.56 for cyclohexane and benzene.
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Fig. 5.56. Molecular structure of benzene (left) and cyclohexane (right) with 6
and 0 π electrons. The π electrons are not localized in benzene and form an elec-
tron cloud above and below the molecule ring which is responsible for the longest
wavelength absorption

The π electron bonds are weaker than the σ bonds and thus the photo-
stability of these compounds can be too low for the desired applications in
the nonlinear optical range. Choosing suitable environment, pump intensity,
polarization, pulse duration and wavelengths may be essential to overcome
this problem.

With respect to their structure and their resulting optical properties more
or less linear and cyclic molecules may be distinguished (see Fig. 5.57, p. 347,
5.58 (p. 348), 5.60 (p. 349) and 5.62, p. 351).

The polymethine dyes as shown in Fig. 5.57 (p. 347) and similar molecules
show a π electron system which is located above and below the chain of the C
atoms, similar to the case of benzene described above. The long-wavelength
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system is located above and below the chain. The 120◦ bond angle results from the
s-p2 hybridization in the C atoms. These molecules can build isomers if the bond
angle folds to the other side

absorption can be roughly estimated from the length of this π electron sys-
tem. Even a simple quantum mechanical box model using the length of the
molecule as the box length can be applied to estimate the absorption wave-
lengths and the shift of the longest wavelength absorption band. For the ex-
ample of the molecules given in Fig. 5.57 the longest wavelength absorption
peaks are measured at 552 nm, 640 nm and 744 nm, respectivily.

These molecules can build isomers if the bond angle folds to the other
side (see Fig. 5.65, p. 353). This can be detected from a blue shift of the ab-
sorption spectra. The dipole moment of the longest-wavelength transition is
usually directed along the long axis of the molecule and thus the light should
be polarized in this direction. These molecules can be aligned by stretch-
ing polymer foils containing the molecules. The electron density along the
chain of these molecules alternates often from one C atom to the neighboring
one. In the first excited state this electron modulation density is often ex-
changed between the C-atoms and thus the Stokes shift, which characterizes
the spectral difference between the maxima of the absorption and emission
bands, as well as the spectral position of the absorption and emission bands
can be changed by a more or less polar solvent. This may influence the time
constants, too [5.838].
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Fig. 5.58. Structure of aromatic molecules: (a) benzene, (b) naphthalene, (c)
anthracene, (d) tetracene, (e) pyrene and (f) perylene

The shape and broadness of the electronic absorption spectra is different
for rigid molecules as, e.g. shown in Fig. 5.58 or flexible molecules as, e.g. in
Fig. 5.60 (p. 349).

The absorption spectra of these rigid molecules are shown in Fig. 5.59.
A modulation of the longest-wavelength absorption can be observed in all
cases due to the vibrational progression with energy steps in the range of
1.000 cm−1. The longest-wavelength absorption shifts from 265 nm for ben-
zene, via 315 nm for naphthalene and 380 nm for anthracene to 480 nm for
tetracene. The cross-section is increased in this sequence, too. The absorption
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wavelength of pyrene is not much shifted in comparison to anthracene but
the cross-section is increased drastically (note the different scaling factors
in this graph). In perylene both values are larger as for anthracene. These
facts can be illustrated using the simple quantum mechanical box model and
considering the number of π electrons responsible for the strength of the
transition.

Nevertheless, the detailed analysis has to be done with quantum chemical
calculations as discussed in Sect. 7.13. The question of allowed and forbidden
transitions (as, e.g. the longest wavelength transition of naphthalene) can be
answered in this way.

The structures of some simple and flexible aromatic molecules are given
in Fig. 5.60. In these molecules the phenyl rings can change their twist angle
along the bonds between the phenyl rings [5.839].

Biphenyl
a)

p-Terphenyl
b)

m-Terphenyl
c)

1,2-Diphenyl Ethylene
d)

1,3,5-Triphenyl Benzene
e)

C C

H

H

Fig. 5.60. Structure of some phenyls and derivatives: (a) biphenyl, (b) p-terphenyl,
(c) m-terphenyl, (d) 1,1-trans-diphenyl ethylene and (e) 1,3,5-triphenyl benzene

The absorption spectra of these flexible aromatic molecules are given in
Fig. 5.61 (p. 350). The spectra of these flexible molecules are much less struc-
tured and broader than the spectra of the “related” rigid molecules. This
probably results from the stronger coupling of vibrational and rotational
transitions to the electronic transition and a stronger coupling between these
vibrations.

As a consequence the transitions are not only broadened but the relax-
ation times can be shortened by orders of magnitude via competing radiation-
less transitions. Thus the ground state absorption recovery time of malachit
green and crystal violet (see Fig. 5.62 (d) (p. 351) and (e)) can be as short
as a few ps. The fluorescence will then be quenched almost completely. The



350 5. Nonlinear Interactions of Light and Matter with Absorption

200 225 250 275 300 325 350
0.0

0.5

1.0

1.5

2.0

2.5

3.0

Wavelength (nm)

A
b

so
rp

ti
on

 c
ro

ss
 s

ec
ti

on
(1

0 
  

cm
  )2

-1
6

C
H

C
H

Fig. 5.61. Absorption spectra of the molecules from Fig. 5.60 (p. 349) dissolved in
cyclohexane

flexibility is a function of the viscosity of the solvent and thus the recovery
time of malachite green and crystal violet can be varied over about two orders
of magnitude by changing from ethanol to the highly viscous glycerol [5.840].

Because of the steric hindrance from the H atoms between the phenyls
rings are tilted by about 20–30◦ in the electronic ground state but it is as-
sumed that they are more planar in the first excited state.

As a result of the weaker coupling along the bonds between the phenyl
rings of the molecules the wavelength shift of the absorption bands with
increasing number of phenyl rings is smaller than for the rigid molecules.
The long wavelength absorption edge is about 265 nm for biphenyl, 295 nm
for p-terphenyl, 315 nm for p-quaterphenyl, 265 nm for 1,1-diphenyl ethylene
and 270 nm for 1,3,5-triphenyl benzene.

If electron donor atoms such as N atoms or acceptor atoms such as O
atoms are integrated into the molecular structure their wavefunction and
their electron density can be strongly changed. As examples the structures of
acridine yellow, uranine, rhodamine 6G, malachite green and crystal violet
are given in Fig. 5.62 (p. 351).

The absorption spectra of these molecules are given in Figs. 5.63 (p. 352)
and 5.64 (p. 352). Compared to anthracene the cross-sections of acridine yel-
low, uranine and rhodamine 6G are increased by about an order of magnitude
and reach values above 10−16 cm2. The lowest energy absorption is shifted
for acridine yellow compared to anthracene towards longer wavelengths by
more than 100 nm and even more for uranine and rhodamine 6G (compare
Figs. 5.63 (p. 352) and 5.59 (p. 348)).
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Fig. 5.62. Molecular structure of acridine yellow (a), uranine (b), rhodamine 6G
(c), malachit green (d) and crystal violet (e)

The π electron system can also be enlarged by including metal atoms, e.g.
Fe, Ni, Mn, Cu, Co, Zn or Pt in the structure of the organic molecules. As an
example, the structure of chlorophyll was already given in Fig. 5.54 (p. 345).

Because of the high electron densities in the π electron system the absorp-
tion bands can also be influenced by polar solvents. In some cases spectral
shifts of more than 100 nm can be obtained by highly polar solvents such as
tetrahydrofuran in comparison to nonpolar ones such as cyclohexane.

Some of the flexible molecules can undergo changes in their structure with
otherwise unchanged composition. This type of change is called isomeriza-
tion. As a molecular engine, the photoinduced trans–cis isomerization may
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find applications [e.g. 5.841–5.861]. The principle is sketched in Fig. 5.65
(p. 353).

The photoinduced structural changes can be used potentially for informa-
tion storage and optical switching. Another example is twisted intramolecular
charge transfer (TICT) which produces new states of molecules with self-
stabilization of the twisted conformer after excitation in combination with a
charge separation in different parts of the molecule [e.g. 5.862–5.887]. Light-
induced changes of the electrical and mechanical properties of matter can be
imagined by these effects, too.
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5.10.1.2 Preparation of the Samples

Organic molecules can be used in photonic applications in many forms such
as, e.g. dissolved in liquids, prepared in thin films, used as crystals or enclosed
in polymers.

The solubility is usually higher the more similar the structure of the sol-
vent and the agent. Thus polar molecules are solvable in polar solvents and the
geometrical structure of both should be similar for high concentrations. Too
high concentrations, usually above 10−3 mol l−1 (but sometimes also much
less), can lead to the formation of dimers, exciplexes or other aggregates with
different linear and nonlinear optical properties. Purity of the solvent is more
crucial in nonlinear optics than in linear cases. Uvasol grade is usually de-
manded. Even these solvents may need to be cleaned further especially for
removing non-specified small particles [4.408].

Thin films and polymers [e.g. 5.888–5.903] allow the orientation of the
molecules to be controlled. This can be achieved by the Langmuir–Blodgett
technique, spin coating or epitaxy. Thus polarization-dependent applications
can be achieved. Thin films above surfaces change the symmetry of the sys-
tem, and this can be used for nonlinear effects, e.g. for second harmonic
generation. Some further organic materials in different preparations are inves-
tigated in [5.904–5.968]. Some work on organic light-emitting diodes (OLED)
is described in [5.947–5.964].

5.10.2 Anorganic Absorbing Crystals

In principle all laser materials (see Chap. 6) can be used as nonlinear op-
tical switches or for other photonic applications, too. For Q switching the
absorption wavelength has to fit the emission wavelength of the active laser
material and the absorption cross-section has to be larger than the emission
cross-section of the laser material (see Sect. 6.10.2). But in most of these
laser materials the ground state absorption recovery time is too long for the
desired application. Therefore only a few crystals have been applied in the
absorbing range (see references in Sects. 6.10.2 (p. 454) and 6.10.3 (p. 460)).
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E.g. Cr4+:YAG crystals are very useful for passive Q switching of Nd:YAG
lasers. The nonlinear transmission of these broadband absorbing material is
based on a comparatively short lifetime of 4 µs and their cross-section is
3 · 10−18 cm2 at the wavelength of 1064 nm.

Further color centers in crystals are used as nonlinear devices for Q switch-
ing solid-state lasers. For example F−2 centers in LiF crystals are used at room
temperature to generate Q switch pulses in Nd:YAG lasers.

5.10.3 Photorefractive Materials

Photorefractive materials [e.g. 5.969–5.999] can show strong nonlinear optical
effects at low intensities based on local charge displacement followed by a
refractive index change. However, typical time constants are in the range of
ms up to minutes. These materials are typically used with only very small
absorption at the applied wavelength which increases the nonlinear reaction.

High nonlinearity is, e.g. obtained in electro-optic crystals such as lithi-
umniobate (LiNbO3) and bariumtitanate (BaTiO3) as well as from the semi-
conductor crystals GaAs, CdTe and InP.

Therefore the photorefractive material is illuminated with an excitation
intensity grating leading finally to a refractive index grating. At this refractive
index grating another beam can be scattered. Thus the typical application is
carried out with four-wave mixing (FWM).

This process takes place in four steps as depicted in Fig. 5.66 (p. 355).
These steps are:

(i) The excitation intensity grating I(z) over the spatial coordinate z with
the grating constant Λg as a result of light interference of two pump
beams produces charge carriers in the illuminated areas proportional to
the excitation intensity (Fig. 5.66 (p. 355), top).

(ii) These electrons with density ne (Fig. 5.66 (p. 355), second top) migrate
due to electrostatic forces via drift and diffusion to the less illuminated,
dark areas.

(iii) The photovoltaic effect produces a space charge separation of ρ (Fig. 5.66
(p. 355), second bottom) with density of photoexcitations Np.

(iv) The resulting difference of the electric field δE leads to a modulation of
the refractive index ∆n in the matter with the amplitude n1 (Fig. 5.66
(p. 355), bottom).

⇒ The refractive index grating is spatially shifted relative to the intensity
grating by π/2.

Therefore this index grating is well suited for the diffraction of the exci-
tation beams or further probe beams in two- or four-wave mixing schemes.
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Fig. 5.66. Schematic of the refractive index
generation in a photorefractive material after il-
lumination with an intensity grating. For expla-
nation see text

The minimum time constant τphotoref for obtaining the index changes is a
function of the intensity Iexc, the absorption coefficient amat and the desired
density of photoexcitations Np:

buildup time τphotoref ≥ Np

amatIexc
(5.194)

where it is assumed that the decay of the space charge separation is much
longer than the buildup and therefore an integration occurs and the applied
and absorbed light energy is generating the photoexcitation density.

The density of photoexcitations Np yields the modulation depth n2 of the
refractive index n0 of the material:

index modulation n2 =
1
4
n0reo

Npηphotoexcee

ε
Λg (5.195)

with the conventional refractive index n0 at the applied wavelength, reo as the
electro-optical coefficient of the material, ηphotoexc as the efficiency of charge
separations from the excitation, ee as the electronic charge, εphotoref as the
relevant dielectric constant and Λg as the grating constant of the experi-
ment.
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For example using BaTiO3 as photorefractive material the following values
can be obtained:

λ = 500 nm:
reo = 16404 pm V−1 amat = 0.1 cm−1

ε = 3600ε0 Λg = 5 µm
ηphotoexc = 10% Iexc = 100 W cm−2

I--exc = 2.7 · 1020 photons cm−2 s−1

result in:
Np = 8.4 · 1018 cm−3

n1 = 5% n0 = 0.12
τphotoref = 0.3 s

Most possible photonic applications of photorefractive materials are not
yet commercialized. Good-quality material in large geometry is still not easy
to make. In the laboratory the recording of volume holograms with very high
storage densities has been demonstrated (see Sect. 1.5). Two-wave mixing
has been applied for laser beam clean-up where the energy from a powerful
laser beam with poor beam quality was transferred to another beam with very
good beam quality (see Sect. 5.9.1, p. 332). Further optical phase conjugation
in photorefractive materials has been applied as laser resonator mirrors for
improved beam quality for low peak power systems. These adaptive mirrors
can be used as self-pump devices which are easy to make. In image processing
this type of optical phase conjugation can also be used. Optical switching is
possible and further neural networks are demonstrated with these materials
(see Sect. 1.5).

5.10.4 Semiconductors

Besides the rapidly increasing importance of semiconductors in diode lasers
(see Chap. 6) they are also used as optical nonlinear devices [e.g. 5.1000–
5.1004]. High cross-sections of up to 5 · 10−19 cm2 as well as high carrier
concentrations of up to 1022 cm3 are possible. Lifetimes can be as short as ns.
The possibility of shifting the long-wavelength absorption band edge from the
visible to near infrared wavelengths by varying the concentration of suitable
mixtures make them adaptable to desired applications.

Both III–V semiconductors such as GaAs, as well as II–VI semiconduc-
tors such as CdSe are used for this purpose. They are used in all types of
nanometer structures, as described in the next Section and the references
given therein.

5.10.5 Nanometer Structures

Geometrical structures with dimensions in the nm range and thus less than
the light wavelength can show strong absorption in the UV-Vis-NIR spectral
range. The small dimension can be realized in one dimension resulting in a
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quantum well [e.g. 5.1005–5.1011], in two dimensionsm, which is a quantum
wire [e.g. 5.1012–5.1019], and in all three dimensions representing a quantum
dot [e.g. 5.1020–5.1066] (see Fig. 5.67).
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Fig. 5.67. Nanometer structures resulting in quantum wells, quantum wires and
quantum dots

The applied light should have its electric field vector E in the direction of
the nm dimension which results in one possibility for the well and three for
the dot. The propagation direction z is of course perpendicular to this and
allows only one direction for the wire.

The energy of the pth discrete levels Equ,p can be calculated with quan-
tum models and they are a function of the linear dimension dqu of the nm
structure and the material parameters. The energy level difference and thus
the frequency of the absorbed light is often roughly inversely proportional
to the square of the dimension. A very rough estimate can be based on the
quantum box model which results in the energy Edot,p of the pth level of a
quantum dot:

Edot,p =
h2p2

8mredd2
qu

(5.196)

with the reduced mass mred of the system and Planck’s constant h. How-
ever, the practically relevant dimensions have to be calculated considering
the wavefunctions of the material in detail.

It can then be found that for absorption wavelengths in the visible, typical
dimensions of small spheres are in the range of, e.g. 1.5–3 nm for CdTe and
around 12 nm for gold.

Such nm-structures can be designed in many ways and they can have good
optical stability. They can be built with different semiconductors or metals.
The surface can be covered with organic and inorganic matter based on thin
films and thus the optical properties can be changed over wide ranges.
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Other nanometer structures such as, for example, nanotubes, were in-
vestigated [e.g. 5.1067–5.1073]. Quantum wells are applied, for example, in
semiconductor lasers (see Sect. 6.3.2, p. 372).

A new perspective may be opened by photonic band gap materials or
photonic crystals [e.g. 5.1074–5.1094]. In these materials periodic structures
in the nm-range were fabricated, and, thus, a strong modulation of the electric
light field occurs as a consequence of the refractive index modulations, which
have to be large enough (≥2.9). The periodic structure can be built in two or
three dimensions. These materials can be applied potentially, for example, as
high-reflectivity mirrors, waveguides or beamsplitters in conventional optics.

Micro structured fibers (MSF, sometimes also called hollow fibers or pho-
tonic crystal fibers, PCF) are developed for dispersion management (see
Sect. 3.10 and references there) and thus interaction lengths with phase
matching of mm to several m are possible in them. As a result nonlinear
effects can be realized with comparably low peak powers of small and inex-
pensive lasers. Some of these hollow structures can also be filled with nonlin-
ear material to decrease the necessary nonlinear intensity even further.

In the nonlinear optical range all these materials will show new properties
based on the quantum confinement of the radiation in the structure. Thus,
the lifetime of the excited states of test atoms or molecules may be changed
by orders of magnitude. Opto-optical switches may become possible with
low light intensities and new quantum optical effects may be observed and
applied.



6. Lasers

The LASER light source, whose name is based on “Light Amplification by
Stimulated Emission of Radiation”, is the most important device in almost
all photonic applications. First built in 1960 [6.1–6.5] it allows the genera-
tion of light with properties not available from natural light sources. Modern
commercially available laser systems allow output powers of up to 1020 W for
short times with good beam quality and of several kW in continuos opera-
tion, usually with less good beam quality. Very short pulses with durations
smaller than 5 · 10−15 s, wavelengths from a few nm in the XUV to the far
IR with several 10 µm, pulse energies of up to 104 J and frequency stability’s
and resolutions of better 10−13 can be generated. The laser prices range from
$ 1 to many millions of dollars and their size from less than a cubic mm to
the dimensions of large buildings.

The good coherence and beam quality of laser light in combination with
high powers and short pulses are the basis for many nonlinear interactions,
but the laser is a highly nonlinear optical device itself, using nonlinear prop-
erties of materials as described in the previous chapters. Therefore, the fun-
damental laws treated in Chap. 2 for the description of light as well as the de-
scription of linear and nonlinear interactions of light with matter in Chaps. 3,
4 and 5 are the basis for the analysis of laser operation and its light properties.

Therefore, the theoretical description of laser devices represents an ap-
plication of these laws and can be presented in this chapter in a compact
form. For details the related sections of the previous chapters should be con-
sulted. The different lasers and their constructions, as well as the resulting
relevant light and operation parameters, are described and the consequences
for photonic applications are discussed. Finally, possible classifications are
given and safety aspects are mentioned. For further reading see [M6, M16,
M17, M23–M25, M27, M28, M30, M33, M43, M44, M49, M50, M58–M65].

6.1 Principle

Lasers are based on the stimulated emission of light in an active material
which has been pre-excited by a pump mechanism. The stimulated emission
can be carried out in laser oscillators which are always the primary source
of laser light. In addition this light can be amplified via stimulated emission
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Fig. 6.1. Laser setup consisting of a laser oscillator (master oscillator) and two
amplifiers (MOPA scheme)

in light amplifiers as shown in Fig. 6.1 where a master oscillator is combined
with, e.g. two amplifiers in a MOPA (Master Oscillator Power Amplifier)
setup. In combination with these amplifier and/or other nonlinear converter
systems the light can be modified regarding almost all parameters such as,
e.g., for shorter or longer pulses, different wavelengths, polarization or geom-
etry.

In any case the coherent laser light has to be originally generated in a
laser oscillator. This laser oscillator as nothing else but a special light source
consists of three basic parts as shown in Fig. 6.2.

pump energy
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R< 100%R=100% active mater ial

λ

1
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resona tor3E

resona tor modes

Fig. 6.2. The three basic parts of a laser oscillator: pump source©1 , active material
©2 and resonator ©3

The fundamental function of these three components is described in Ta-
ble 6.1 (p. 361).

The laser operates in the following way:

• The pump mechanism provides enough energy in the active material and
produces an inversion of the population density resulting in the higher
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Table 6.1. Function and examples for the three components of lasers

Component Function Examples

Pump energy/power provider electric current
electrical discharge
flash or arc lamp
other laser
chemical reaction

Active material possible laser semiconductor structures (GaAs)
light properties atoms in gases (Ne, Ar, Kr)

ions in crystals (Nd, Cr, Yb, Ti)
molecules in gases (XeCl, CO2)
molecules in solution (dyes)

Resonator selection of the laser simple two-mirror resonator
light properties resonator with frequency selection

resonator with internal frequency
conversion

resonator with Q switch
resonator with mode locking
unstable resonator
folded resonators
phase conjugating resonator

population of the upper laser level compared to the lower laser level in the
laser material (in fundamental contrast to a thermal population, for an
exception see Sect. 5.4.10, p. 320).

• Spontaneous emission produces incoherent photons in all directions, possi-
bly with different polarizations and in a wide spectral range as a function
of the active material.

• The resonator mirrors reflect some of these photons back into the active
material selectively for their propagation direction, their polarization, their
wavelength and perhaps as a function of time (laser mode selection, short
pulse generation).
• These reflected photons are “cloned” by the stimulated emission in the ac-

tive material (amplification) and thus a large number of equal and coherent
photons are produced by sequential selective reflection and amplification
forming the high-brightness laser beam.

• Part of this laser beam is coupled out of the resonator, e.g. by a partly
transparent mirror at one side of the resonator (outcoupling).

The function of these steps will be described in detail in the following
sections.
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6.2 Active Materials:
Three- and Four-Level Schemes – Gain

Almost all materials (except, e.g. solid metals) can be used as the active
material in lasers. Even single atom lasers were realized [see, for example,
6.6]. The efficiency and the possible laser properties are very different and
therefore the number of practically used laser materials is more limited but
still quite large. Therefore we can distinguish gas, liquid and solid-state lasers
on one hand, and on the other, the active material can be built by molecules
(CO2, CO, N2, excimers such as XeCl or KrF, dyes), atoms in gases (HeNe,
Cu vapor), ions in gases (Ar+, Kr+), atoms and ions in solids (Nd, Cr, Ti, Yb,
Er, Pr . . . ), color centers or semiconductors (GaAs, ZnSe, PbSnSe, . . . ). Solid-
state host materials can be crystals, glasses and organic matter. Crystals can
be fluoride or oxide. Typical crystals are YAG (Y3Al5O12) and sapphire. The
different constructions will be described in Sect. 6.13.

In any case the laser action (stimulated emission) takes place between at
least two energy levels (or bands) of the matter, the upper and the lower
laser level (see Fig. 6.3).
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Fig. 6.3. Three (left side) and four (right side) level scheme of an active material.
The laser works between levels 2 and 1 via stimulated emission as a consequence
of inversion (level 2 is more highly populated than level 1). The upper laser level is
populated by the pump mechanism via level 3

But for achieving inversion more than two energy levels are necessary,
because the two-level scheme allows at best only equal populations of the
upper and lower levels and thus transparency but no amplification.

In the three-level scheme (see Fig. 6.3, left side) the upper laser level (2)
is populated via the higher level (3). This pump level can be a collection of
several levels which can even form a pump band. If in the laser material the
radiationless population channel (3) → (2) is fast compared to the possible
radiationless deactivation channels (3) → (1) and (2) → (1) the upper laser
level can be almost 100% populated. But the laser action populates the lower
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laser level (1) which will stop operation if the pump is not strong enough.
Thus laser materials with a three-level scheme may have the advantage of a
possibly small quantum defect (see next chapter) and therefore higher effi-
ciency. But the strong pump demands can be difficult especially in cw opera-
tion. Furthermore high pumping can also favor excited state absorption from
the upper levels which will decrease the laser efficiency.

In the four-level scheme (see Fig. 6.3, p. 362, right side) the upper laser
level (2) is again populated via the higher level (3) but in addition the lower
laser level (1) is not identical with the ground state of the system (4). There-
fore if thermal population of the lower laser level (1) can be neglected each
pumped particle will produce inversion. The thermal equilibrium popula-
tion density N1 of level 1 compared to the population density N4 in level
4 is a function of the energy difference E1–E4 between levels 4 and 1 and
can be calculated from Boltzman equation: N1 = N4 exp−(E1 − E4)/kBT
with the Boltzman constant kB (compare Eq. (3.183). If in addition as usual
the radiationless transition (1) → (4) is fast the lower laser level will stay
empty even during strong laser action. Therefore four-level lasers can be very
easily pumped. However, their efficiency may be lower compared to three
level schemes because of the often higher quantum defect energy which is
(E3 − E2) + (E1 − E4) compared to (E3 − E2) for the three level system.

However, finally all important laser material parameters have to be con-
sidered in detail for the desired application for the most suitable material
independent of its three or four level character.

The amplification of the laser light in the active material can be calculated
with rate equations. The gain coefficient g (negative absorption coefficient) is
proportional to the cross section for stimulated emission σ and the inversion
population density N2 −N1:

gain coefficient g(z, t, λ) = σ(λ){N2(z, t)−N1(z, t)} (6.1)

which is a function of the wavelength λ, the position in the propagation di-
rection z and the time t. Its influence on the laser properties will be discussed
in Sect. 6.8.

Some common and some newer laser materials and their parameters are
described in [6.7–6.105]. For effective pumping energy transfer mechanisms
can be used to separate the pump energy absorption and the laser operation in
two different materials as, for example, in the Helium–Neon laser [6.74–6.79].
Of increasing interest are upconversion lasers which allow laser operation at
shorter wavelengths as the absorption [6.80–6.105], and, thus, the generation
of blue light from red diode pumping. More details are given in Sect. 6.13.

6.3 Pump Mechanism: Quantum Defect and Efficiency

The pump mechanism of the active material and its efficiency are important
for the output parameters, the handling and the price of a laser system.
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Almost all active materials can be pumped by another laser beam of suit-
able wavelength. The resulting opto-optical efficiency can reach high values
limited by the quantum defect, radiationless transitions and excited state
absorption (see Fig. 6.3, p. 362).

The quantum defect energies EQD in Fig. 6.3 (p. 362) result from:

quantum defect energy EQD = Epump − Elaser

= hc

(
1

λpump
− 1
λlaser

)
(6.2)

with the wavelengths λi of the pump and laser light, Planck’s constant h and
the velocity of light c.

The quantum efficiency ηQ is the ratio between the number of emitted
laser photons and the number of absorbed pump photons independent of
their photon energy (see Sect. 6.3.6, p. 379).

In the case of 100% quantum efficiency, i.e. each absorbed photon will
generate a laser photon, the quantum defect will reduce the opto-optical
efficiency to values of usual less than 90%. But in the case of Yb:YAG laser
crystals emitting at 1030 nm and pumped with diode lasers at 940 nm the
quantum defect is as small as 9% (see Table 6.2).

Table 6.2. Quantum defects of some lasers for their strongest laser transitions

Laser material λlaser (nm) λpump (nm) EQD/Epump (%)

Yb:YAG 1030 940 8.7
Nd:YAG 1064 808 24
Er:YAG 2940 532 82
Rhodamin 6G e.g. 580 308 47
Ti:Sapphire e.g. 800 532 34

Because of the possible choice of the pump and the emission wavelengths
the quantum defect for a given material can vary drastically. As an example
the absorption spectrum of Nd:YAG is given in Fig. 6.4 (p. 365).

This material can be pumped with flash lamps over a wide spectral range
containing all the visible light. If laser diodes are applied usually the strongest
absorption around 808 nm is used for pumping. However, in some cases longer
wavelengths are applied. The efficiency and thus all secondary effects like
heating are then very different.

For simplicity in a laser system, direct pumping of the active material
with electrical current is attempted. In diode lasers the resulting electro-
optical efficiency can be as high as 40%. Therefore these lasers may become
even more important in the very near future in high-power applications with
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Fig. 6.4. Absorption spectrum of a Nd:YAG laser crystal

average output powers of hundreds of watts or kilowatts. The disadvantage
of diode lasers with output powers of more than ten watts is today their poor
beam quality with M2 factors of more than 104, which prevent these lasers
being used in high-precision applications or nonlinear optics. Nevertheless,
in addition to applications in surface treatment they are progressively being
used for pumping of solid-state lasers. This results in a reduced thermal load
by optimal adaptation of the pump wavelength to the absorption of the active
matter and in high overall efficiencies of up to 20%.

6.3.1 Pumping by Other Lasers

This type of pump scheme is used to transform the wavelength or spectral
width of the laser radiation or to increase the beam quality or coherence of
the laser light. In the first case, as, e.g. in dye or Ti:sapphire lasers, the large
spectral emission band width of the pumped laser allows the generation of
very short pulses in the ps or fs range.

Pulsed and continuously (cw) operating systems have been built and thus
the pump laser can be pulsed or cw, too. A typical scheme for pumping a
pulsed dye laser is a transversal geometry as shown in Fig. 6.5.

Because of the possible population of the triplet system in the dye, which
would take these dye molecules out of the laser process, a slow or fast flow of
the dye solution is usually applied depending on the average output power.

A much better excitation profile across the active material can be achieved
using a Berthune cell for pumping as depicted in Fig. 6.6.
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The totally reflecting 90◦ prism allows the laser material, e.g. the dye
solution, to be excited from all sides in the same way. Thus power amplifier
fs laser pulses pumped with ns pulses can be obtained.

Dyes in a polymer matrix are usually moved across the excitation spot to
achieve average output powers in the range of a few 10 mW. This cools the
active material, which was warmed up by the quantum defect energy via ra-
diationless transitions and avoids the triplet accumulation. Typically excimer
lasers (e.g. XeCl at 308 nm) or frequency doubled Nd:YAG lasers (532 nm)
are used with pulse widths of 10–20 ns as pulsed pump lasers. Nitrogen lasers
(337 nm) can be used both with pulse widths of a few ns (3–4 ns) or a few
100 ps (e.g. 500 ps).

If dye lasers run continuously the problems of triplet population and heat-
ing are increased and thus a strong flow is necessary. For this, dye jets are
produced by injection nozzles having a very stable shape with good optical
(interferometric) quality without windows as shown in Fig. 6.7 (p. 367).

The jet has a typical thickness of 0.3 mm and a width of 5 mm. The flow
speed is more than 102 m s−1. The excitation spot has a diameter of, e.g.
50 µm. Argon (or krypton) ion lasers were first used as the pump, but diode
pumped and frequency doubled solid-state lasers have been increasingly ap-
plied recently. In these cases the dye has to absorb in the green region, as
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Fig. 6.7. Cw laser pumping of a dye jet

e.g. rhodamine 6G does. The solvent has to be of suitable viscosity, as e.g.
ethylene-glycol. A concentration of e.g. 1.4 mmol l−1 can be used. The excita-
tion power is in the range of 5–10 W. Dye lasers have the advantage of large
band width especially in the visible range and thus the potential of tune-
ability and short pulses. The dye material can be produced in large sizes.
However, solid state laser materials such as, e.g., Ti:sapphire or Presodym
doped crystals and frequency conversion techniques such as optical paramet-
ric converters are successfully competing.

Thus in a similar way the Titan sapphire laser can be pumped by e.g. the
frequency doubled radiation of a Nd:YAG laser (see Fig. 6.8).

laserpump
laser

laser rod
(e.g. Ti:sapphire)

lens

Fig. 6.8. Laser pumping of a solid-
state laser (as, e.g. Ti:sapphire)

Solid-state lasers pumped by diode lasers are becoming more and more im-
portant, especially in industrial application such as welding, cutting, drilling
and marking. In this case the good efficiency of the diode lasers and their
high reliability is combined with the good coherence and beam quality of the
solid-state lasers. Several schemes have been developed to meet the different
needs in power and construction.
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Solid-state rod lasers can be side-pumped and end-pumped [6.106–6.139].
A common scheme for side-pumping is shown in Fig. 6.9.

The diode lasers are arranged in stripes of 10–25 diode lasers (bars) which
emit about 50 W or in some systems even above 100 W average power each at
wavelengths typically above 800 nm (e.g. 808 nm for pumping of Nd:YAG and
940 nm for Yb:YAG). Because of the long rod length of some mm to more than
10 cm and the resulting high gain, as well as the large possible rod diameter
of more than 10 mm resulting in a possible large stored inversion energy, this
type of laser is well suited for pulsed operation such as Q-switching.

Cylindrical aspherical lenses are often applied to collimate the highly di-
vergent diode laser beam of about 90◦ in the axis vertical to the stripe (fast
axis) before the solid-state laser rod is illuminated. Opposite to the bar on
the other side of the rod a reflector usually collects the unabsorbed pump
light. For uniform excitation usually three, five or seven bars are symmetri-
cally mounted. The geometrical parameters are the important design criteria
and determine to a large extent the possible quality of the laser beam.

For higher powers more than one star of diode bars can be used along
the rod axis resulting in rod lengths of several cm. The efficiency of diode
pumping the laser rods is higher than with lamp pumping, as a consequence
of the better match of the pump laser spectrum to the absorption spectrum
of the active material. Despite this reduced heat load, in high-power systems
with average output powers of more than 10 W the laser rod is usually water
cooled. The electro-optical efficiency can reach values of 20%.

The side-pumping of solid-state slabs [e.g. 6.131–6.137] has been applied
as shown in Fig. 6.10, reaching very high average output powers of several
kilowatts (see Sect. 6.13.2, p. 498). In one example [6.133] the slab was e.g.
170 mm long, 36 mm high and 5 mm wide.
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Fig. 6.10. Side-pumping of a solid-state laser slab with a stack of laser diode bars
for reaching several kW average output power with good beam quality. The slab
can be used as a zig-zag slab as shown on the right, decreasing thermal problems

For achieving high pump powers from diode lasers the bars were combined
in arrays of 16 bars vertically resulting in a 1 cm wide and 2 cm high package.
Fifteen of theses arrays were mounted in stacks along the laser axis at each
side. Thus each stack contains 240 bars. Each bar consists of 20 diode lasers
and has a nominal peak power of 50 W with a duty cycle of 20%. Thus the
total pump average power of the 9600 laser diodes was 4.8 kW. The pulse
duration could be varied from 100 µs to 1 ms. With one of the described
laser heads an average output power of 1.1 kW could be obtained with a
beam quality of 2.4 times the diffraction limit. Two modules allowed 2.6 kW
with M2 = 3.2 and three modules resulted in 3.6 kW with M2 = 3.5. The
maximum average output power of the three-module system in multimode
operation was 5 kW.

The slab material can be used in a zig-zag geometry to overcome to a
large extent thermally-induced lensing and birefringence. The laser beam is
totally reflected by the polished sides of the slab and in this way crosses
the temperature profile in the slab which occurs between the exciting diode
stacks if the slab is side-cooled. Nevertheless, carefully designed cooling has
to be applied so as not to crack the strongly pumped laser material and the
deformation of the end surfaces needs to be considered (see Sect. 6.4 and
references there).

Solid-state lasers with output powers of less than about 100 W can be
end-pumped [e.g. 6.110–6.119] as shown in Fig. 6.11 (p. 370).

The pump radiation excites the active material concentric to the laser
beam and therefore radial symmetric inversion profiles can be achieved. The
diode laser radiation is often coupled into fibers especially for average pump
powers above 10 W for easier handling and for achieving a homogeneous spot
with a certain beam quality. If in addition the laser material is cooled at
the end-faces the temperature profile occurs along the axis of the laser. In
this case almost no thermally induced lensing or birefringence is obtained
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Fig. 6.11. Scheme of end-pumping a solid-state laser with laser diodes

for the laser radiation. Thus with this simple scheme good beam quality
can be achieved. The diode laser fiber-coupling results in easy maintenance
(but higher prices). Because of the longitudinal temperature gradient and the
cooling limitations of this pump scheme the maximum average output power
is limited by the damage of the active material. For small pump spots at the
active material using diode laser bars or stacks for pumping lens ducts were
developed to change the beam shape of the pump light with its bad beam
quality [for example, 6.117–6.120]. 40 W of output power from Nd:YVO4 has
been demonstrated (see Sect. 6.13.2, p. 498).

In the power range below 5 W this scheme can be used to build microchip
lasers with a close arrangement of the diode, the solid-state laser material and
if needed the interactivity SHG crystal or passive Q-switch. Output powers
above 0.5 W green light have been observed from a 2 W diode (see Sect. 6.15.1,
p. 525).

The pumping scheme of Fig. 6.8 (p. 367) takes advantage of the good
inversion profile available by end-pumping and is applied, e.g. in Ti:sapphire
pumped by frequency doubled Nd:YAG laser radiation or from ion lasers.
Fiber lasers are also mostly end-pumped (see Sect. 6.13.2.10, p. 508).

Longitudinal pumping is also applied in disk lasers containing a thin slice
of solid-state laser material with a thickness of, e.g. 0.2 mm and a diameter
of a few mm as active matter, as shown in Fig. 6.12 (p. 371).

For the absorption of the diode laser pump light in the thin disk usually
several passes are necessary and thus the pump beam has to be back-reflected.
Four, 8, 16 or 32 passes are used in practical cases (see Sect. 6.13.2.4 (p. 502)
and e.g. [6.138, 6.139]).

The thin disk is cooled longitudinally and thus almost no thermal lensing
or birefringence occurs even at high powers. Difficulties may be caused by the
mirror coatings at the disk back-side. Good reflectivity and optical quality
for both the laser and the pump beams have to be combined with good
thermal conductivity. The scaling of the disk laser to very high average output
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Fig. 6.12. Pumping scheme of a disk laser containing a thin slice of solid-state laser
material with a thickness of, e.g. 0.2mm and a diameter of a few mm longitudinally
pumped by diode laser radiation. Because of the small absorption in the thin disk
the pump beam has to be back-reflected by external mirrors

powers may be limited by the high gain perpendicular to the laser emission
in the plane of the disk which may cause super-radiation and thus high losses
on one hand and residual thermally induced phase distortions on the other
[e.g. 6.140]. Nevertheless, average output powers of several 100 W have been
achieved with a Yb:YAG laser with very good beam quality and electro-
optical efficiencies of more than 10% (see Sect. 6.13.2.4, p. 502). Commercial
systems with several kW average output power and moderate beam quality
are available.

Most prominent optically pumped fiber lasers were developed in the last
time (see Sect. 6.13.2.10 and 6.13.2.11 and references there). The fiber design
of the active material has the advantage of almost no thermally induced
problems as lensing or birefringence because cooling of the thin material
of only a few 100 µm radius is easily possible. Using new low mode fibers
with large core diameter very high average output powers in the kW-range
became possible. If mono-mode fibers are applied the resulting beam quality
is perfect. In all other cases the beam quality is usually much better than
from all other laser concepts if the average output power is the same.

These fiber lasers are mostly end pumped often from both sides. Side-
pumped methods are developed. The diode laser radiation can usually not
coupled into the core directly because of their bad beam quality. Thus several
fiber designs are developed to transfer the pump radiation from the larger
cladding into the core with high efficiency. Thus, e.g., double cladding fibers
with a d-shaped pump cladding were developed (see Fig. 6.13, p. 372).

As active material in the fiber core many known laser materials are already
proven and others may be possible (see Sect. 6.13.2 and references there).
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pump cladding

outer cladding

Fig. 6.13. Fiber design (d-shape) for optimal pump laser coupling to the core.
With the d-shape rotating modes in the pump cladding were suppressed

Especially Er, Yb, and Nd ions are used. Because of the long gain length new
materials and techniques as up-conversion lasers can be applied and thus new
wavelengths are available.

Because of the high gain, good stability and excellent beam quality, the
fiber lasers are also useful for short pulse generation with impressing param-
eters. Thus ps anf fs pulse trains with repetition rates in the MHz range were
generated with average output powers above 100 W (see Sect. 6.13.2.10 and
6.14 and references there).

Therefore fiber lasers may overtake all applications where good beam
quality in combination with good stability and no high pulse energies are
required. Average output powers in the kW-range are feasible for these lasers
and only the high diode laser price is limiting an even larger distribution in
these cw and quasi-cw applications. Only in Q-switched applications the fiber
lasers are very limited. The maximum pulse energy is in the range of a few
mJ because of the small active volume and the possible damage of the front
facets. In these applications the rod (or slab) geometry of the active material
is unbeaten. Several J can be generated with these large volume devices with
good beam quality, narrow bandwidth and average output powers of several
100 W. In special cases hundreds of kJ are possible. However, simple flash
lamp pumped rod lasers (see Sect. 6.3.4, p. 377) may also have a longer fu-
ture at least as long as diode prices are not decreasing drastically. However,
in long term perspectives completely new laser concepts may be developed
with even higher efficiencies and very low prices.

6.3.2 Electrical Pumping in Diode Lasers

Diode lasers [6.141–6.146] are pumped directly by an electrical current of
10–20 mA with a voltage of about 2 V per single stripe of the laser diode as
shown in Fig. 6.14 (p. 373). The active zone is built between a p-n junction
and has a typical height of about 1 µm. In commercial diode lasers typically
10–20 stripes are arranged closely spaced resulting in a driving current of
about 2 A for the whole structure (see Sect. 6.13.1, p. 492).

In the p-doped material (with less electrons than positively charged holes)
the high lying conduction band is empty and the valence band is only partly
occupied with electrons. In the n-doped material the valence band is complete
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Fig. 6.14. Schematic structure of a diode laser consisting of a p-n junction of,
e.g. GaAs with an active laser zone in between. Commercial diode lasers have a
more complicated structure including cladding layers and waveguide channels for
improved laser parameters. One diode laser consists typically of 10–20 stripes (see
Sect. 6.13.1, p. 492). The length of the structure here given as 1 mm can be varied
between < 0.5mm and > 2mm. As longer the laser as higher the output power

and the conduction band is partly filled with electrons. Under the influence of
the electric field across the p-n transition (produced by the external voltage
U) some electrons from the upper (conduction) band of the n-doped material
will move to the p-doped side. There they can recombine with the positive
holes under the emission of a photon. Radiationless processes depopulate the
upper laser band within about 1 ns. Nevertheless, the electro-optical efficiency
of diode lasers is up to 50%.

Commercial diode lasers have a much more complicated structure. This
includes, e.g. cladding layers resulting in double heterostructure lasers for
improved efficiencies and waveguide channels for better laser light parameters.

The beam quality is diffraction limited in the vertical axis of Fig. 6.14
which is called the fast axis and shows a full divergence angle of about 90◦.
In the horizontal axis (slow axis) the beam quality depends on the size of the
gain guided structure of the electrodes. The slow axis full divergence angle is
typically close to 10◦. It can be almost diffraction limited for a single emitter
producing an average output power of some mW. In diode lasers, as described
in Sect. 6.13.1 (p. 492), several of these single channels are combined and the
emitted radiation of these single emitters is not coherent. Thus, the beam
quality in the slow axis is usually very poor for these power lasers. New
concepts may increase the lateral coherence of these lasers and thus improve
their beam quality.

The wavelength of the laser results from the size of the quantum con-
finement which is about 20 nm wide, and the doping, which is about 10−4.
The emission wavelength is temperature dependent. A temperature change
of +20 K shifts the emission wavelength by about +6 nm.

The voltage at the single diode U = U0 + IRS is a function of the applied
current, with RS ≈ 200–400 mΩ and U0 ≈ 1 V. The threshold current is in
the range of a few 100 mA and the slope efficiency is about 1 W/A.
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The lifetimes of the diode lasers which are specified for more than 80% of
the maximum output power reach values of many tens of thousands of hours.
The long term decrease in the output power can partially be compensated
for by an adequate increase in the current.

Another concept for diode lasers is the vertical cavity surface emitting
lasers or VCSELs (see Sect. 6.13.1.3). Their structure is shown schematically
in Fig. 6.15.

n-contact

8 nm InGaAs AlAs-GaAs
mirror

AlAs-GaAs
mirror

AuZn

polyimid

laser

~ 250 µm

6 - 8 µm

n-GaAs-substrate

6 µm

Fig. 6.15. Schematic structure of
a vertical cavity surface emitting
laser (VCSEL)

In this case the laser radiation is built up in a resonator perpendicular
to the p-n layer of the semiconductor structure. Because of the high gain in
the active material this short amplification length is sufficient for the laser.
As a consequence of the small diameter of the active zone the light is almost
diffraction limited. The etalon effect of the short resonator can be used for
narrow bandwidth generation.

Instead of inorganic also organic matter can be used as active material
in light emitting devices of a similar structure as diode lasers [5.947–5.951].
Although they are not available as lasers, yet, they may become important.
Their use is expected for flat-panel displays and efficient illumination devices,
probably at large scale in the near future. Displays of more than 0.5 m are
demonstrated. Laser action was reached by optical pumping. These organic
light emitting diodes (OLEDs) consist of an active material, which can be a
light emitting polymer, e.g. poly(p-phenylene-vinylene) or a dye. The active
material is usually sandwiched between a transparent anode material; e.g.
indium-tin-oxide (ITO), and a metallic cathode, mostly low-work function
metals such as Ba, Ca or Al. In order to reduce the hole injection barrier
and to smooth the surface, the anode is often covered with a layer of a
highly doped polymer, for example polyaniline or polythiophene (PEDOT).
An ultrathin layer of LiF or CsF placed between the active material and the
metallic cathode can improve device performance. The whole layer structure
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is usually less than 1 µm thick and can be produced by vacuum deposition,
spincoating or ink jet printing. The applied voltages are in the range of V.
The life time and efficiency of these devices is not in all cases sufficient, yet.
The active layer is quite small and laser action is not reached by electrical
pumping and operation at room temperature, up to now.

6.3.3 Electrical Discharge Pumping

In electrically excited gas lasers (see Fig. 6.16, p. 376), such as e.g. argon
or krypton lasers, the wall-plug efficiency can be as low as 0.1% but, e.g. a
copper vapor laser or excimer laser shows values as high as 1% and 2%. The
argon ion laser is excited with up to 35 eV and the laser emits at 488 nm. The
resulting quantum defect is 94%.

In the helium-neon (He-Ne) laser the excitation of He takes place with an
electron energy of about 20 eV and the laser transition in Ne has a wavelength
of 632.8 nm resulting in a quantum defect of about 92%. The helium-cadmium
(He-Cd) laser is excited in the same way but the emission appears at 441.8 nm
resulting in a smaller quantum defect of about 89%.

In CO2 lasers the molecules are excited with 0.28 eV. The wavelength of
the CO2 laser is 10.6 µm which results in a quantum defect of 66%.

The three-level copper and lead lasers are pumped with about 4 eV and
emit at 510.5 nm/578.2 nm and 722.9 nm, respectively. The resulting quantum
defects are 50%/57% and 70%.

A further reason for the limited efficiencies of these electrically pumped
gas lasers is the imperfect adaptation of the velocity distribution of the accel-
erated electrons in the discharge with the collision cross-section of the active
particles [e.g. 6.147–6.149]. The energy distribution Felectron of the electrons
as a function of their temperature T can be given as:

Felectron(Eelectron) = 2

√
Eelectron

π(kBoltzT )3 exp
(
−Eelectron

kBoltzT

)
. (6.3)

As an example the electron speed distribution and the absorption cross-
section are shown for the discharge in a nitrogen laser in Fig. 6.16 (p. 376).
As can be seen from this figure the distribution of slow electrons with kinetic
energies below 10 eV and with fast electrons with more than 35 eV is not
optimally adapted to the excitation cross-section of the nitrogen molecules.

Although the velocity distributions of the electrons can be modified with
buffer gases of certain pressures and the density of the active matter is chosen
for optimal absorption the final excitation efficiency is sometimes smaller than
1%. In addition radiationless deactivation takes place in the gas by collisions
between the particles. Better efficiencies are reached with copper (Cu) or gold
(Au) vapor lasers. Values of 1% for Cu and 0.2% for Au lasers reported. This
is based on a quantum defect of e.g. 40% for the copper vapor laser.
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Fig. 6.16. Electrical discharge pumping of gas lasers with transversal (left side) or
longitudinal (right side) geometry

The electrical discharge can be arranged transversally or longitudinally
to the laser beam (see Fig. 6.16). The transversal pump geometry is more
suitable for pulsed electrical excitation and longitudinal for cw operation.
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Fig. 6.17. Absorption cross-section and electron velocity distribution as a function
of the electron kinetic energy representing the square of the electron velocity for
the discharge in a nitrogen laser

In pulsed excimer or nitrogen (N2) lasers the discharge has to take place
within about 10 ns. Therefore the discharge in the gas chamber with pres-
sures of 0.1 bar in the nitrogen laser and a few bars in the excimer laser is
spread over the whole length of the electrodes. Electric circuits with very low
inductivities have to be applied. Capacities of several nF charged to voltages
of 10–30 kV are used as electrical power source. As electrical switches thyra-
trons are used and in the best cases trigger jitters of a few ns and delays of
several 10 ns between the electric trigger and the laser pulse are obtained.
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Thus these lasers with ns output pulses can be synchronized electrically. For
simple arrangements spark gaps can be used as high-voltage switches. Thus
it is possible to built a nitrogen laser (using air as the active material) with
a 500 ps pulse width at 337 nm based on a very simple construction (see
Sect. 6.13.3.2, p. 511).

The longitudinal discharge is typically used in cw operating He-Ne lasers
or Ar and Kr ion lasers. In ion lasers with output powers of several watts the
discharge tube is the most expensive part, and costs about 1/3 of the laser
and losts typically for only 2 years. If the output power is reduced to less
than half of the maximum the lifetime increases drastically.

6.3.4 Lamp Pumping

Flash or arc lamps are very common for the pumping of solid-state lasers.
Typical arrangements are shown in Fig. 6.18. Also the solid-state slab ar-
rangement of Fig. 6.10 (p. 369) can be pumped using lamps from both sides,
instead of the diode laser stacks. Using lamps for pumping, the laser material
acts as a light converter producing monochromatic and coherent light with
good beam quality and polarization in possibly short pulses.

laser
laser

flow
tube

laser 
rod

U

flash or arc 
lamp

U

helical 
lamp

laser 
rod

elliptical 
reflector

Fig. 6.18. Lamp pumping of solid-state laser rods with linear lamps (left) and
helical lamps (right)

Helical lamps were used in pioneer times but may find new applications,
and linear lamps are used today. For saving the flash light the laser rod and
the lamp(s) are mounted inside a pump chamber which can scatter, diffuse or
reflect the light. In the latter case the rod is often mounted in one focal line of
an elliptically shaped reflector. If more than one lamp is applied each has its
own elliptical reflector combined into a flower-like cross-section. Diffuse pump
chambers will show a more equal inversion distribution and reflecting ones
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show a maximum in the rod center which is more useful for light extraction
with Gaussian beams. It turned out in practice that smaller cross sections of
the reflectors and diffusors are more efficient than larger constructions. In any
case the absorption of the rod should be adapted to the chamber dimensions
by choosing the appropriate diameter and concentration.

Flash lamps are typically filled with Xe or Kr and emit their light for
about 100 µs to several ms. The pulse length depends on the construction
of the lamp and the design of the electrical circuit. Flash lamp pumping of
dye lasers is also sometimes applied to reach high output powers. Because of
the possible triplet population the flash pulse has to be as short as a few µs
which demands special lamps and drivers which work with more than 10 kV
instead of a few 100 V for the solid state lasers. The duration of the laser
pulse is about the same as the flash.

Lamp pumping results in an electro-optical efficiency of up to 5%. Thus
95% of the flash lamp energy is converted to heat. This often limits the
laser output parameters such as power and brightness. Therefore cooling of
the laser material and lamp(s) is essential. Flow tubes around the rod and
lamps increase the cooling efficiency. Nevertheless the laser rod will show a
temperature profile with highest values in the rod center and the temperature
of the cooling liquid at the surface. The refractive index of the active laser rod
then shows a quadratic profile and sometimes even higher orders as a function
of the rod radius. Thermally induced lensing, birefringence and depolarization
occur as a consequence of the refractive index modulation (see Sect. 6.4).
The resulting phase shifts cause amplitude distortions after the propagation
of the light via interference effects and thus the beam quality of such laser
is decreased in the high-power regime. In the worst case thermally induced
tension can cause damage to the laser rod.

Flash or arc lamps emit light in a wide spectral range which is absorbed in
the active material via several different transitions or bands. Thus different
excited states are populated and the quantum defect will be different for
them. To increase the efficiency of the pumping process and to avoid the
distraction of the laser material by short-wavelength radiation sometimes
quantum converters, such as e.g. Ce atoms, are used to transform UV light
into the visible and red spectral region which the laser rod can absorb. These
materials can be introduced into the flow tubes and the pump efficiency can
be increased by 20–50%. Further details are described in [6.106, 6.150–6.185].

6.3.5 Chemical Pumping

Chemical lasers are pumped by the excess energy of a chemical reaction.
Typical lasers are based on the reaction of fluorine and hydrogen to HF∗ in
specially designed flow chambers (see Fig. 6.19).

The reaction takes place as:

F + H2 → HF∗ + H (6.4)
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Fig. 6.19. Scheme of pumping an active material by a chemical reaction in a flow
chamber

or

F2 +H → HF ∗ + F (6.5)

with a reaction heat of about 32 kcal mol−1. This allows the excitation of
the third vibrational level (v = 3) of HF which rapidly decays to the v = 2
level. The laser works between the levels with v = 3 and v = 2 with an
efficiency of inversion relative to chemical energy of about 50%. The emission
wavelengths of the transitions between the vibrational levels are in the range
of 2.7–3.3 µm. Other possible laser molecules are HBr, HCl and DF with
emissions in the range 3.5–5 µm (see [6.186–6.189] and Sect. 6.13.5, p. 520
and references there).

Large volumes of the active material can be made in this way and thus
large output powers are possible. Pulsed and cw operation is possible. A max-
imum of more than 2 MW average output power has been obtained from such
a chemical laser. Because of the technological and environmental problems of
these lasers as a result of the toxic halogens, military applications are mainly
intended.

6.3.6 Efficiencies

Several efficiency values are used to characterize the pump process:

• quantum defect efficiency
• quantum efficiency
• opto-optical efficiency
• electro-optical efficiency
• slope efficiency
• total efficiency (or wallplug efficiency).
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The quantum defect energy is caused by, as described in the previous
section, the difference between the photon energies of the pump Epump and
the laser Elaser light. Small values result in high quantum defect efficiencies:

quantum defect efficiency ηQD =
Elaser

Epump
. (6.6)

The quantum efficiency gives the share of emitted laser photons
Nphotons,laser relative to the number of absorbed pump photons Nphotons,pump
independent of the energy of both:

quantum efficiency ηQ =
Nphotons,laser

Nphotons,pump
. (6.7)

It accounts for, e.g. the radiationless transitions parallel to the laser transition
in the active material. Thus the efficiency of the absorbed photons is the
product of both ηQD and ηQ.

The opto-optical efficiency is the quotient of the laser light power Plaserlight
relative to the light power Ppumplight of the pump source:

opto-optical efficiency ηo-o =
Plaserlight

Ppumplight
. (6.8)

It is especially used for characterizing laser pumping, e.g. with diode lasers.
If the diode laser is fiber-coupled it should be stated whether the pump light
is measured at the output of the diode laser or at the output of the fiber.
This difference can be as high as 50%.

The electro-optical efficiency relates the laser light output power Plaserlight
to the electric input power to the pump source Ppump,electric:

electro-optical efficiency ηe-o =
Plaserlight

Ppump,electric
. (6.9)

In this efficiency the losses in the pump source and in the active material
are considered. It is relevant to all lasers with all kinds of pump mechanism.
In particular, solid-state lasers with flash lamp or diode laser pumping are
characterized with this value and compared to other high-power lasers.

The slope efficiency characterizing the slope of the laser output power
curve as a function of the electrical input power Plaserlight = f(Ppump,electric)
is used especially for solid-state lasers:

slope efficiency ηslope =
∆Plaserlight

∆Ppump,electric
. (6.10)

This curve shows, after a threshold of a certain electrical input power (e.g.
of the flash lamps), an almost linear increase of the output power. The dif-
ferences ∆Pi are used from this linear part of the curve.

Finally the total efficiency or wallplug efficiency of the pump process and
the laser operation has to be calculated for evaluating different laser types
for certain applications. The total power of the laser light Plaserlight has to be
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compared to the sum of the total electric plug-in powers of the power supply
and cooling system Pwallplug,total:

total efficiency ηe-o,total =
Plaserlight

Pwallplug,total
. (6.11)

In addition to the mechanismus already discussed the efficiency of the
pump source and the active material is decreased by radiationless transi-
tions, long lifetimes of the lower laser level, population of long-living energy
states such as e.g. triplet levels of laser dyes, unwanted chemical reactions,
and phase and amplitude distortions. The principle limit of the laser effi-
ciency was discussed in [6.191]. Further special demands such as complicated
cooling or control systems may decrease the efficiency of the laser system. A
very rough overview of these costs for different laser photons was given in
Table 1.1 (p. 9). Finally the total efficiency has to be used to compare lasers
with comparable brightness, wavelength and pulse duration with respect to
their cost, in addition to purchase, installation and maintenance conditions.

6.4 Side-Effects from the Pumped Active Material

The active material changes the properties of the laser resonator by its re-
fractive index and thus the optical length of the resonator. This has to be
taken into account while calculating the transversal and longitudinal mode
structure of the laser. In the worst case its refractive index is a complicated
function of space and time. Additional amplitude distortions may occur from
the inhomogeneous gain in the active material. Thus the resonator properties
may change during the laser process.

Especially in solid-state lasers, heating of the active material, which re-
sults from the thermal load from the pumping process, can cause serious
problems [6.191–6.292]. The laser material can show thermal lensing and in-
duced birefringence, as will be described below. Several concepts have been
developed to avoid or minimize these thermally induced problems. Thus,
slab, zig-zag-slab or thin disc geometry can be applied to the laser material.
Resonator concepts with adaptive mirrors such as, for example, via optical
phase conjugation or special polarization treatment, have been developed to
compensate for these distortions. Therefore, detailed experimental investiga-
tions of the different parameters involved have been done [e.g. 6.191–6.208].
Modeling of the thermal effects in general can be found in [6.209–6.219].

6.4.1 Thermal Lensing

A typical distortion of the desired laser operation from the active material
is the thermal lensing of solid-state laser rods [6.220–6.267]. The rod can be
cooled at the rod surface, only. Thus a quadratically refractive index profile
across the cross-section of the rod can be observed (see Table 2.6 (p. 37) for
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the ray matrix). The focal length ftherm of the resulting lens can be as short
as a few 0.1 m while the rod is pumped with a few kW. The refractive power
Dtherm per pump power Ppump is often used for characterization of the active
material:

refractive power Dtherm =
1

fthermPpump
[Dtherm] =

dpt
kW

(6.12)

with typical values of 1–4 dpt kW−1.
A typical example is shown in Fig. 6.20 for a flash lamp pumped Nd:YALO

laser rod (1.1 at%) with a diameter of 4 mm and a length of 79 mm measured
with a He-Ne-laser probe beam.
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Fig. 6.20. Refractive power of a flash lamp pumped Nd:YALO laser rod (1.1 at%)
with a diameter of 4mm and a length of 79mm measured with a He-Ne-laser probe
beam. The c axis of the crystal was horizontal in the x direction in the elliptical
pump chamber. The lensing was measured in the x and y direction for the two
polarization directions

Unfortunately, the laser material is also cooled by the laser radiation,
and thus the thermal lens can change more than 10% with and without
laser operation. Further the refractive power can be different for the different
polarization if the material was birefringent or birefringence was thermally
induced. Thus for more precise design of the laser resonators the refractive
power should be measured under laser conditions, e.g. using the stability
limits of the resonator (see Sect. 6.6.15, p. 424).

Thermally steady-state conditions are fulfilled if the laser is continuously
operating (cw) or the repetition rate of the laser is larger than the inverse of
the thermal relaxation time τtherm:

thermal relaxation time τterm =
cheatγD

4Kcond
r2
0 (6.13)
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with the specific heat of the laser material cheat, the mass density γD, the
thermal conductivity Kcond and the radius of the rod r0. As an example
for Nd:YAG, cheat = 0.59 W s g−1 K−1, γD = 4.56 g cm−3, Kcond = 0.11–
0.13 W cm−1 K−1 and with a rod radius of 4 mm a thermal relaxation time
of 0.83–0.98 s is obtained [6.238].

The calculation of the thermally induced lensing of laser rods can be
based on the one-dimensional heat conduction differential equation for the
temperature T if these steady state conditions are fulfilled:

d2T

dr2 +
1
r

dT
dr

+
ηthermPpump

πr2
0LrodKcond

= 0 (6.14)

with the pump power Ppump, the rod length Lrod and ηtherm as the fraction of
the pump power dissipated as heat in the rod. For this model – neglecting the
heat dissipation via the end surfaces – the rod length should be more than 10
times larger than the rod radius. At the surface of the rod with radius r = r0
the temperature is given by T (r0). The typical thermal time constants are of
the order of magnitude of 1 s and thus this equation will hold for lasers with
repetition rates larger than a few Hz or in cw operation. Other systems need
more complicated analysis as, e.g. given in [6.217–6.219, 6.232]. The solution
of this equation is given by:

T (r) = T (r0) + ∆T

[
1−

(
r

r0

)2
]

with r ≤ r0 (6.15)

This temperature profile is quadratic, as mentioned above, with the high-
est value Tmax = T (r0) + ∆T in the rod center using:

∆T =
ηthermPpump

4πLrodKcond
(6.16)

which increases linearly with the pump power per length. From this thermal
distribution across the rod a distribution of the refractive index ∆n(r) follows
and is given by:

∆n(r) = [T (r)− T (r0)]
(

dn
dT

)

=
ηthermPpump

4πLrodKcond

(
dn
dT

)[
1−

(
r

r0

)2
]

(6.17)

with the temperature-dependent refractive index change (dn/dT ). This for-
mula can be written as:

∆n(r) = n0 − 1
2
nthermr

2 (6.18)

with the newly defined ntherm:

ntherm =
ηthermPpump

2πr2
0LrodKcond

(
dn
dT

)
(6.19)
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and can be used in the matrix ray propagation formalism with a quadratic
index profile (n2 in Tab. 2.6).

The focal length frod of thermally induced focusing in the laser rod can
be given as an approximation, especially for cases with long focal lengths
compared to the rod length, by:

thermal induced focal length frod =
2πr2

0Kcond

ηthermPpump

(
dn
dT

)−1

(6.20)

which shows the influence of the parameters. The larger the radius of the laser
rod the longer the focal length of the rod. The rest are material parameters.

In addition a stress-dependent component will increase the thermal effect
by about 20% and the end-face curvature will add a further 5%. For more
detailed analysis see [6.209–6.219, 6.260, 6.261].

The temperature-dependent change of the refractive index (dn/dT ) for
some solid-state laser materials is given in Table 6.3.

Table 6.3. Temperature-dependent change of the refractive index (dn/dT ) for
some solid-state laser materials, their expansion coefficient αexpan and their thermal
conductivity Kcond. The double numbers for Nd:YALO and Nd:YVO4 are for the
a and the c axes of the crystal

Material λlaser n0 αexpan dn/dT Kcond

(nm) (K−1) (K) (Wcm−1 K−1)

Ruby 694 1.76 5.8 · 10−6 13 · 10−6 0.42
Nd:glass 1054 1.54 8.6 · 10−6 8.6 · 10−6 0.012
Nd:YAG 1064 1.82 7.5 · 10−6 7.3 · 10−6 0.13
Nd:YALO 1080 1.90 9–11 · 10−6 10–14 · 10−6 0.11
Nd:YVO4 1064 1.45 4–11 · 10−6 8.5–3 · 10−6 0.5–0.05
Nd:GdVO4 1063 1.97–2.19 1.5–7.5 · 10−6 4.7 · 10−6 0.05
Nd:YLF 1047 1.45 −3 · 10−6 0.06
Nd:KGW 1067 1.94 0.4 · 10−6 0.03
Nd:Cr:GSGG 1060 1.94 7.4 · 10−6 11 · 10−6 0.06
Er:glass 1540 1.53 12 · 10−6 6.3 · 10−6 ≈ 0.01
Er:YAG 2940 1.79 7.7–8.2 · 10−6 7.3 · 10−6 0.14
Yb:YAG 1030 1.82 7.5 · 10−6 7.3 · 10−6 0.13
Ti:Al2O3 e.g. 800 1.76 8.4 · 10−6 ≈ 13 · 10−6 0.52
Cr:LiSAF 846 1.41 25 · 10−6 −4.8, −2.5 · 10−6 0.03
Cr:LiCAF 763 1.39 22 · 10−6 −4.6, −4.2 · 10−6 0.05

As can be seen in the table these parameters are mostly determined by the
host material. In addition to the described lensing higher-order aberrations
can occur which cannot be compensated by simple lenses or mirrors. Phase
conjugating mirrors can help to solve this problem (see Sect. 6.6.12, p. 416).
Other solutions are described in [6.268–6.273].
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6.4.2 Thermally Induced Birefringence

The pump process can also cause thermally induced birefringence [6.271–
6.290] in the active material and thus depolarization of the laser radiation
can occur. For example, in solid-state laser rods as in Nd:YAG material ther-
mally induced depolarization can be a serious problem for designing high-
power lasers with good beam quality. In Fig. 6.21 the measuring method for
determining the depolarization is shown.

He-Ne

L3
Nd:YAG

L4 L1L2

HR 1080 nm
Pol

CCD

D1 Pol

Fig. 6.21. Setup for measuring the depolarization of a flash lamp pumped Nd laser
rod using a He-Ne laser probe beam and two crossed polarizer (Pol)

As an example the results for the measurement of a Nd:YAG laser rod
with a diameter of 7 mm and a length of 114 mm as a function of the electrical
flash lamp pump power measured between crossed polarizers, as in the scheme
of Fig. 6.21, are given in Fig. 6.22.

Pin = 0.59 kW Pin = 2.0 kW

Pin = 3.9 kW Pin = 5.6 kW

Pin = 1.1 kW Pin = 2.9 kW

Pin = 4.8 kW Pin = 6.5 kW

Fig. 6.22. Depolarization in a Nd:YAG laser rod with a diameter of 7mm and a
length of 114mm as a function of the electrical flash lamp pump power measured
between crossed polarizers as in the scheme of Fig. 6.21
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Based on the previous Section giving the description of the thermal heat-
ing of the laser rods the depolarization can also be calculated as a function
of the pump power.

The temperature difference causes mechanical strain in the laser crystal
which deforms the lattice. Because of the radial symmetry of the strain the
resulting refractive index change ∆n will be different for the radial and the
tangential components of the light polarization. The difference of the changes
of the refractive indices of the radial ∆nr and the tangential ∆nφ polarization
is given by:

∆nφ(r)−∆nr(r) = −n
3
0αexpanCbire

πKcondLrod

(
r

r0

)2

ηthermPpump

=
λlaserCT
2πLrod

(
r

r0

)2

ηthermPpump (6.21)

with the additional constants αexpan as the expansion coefficient and the
dimensionless factor Cbire accounting for the birefringence. Cbire can be cal-
culated from the photoelastic coefficients of the material but it is easier to
determine it experimentally from the birefringence measurement and the
determination of CT as will be shown below. For Nd:YAG, Cbire is about
Cbire,Nd:YAG = −0.0097 and thus CT,Nd:YAG = 67 kW−1.

The difference of the refractive indices for the two polarizations of the
laser light leads to a well-defined alteration of the polarization state of the
light, often called depolarization. This can easily be measured, as shown in
Fig. 6.22 (p. 385). The intensity of the light Iout,|| polarized parallel to the
incident light behind the laser rod at position r, φ in polar coordinates is
given by:

Iout,||(r, φ)
Iout,total

= 1− sin2(2φ) sin2
(
δbire

2

)
(6.22)

with the phase difference δbire:

δbire =
2πLrod

λlaser
(∆nφ −∆nr)

= CTηthermPpump

(
r

r0

)2

. (6.23)

This equation can be integrated over the cross-section of the rod to get
the degree of polarization of the transmitted light ppol:

ppol =
Iall
out,|| − Iall

out,⊥
Iall
out,|| + Iall

out,⊥

=
1
2

+
sin(CTηthermPpump)

2CTηthermPpump
(6.24)

which can be measured as a function of the pump power.
As shown in [6.238] the agreement between these experimental and cal-

culated results is quite satisfying.
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Anisotropic materials with high natural birefringence such as Nd:YALO
or Nd:YLF show only a negligible thermally induced birefringence. Therefore
they emit linearly polarized light even at the highest average output powers.

The depolarization caused by thermally induced birefringence in highly
pumped isotropic laser crystals can be compensated by the arrangement of
two identical active materials in series with a 90◦ polarization rotator in
between [6.276, 6.289, 6.290] as shown in Fig. 6.23.

Nd:YAG Nd:YAG

active
material

active
material

90°-rotator
laser

Fig. 6.23. Arrangement of two active isotropic materials, e.g. two Nd:YAG laser
rods, with 90◦ polarization rotation in between for compensation of depolarization
from birefringence

The birefringence in the first active material, which can be, e.g. a Nd:YAG
rod, causes the generation in general of different elliptically polarized light
across the beam. The x and y components of the polarization one inter-
changed by the 90◦ rotator (quartz plate). The depolarization is compen-
sated during the pass through the second identical active material. Thus the
depolarization loss, e.g. in Nd:YAG lasers can be reduced from the 25% level
to theoretically zero and experimentally to less than 5% for pump powers of
up to 16 kW [6.289].

For improved compensation a relay imaging telescope can be applied be-
tween the two laser rods. Therefore, two lenses with focal length frelim are
positioned in front of the rods at the distances zL1 and zL2 from the end
faces. The distance between the two lenses should be 2frelim and the con-
dition zL1 + zL2 = 2frelim − Lrod/nrod should be fulfilled [6.289]. A similar
scheme can be realized with one laser rod in front of a 100% mirror and a
Faraday rotator. With a detailed analysis the stability ranges of a laser os-
cillator containing two such identical rods with rotator and imaging can be
almost perfectly matched for the two polarizations. As a result, high average
output powers of 180 W were obtained with diffraction limited beam quality
of M2 < 1.2 from a single Nd:YAG laser oscillator which is also useful for
Q-switch operation [6.1535].

6.4.3 Thermal Stress Fracture Limit

The maximum output power of solid-state lasers is given by the maximum
pump power and related efficiencies and thus the maximum thermally induced
stress the active material can bear [e.g. 6.291, 6.292]. From the quadratic tem-
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perature profile across the diameter of the laser rods, the maximum surface
stress σmax follows as given in [6.292]:

σmax =
αexpanEyoung

8πKcond(1− νpoisson)
ηthermPpump

Lrod
(6.25)

with Young’s modulus Eyoung, Poisson’s ratio νpoisson and all other parame-
ters as given above. The damage stress is typically in the range 100–200 MPa
for common solid-state laser materials. The maximum power per laser rod
length follows from:

Ppump

Lrod
= 8πRshock (6.26)

with the thermal shock parameter Rshock:

Rshock =
Kcond(1− νpoisson)σmax

αexp andEyound
(6.27)

for which the values in Table 6.4 were given in [M33].

Table 6.4. Shock parameter for different host materials of solid-state lasers

Host material Glass GSGG YAG Al2O3

R (Wcm−1) 1 6.5 7.9 100

It should be noticed that following this consideration the rod diameter
does not influence the maximum output power per rod length. An example
with YAG as the host laser material involves a maximum optical pump power
of about 200 W cm−1.

6.5 Laser Resonators

The laser resonator determines the laser light characteristics within the
frames given by the active material. It consists of at least two mirrors (see
Fig. 6.2, p. 360) but it can contain many additional elements:

• apertures, lenses, additional mirrors and diffractive optics may be used
for forming special transversal modes;

• gratings, prisms and etalons are applied for frequency selection;
• shutters, modulators, deflectors and nonlinear absorbers are used for gen-

erating short pulses;
• polarizing elements are applied for selecting certain polarizations.

Other linear and nonlinear elements are applied as well. For example,
phase plates, adaptive mirrors or phase conjugating mirrors can be used for
compensating phase distortions.
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Because of all these options the design of a resonator with respect to a
certain application producing laser light of the required properties in com-
bination with high brightness and efficiency is a difficult task. However, the
basic laws as well as the general ideas and strategies will be described in the
next sections. Detailed descriptions can be found in, for example, [M24, M33,
M49, M50, 6.293–6.299].

6.5.1 Stable Resonators: Resonator Modes

The laser resonator (or cavity) can be designed as a stable resonator produc-
ing a standing light wave from the interference of the two counterpropagat-
ing light beams with a certain transversal and longitudinal distribution of
the electric field inside. These distributions are eigensolutions of Maxwell’s
equations for the standing light wave with the boundary conditions of the
curved resonator mirror surfaces and including all further optical elements in
the resonator.

The transversal structures of these eigensolutions are called transversal
resonator modes. The transversal structure can change along the axis of the
laser and a certain transversal light pattern will be observed behind the
partially transparent resonator mirror, the output coupler (see Fig. 6.24).
For many applications a Gaussian beam is required as the transversal mode
of the laser.

HR-mirror output coupler

laser beam

Fig. 6.24. Transversal eigenmode of a stable empty resonator consisting of the high-
reflecting HR mirror (R � 100%) and the partially reflecting mirror, the output
coupler (with, e.g. R = 50%). The curvatures of the stable transversal modes are
the same as the mirror curvatures at the mirror positions

The curvatures of the wave fronts of the resonator modes of the light
beam at the position of the mirror surfaces is the same as the curvature of
the mirrors. This condition defines the possible transversal modes of a stable
resonator.

The axial structures of these eigensolutions are the longitudinal resonator
(or axial) modes (see Fig. 6.25). The standing light wave is built by the
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HR-mirror outpu t coupler

laser beam

Fig. 6.25. Longitudinal eigenmode of a stable empty resonator as in Fig. 6.24
(p. 389). The electric field of the stable longitudinal modes have knots at the mirror
surfaces

interference of the back and forth moving light waves reflected at the mirrors.
The electric field has a knot at the mirror surface and thus the longitudinal
modes are selected.

6.5.2 Unstable Resonators

In an unstable resonator the light beam diameter grows while the light is
reflected back and forth in the resonator as depicted in Fig. 6.26.

In this case the near field of the out-coupled beam has a hole in the
middle which has the size of the smaller mirror at its place but will be filled
in the far field. With this resonator type large mode diameters in the active
material can be achieved but the beam quality is not diffraction limited. Using
unstable resonators with a mirror with radially varying reflectivity, near-
diffraction-limited beam quality can be achieved with large mode diameters
[6.317, 6.326, 6.332–6.334, 6.338]. Diffractive optics used as structured phase
plates can be placed inside the unstable resonator for improving the beam
quality [6.344]. Some examples of unstable resonators are given in [6.300–
6.352]. The theoretical treatment of unstable resonators is discussed in, for
example, [6.300–6.315].

HR-mirror

laser beam

HR-mirror

resonator length

Fig. 6.26. Transversal structure of a light beam in an a unstable empty resonator
consisting of two high-reflecting HR mirrors (R = 99.9%) of different size
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6.6 Transversal Modes of Laser Resonators

In general the transversal modes of a given resonator design have to be cal-
culated as a solution of Maxwell’s equations for the electric field between the
two resonator mirrors including all optical elements inside this space. This
problem can be solved by calculating the Kirchhoff integral including the
dimensions of the resonator mirrors.

The still complicated mathematical problem is often reduced to three
types of special cases:

• a fundamental mode describing a Gaussian beam as an eigensolution of a
stable resonator including the optical elements in the resonator;

• higher transversal modes for an empty optical resonator with high transver-
sal symmetry;

• simple solutions for unstable resonators.

Some resonators with an active material of very high gain and thus a very
small number of round trips such as, e.g. in the excimer or nitrogen lasers,
show a mixture of so many modes that the description based on geometrical
optics using the geometrical dimensions of the resonator elements with their
apertures and determining the possible light rays can be the most efficient.

6.6.1 Fundamental Mode

The fundamental transversal mode, the TEM00 mode, has a Gaussian transver-
sal profile and represents a Gaussian beam. Thus it can be derived from
Gaussian beam propagation through the resonator under the condition of
self-reproduction after one complete round trip. Thus the complex beam pa-
rameter of the beam q(z) (see Sect. 2.4) has to be reproduced:

eigensolution q(zoc) =
aroundtripq(zoc) + broundtrip

croundtripq(zoc) + droundtrip
(6.28)

with zoc as a fixed position of observation, e.g. at the output coupler. The
elements of the roundtrip matrix Mroundtrip:

roundtrip matrix Mroundtrip =
[
aroundtrip broundtrip
croundtrip droundtrip

]
(6.29)

have to be derived from the multiplication of all single matrices accounting
for all optical elements of the resonator including the free space propagation
as described in Sect. 2.5. From the determined value of q(zoc) the beam radius
w(z) and wave front curvature R(z) can be calculated at any position inside
and outside the resonator by the propagation of the Gaussian beam.

Notice that the beam parameter outside the resonator (laser beam pa-
rameter qlaser) has to be calculated from q(zOC) by applying the transmission
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matrix MOC of the output coupler which may act as a lens:

qlaser =
aOCq(zoc) + bOC

cOCq(zoc) + dOC
(6.30)

and thus the divergence angle and beam diameter of the laser can be deter-
mined.

In particular, numerical calculations are easily possible using personal
computers. Analytical solutions can be hard because of lengthy algebraic
complex expressions, but algebraic computer programs can be used for this
purpose.

6.6.2 Empty Resonator

As an example the description of an empty resonator (see Fig. 6.27) will be
given.

L
qq

q

z (z > 0) 0 (z < 0)

M HR M OC

ρ
HR

ρ
OC

HR
OC

OC

Fig. 6.27. Scheme of an empty resonator with the out-coupling mirror OC and
the high-reflecting mirror HR. The curvature radii are positive for concave mirrors.
The resonator length is L

This resonator with curvature ρHR of the high-reflecting mirror and ρOC
of the output coupler placed at a distance L as the resonator length leads to
the round trip matrix of the empty resonator:

Mroundtrip =
[

1 L
0 1

]
·
[

1 0−2
ρHR

1

]
·
[

1 L
0 1

]
·
[

1 0−2
ρOC

1

]
(6.31)

which accounts for the first reflection at the output coupler, the path L,
reflection at the high-reflecting mirror and the path L again considered as a
positive value because for beam propagation calculations the resonator has
to be unfolded. The resulting matrix of the empty resonator is given by:
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Mroundtrip =
1

ρOCρHR

·
[−ρHR(4L− ρOC)− 2L(2L− ρOC) 2LρOC(ρHR − 1)

−2(ρOC + ρHR − 2L) ρOC(ρHR − 2L)

]
.

(6.32)

An algebraic calculation of (6.28) using (6.32) which is easily done with
a suitable algebraic computer program shows that the curvatures Ri of the
fundamental mode of this empty resonator are equal to the curvature of the
mirrors ρi:

wave curvature radii R(z = zOC) = ρOC
R(z = zHR) = ρHR

(6.33)

whereas the diameter of the beam 2wOC at the position of the out-coupling
mirror follows from:

beam diameter at OC

2wOC = 2

√√√√λ

π
ρOC

√
L(L− ρHR)

(ρOC + ρHR − L)(L− ρOC)
(6.34)

and the diameter at the high-reflecting mirror follows analogously:

beam diameter at HR

2wHR = 2

√√√√λ

π
ρHR

√
L(L− ρOC)

(ρOC + ρHR − L)(L− ρHR)
(6.35)

The position zwaist and diameter 2w(zwaist) of the beam waist can easily
be calculated from these solutions by using (2.88) and (2.89):

waist position zwaist =
L(L− ρHR)

ρOC + ρHR − 2L
(6.36)

where the z coordinate is measured positively from the out-coupling mirror to
the left in Fig. 6.27 (p. 392) towards the inside of the resonator and negative
to the right.

waist diameter

2wwaist = 2

√√√√λ

π

√
L(ρOC − L)(ρHR − L)(ρOC + ρHR − L)

(ρOC + ρHR − 2L)2 . (6.37)

As can be seen from this equation the diameter can be very large as the
curvature of the mirrors is very flat. This case is usually hard to achieve
because it is close to the stability limit and the misalignment sensitivity
becomes very bad. Thus in this case mixtures of higher-order transversal
modes are usually oscillating, resulting in bad beam quality.
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Stable eigensolutions of the fundamental mode of the empty resonator are
possible for:

stability condition ρOC + ρHR ≥ L (6.38)

and further conditions can be evaluated from the condition of a positive
expression in the root (see below).

6.6.3 g Parameter and g Diagram

For a general discussion of the stability ranges the g parameters of the res-
onator as depicted in Fig. 6.27 (p. 392), can be used. These parameters are
defined as:

g parameter of OC mirror gOC = 1− L

ρOC
(6.39)

and

g parameter of HR mirror gHR = 1− L

ρHR
. (6.40)

The beam waist at the output coupler follows then from:

beam at OC 2wOC = 2

√
λ

π
L

√
gHR

|gOC(1− gOCgHR)| (6.41)

and at the high reflecting mirror:

beam at HR 2wHR = 2

√
λ

π
L

√
gOC

gHR(1− gOCgHR)
(6.42)

whereas the beam waist occurs at the position:

waist position zwaist =
LgHR(L− gOC)

gHR(2gOC − 1)− gOC
(6.43)

with the waist diameter:

waist diameter 2wHR = 2

√
λ

π
L

√
gOCgHR(1− gOCgHR)
|gHR(2gOC − 1)− gOC| . (6.44)

With these g parameters the general stability condition for the fundamen-
tal mode operation of the resonator can obviously be written as:

general stability condition 0 < gOCgHR < 1 . (6.45)

This condition can be nicely visualized in the g diagram which is built by
one g parameter as one coordinate (e.g. gOC) and the other g parameter as
the other coordinate as shown in Fig. 6.28 (p. 395).

At the limits of these stability ranges the Gaussian beam would have an
infinite or zero diameter at the mirrors. In Fig. 6.28 (p. 395) some selected
resonators, as described below, are marked with letters (a)–(f).
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Fig. 6.28. g diagram for discussing the stability of an empty resonator. The gray
area indicates the stable ranges of operation. Specially named selected resonators
are indicated (see next section)

6.6.4 Selected Stable Empty Resonators

Some of the stable empty resonators, e.g. with gi equal 0, 1 or −1 are named
for their special construction.

(a) Planar mirror resonators consist of two planar mirrors at any distance
(see Fig. 6.29).

ρ =
1

8 ρ  =
2

8

Fig. 6.29. Schematic of a planar res-
onator (a). The beam radius is theo-
retically indefinite

This resonator demands unconfined mirrors and would show an infinite
beam diameter. It is at the stability limit (see Fig. 6.28) and thus it cannot
be built as an empty resonator. As soon as some positive refraction occurs
inside the resonator it will become stable. Therefore some times for solid-state
lasers plan-plan resonators are used including the refraction of the thermal
lensing of the laser rod.

If the lensing is too large the resonator will again become unstable. This
effect can be used for measuring the thermal lensing of the active material
under high-power pumping by measuring the output power as a function of
the input power (see Sect. 6.6.15, p. 424).
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(b) Curved mirror resonators with concave radii larger than the resonator
length as shown in Fig. 6.30 are very common.
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Fig. 6.30.
Schematic of a res-
onator with curved
mirrors (b). The
beam radius of the
fundamental mode
was calculated for
1 µm wavelength,
1m resonator length
and the given mirror
curvature radii

These resonators are very stable and easy to design and to align. Thus new
lasers can be checked with this type of resonator, first. Usually the output
coupler can be used as a planar mirror in this type of cavity and different
out-coupling reflectivities can easily be obtained.

(c) Confocal resonators are symmetric with the mirror curvature radius equal
the resonator length. Thus the beam waist is in the center and has a diameter
of 1/

√
2 compared to the diameter at the mirrors (see Fig. 6.31).
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Fig. 6.31.
Schematic of a con-
focal resonator (c).
The beam radius
of the fundamental
mode was calculated
for 1 µm wavelength,
1m resonator length
and the given mirror
curvature radii
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The intensity is twice as high in the resonator center compared to the mir-
ror position. These resonators stay stable if the resonator length is increased
as long as the resonator length is not longer than twice the curvature radius
of the two equal mirrors (see below).

(d) Semiconfocal resonators have the beam waist at one mirror which is pla-
nar. The curvature of the other mirror is ρi = 2L (see Fig. 6.32).
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Fig. 6.32. Schematic of a semiconfocal resonator (d). The beam radius of the
fundamental mode was calculated for 1 µm wavelength, 1m resonator length and
the given mirror curvature radii

The diameter of the beam is 1/
√

2 smaller at the planar mirror compared
to the curved one.

(e) Hemispherical resonators have a focus at the planar mirror (see Fig. 6.33,
p. 398).

The resulting high intensity at the planar mirror can be used for nonlinear
effects in the resonator such as passive Q switching or passive mode locking
with dyes. Care has to be taken not to damage this mirror with the resulting
high intensities.

A similar transversal beam shape distribution along the resonator axis
can be obtained if the two mirrors are curved and have much different radii.
If, e.g. mirror 1 has a curvature radius of a few 10 mm while the radius of
the other mirror 2, is in the range of m a focus will occur close to mirror
1 independent of whether the short focal length of is positive or negative
(see also Fig. 6.35, p. 399). The waist radius close to the mirror with short
focal length is smaller if the longer curvature radius approaches the resonator
length.
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Fig. 6.33.
Schematic of a hemi-
spherical resonator
(e). The beam radius
of the fundamental
mode was calculated
for 1 µm wavelength,
1m resonator length
and the given mirror
curvature radii

(f) Concentric or spherical resonators have their focus in the middle of the
cavity. The two mirrors have curvature radii equal to L/2 (see Fig. 6.34).
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Fig. 6.34. Schematic of a concentric or spherical resonator (f). The beam radius
of the fundamental mode was calculated for 1 µm wavelength, 1m resonator length
and the given mirror curvature radii

This sharp focus can cause optical breakdown in air or damage in the
active material if this resonator is used in pulsed lasers. On the other hand
the focus in the center allows the use of an aperture for selection of the
fundamental mode in an effective way.
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(g) Concave–convex resonators have a common focal point of the two mirrors
outside the resonator. The curvatures radii are ρ1 > L and ρ2 = −(ρ1 − L)
as shown in Fig. 6.35.
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Fig. 6.35. Schematic of a concave–convex resonator (g). The beam radius of the
fundamental mode was calculated for 1 µm wavelength, 1m resonator length and the
given mirror curvature radii. The curvatures radii are ρ1 = 1.1m and ρ2 = −0.1m

If the curvature radii of the two mirrors are very different the beam diame-
ter can be very small at the mirror with the smaller radius. Thus the intensity
at this mirror can cause damage similar to that in hemispherical resonators
(see above), but for the application of nonlinear effects in the resonator this
configuration may be well suited.

6.6.5 Higher Transversal Modes

Transversal modes of lasers with stable optical resonators higher than the fun-
damental can be determined analytically for empty resonators as the steady
state solution for the electric field. The transversal structure of the electrical
field of the light beam has to reproduce after each roundtrip. This can be
described by the Kirchhoff integral equation as discussed, e.g. in [M24] in the
following form:

E1(x2, y2) = −i
eikL

2Lgmλ
·
∫ ∫

Em(x1, y1)

· exp
{

i
π

2Lgmλ
[
(x2

1 + y2
1 + x2

2 + y2
2)(2g1g2 − 1)

−2(x1x2 + y1y2)]
}

dxm dym

l,m = 1, 2, l �= m (6.46)



400 6. Lasers

with the g parameters g1,2, the resonator length L, the wavelength λ and the
wave number k = 2π/λ.

The solutions of this equation are the transversal modes of this empty
resonator. They are called TEM modes for transverse electromagnetic field
vectors and are numbered by indices. If the mirrors are transversally uncon-
fined and no other apertures limit the beam diameter an infinite number of
transversal modes with increasing transversal dimension and structure exist.
The lowest-order mode is of course the fundamental or Gaussian or TEM00
mode as described above.

Eigenmodes of a resonator higher than the fundamental can have a circu-
lar or rectangular symmetry. The transversal mode structure of the intensity
can be described by analytical formulas as given below.

Examples of higher-order transversal modes as e.g. Gauss–Laguerre-
modes, Gauss–Hermite-modes or donut-modes are described in [6.353–6.362,
6.364–6.411]. In addition to the modes described below, flat top modes are of
interest for high extraction efficiency and certain applications [6.381–6.394].
Also, mode converters leading to, for example, Bessel modes, which allow a
constant intensity over a certain distance and thus good efficiency in some
nonlinear optical processes, are of interest [6.395–6.401]. Whispering-gallery
modes occur in microlasers with microresonators [6.402–6.411]. These laser
resonators may be of interest for use as diode lasers or in communication
technology.

6.6.5.1 Circular Eigenmodes or Gauss–Laguerre Modes

These modes are described with Laguerre polynomials. The square of the
solution for the electric field leads to the following transversal distribution
for the intensity at the position of mirrors 1 and 2:

circular modes

I
(m,p)
1 (r, ϕ) =

Imax

Fmax,circ

(
2r2

w2
l

)p

·
[
L(m,p)

(
2r2

w2
l

)]2

e−2r2/w2
l cos2(pϕ) (6.47)

with cylindrical coordinates r, ϕ, beam radius of the Gaussian beam wl for
this resonator calculated for wOC from (6.34) or (6.41) and for wHR from
(6.35) or (6.42). The Laguerre polynomials L(m,p)(t) are given in mathemat-
ical textbooks. The first few are:

Laguerre polynomials:

L(0,p)(t) = 1
L(1,p)(t) = p+ 1− t
L(2,p)(t) =

1
2

(p+ 1)(p+ 2)− (p+ 2)t+
1
2
t2
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L(3,p)(t) =
1
6

(p+ 1)(p+ 2)(p+ 3)− 1
2

(p+ 2)(p+ 3)t+
1
2

(p+ 3)t2− 1
6
t3

L(4,p)(t) =
1
24

(p+ 1)(p+ 2)(p+ 3)(p+ 4)− 1
6

(p+ 2)(p+ 3)(p+ 4)t

+
1
4

(p+ 3)(p+ 4)t2 − 1
6

(p+ 4)t3 +
1
24
t4. (6.48)

The highest relative maxima of these circular transversal modes Fmax,circ
under the condition of equal power or energy content of all modes are given
in Table 6.5.

Table 6.5. Maxima of the transversal modes Fmax,circ under the condition of equal
power or energy content for all modes as a function of the mode numbers m and p

m\p 0 1 2 3 4

0 1.0 0.73 0.54 0.45 0.39
1 1.0 0.65 0.49 0.40 0.34
2 1.0 0.66 0.47 0.38 0.33
3 1.0 0.69 0.47 0.38 0.32
4 1.0 0.67 0.47 0.38 0.32

The intensity distributions of the lowest of these circular modes are shown
in Fig. 6.35.

The first index in this nomenclature gives the number of maxima in the
radial distribution and the shape has cylindrical symmetry for p = 0. The
number of maxima around the circumference ϕ = 0, . . . , 2π is given by 2p.
Usually the modes with p = 0 are much easier to detect than the modes with
p > 0. As can be seen from Table 6.5 and Fig. 6.36 (p. 403). the energy is
spread over a larger cross section with increasing mode numbers and thus the
peak intensity is decreasing.

The electric field vector is polarized antiparallel, with a phase shift of π,
in neighboring peaks and their surrounding area up to the minima between
them.

6.6.5.2 Rectangular or Gauss–Hermite Modes

These modes are described in Cartesian coordinates x, y using Hermite poly-
nomials H(m)(t). The transversal intensity distribution is given by:

rectangular modes

I
(m,p)
1 (x, y) =

Imax

Fmax,rect

[
H(m)

(√
2x
wl

)]2

·
[
H(p)

(√
2y
wl

)]2

e−2(x2+y2)/w2
l (6.49)
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again with the beam radius of the Gaussian beam wl for the resonator cal-
culated for wOC from (6.34) or (6.41) and for wHR from (6.35) or (6.42). The
Hermite polynomials H(m/p)(t) are also given in mathematical text books.
The first few are:

Hermite polynomials:

H(0)(t) = 1
H(1)(t) = 2t
H(2)(t) = 4t2 − 2
H(3)(t) = 8t3 − 12t
H(4)(t) = 16t4 − 48t2 + 12. (6.50)

The highest relative maxima of these rectangular transversal modes Fmax,rect
under the condition of equal power or energy content of all modes are given
in Table 6.6.

Table 6.6. Maxima of the transversal modes Fmax,rect under the condition of equal
power or energy content of all modes as a function of the mode numbers m and p

m\p 0 1 2 3 4

0 1 0.73 0.65 0.61 0.58
1 0.73 0.53 0.48 0.45 0.43
2 0.65 0.48 0.42 0.40 0.38
3 0.61 0.45 0.40 0.37 0.35
4 0.58 0.43 0.38 0.35 0.34

The intensity distributions of the lowest rectangular modes are shown in
Fig. 6.36.

Again the mode indices account for the number of maxima in the direction
of the coordinate, x and y in this case, with m + 1 and p + 1, and again
the electric field vector is polarized antiparallel, with a phase shift of π, in
neighboring peaks and their surrounding area up to the minima between
them.

Different laser modes can occur at the same time and thus the observed
mode pattern of a realistic laser may be a superposition of several modes. The
transversal field distribution can be written as a sum of eigenmodes because
Laguerre and Hermite polynomials are each a complete set of orthogonal
functions. Thus the intensity distribution I(r, ϕ, t) of a circular mode can be
expressed as:

circular modes I(r, ϕ, t) =
∞∑
m=0

∞∑
p=0

cm,p(t)I(m,p)(r, ϕ) (6.51)
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with the coefficients cm,p(t) accounting for the share of the m, p eigenmode.
Rectangular modes can be constructed the same way using the rectangular
eigenmodes:

rectangular modes I(x/y, t) =
∞∑
m=0

cx/y,m(t)I(m,p)(x/y). (6.52)

In some cases, e.g., if the laser modes are degenerated, it is necessary to
sum over the electric field instead of over the intensity of the different modes.

6.6.5.3 Hybrid or Donut Modes

In solid-state rod lasers, hybrid or donut modes can be obtained (see refer-
ences in Sect. 6.6.5). These transversal modes are constructed as a superpo-
sition of two circular transversal modes of the same order m, p but rotated
by 90◦. The radial distribution of these modes can be calculated analogous
to the circular modes from:

donut modes I
(m,p)
1 (r) =

Imax

Fmax,donut

(
2r2

w2
l

)p

·
[
L(m,p)

(
2r2

w2
l

)]2

e−2r2/w2
l (6.53)

but they show full circular symmetry in the intensity distribution. These
modes are marked with an asterisk at the mode number. The relative maxima
Fmax,donut of the first three hybrid modes TEM01∗, TEM02∗ and TEM03∗ for
the same power or energy content as the fundamental mode are 0.37, 0.34
and 0.34. The intensity distributions of these lowest three modes are shown
in Fig. 6.38.
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Fig. 6.38. Intensity profiles of higher transversal donut or hybrid modes of laser
resonators with circular symmetry

The share of different modes can change in time and thus very compli-
cated mode structures may be obtained with time-dependent coefficients.
Mode apertures may be used for emphasizing certain modes required for the
application (see Sect. 6.6.10, p. 413).
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6.6.5.4 Coherent mode combining

As discussed in Sect. 2.7.7 (p. 65) the coherently generated laser modes can be
combined or transformed to new laser modes [e.g. 6.412, 6.413] and even bet-
ter beam quality can be realized this way. In principle the different coherent
laser modes can be transformed to each other, as long as perfect coherence
is assumed.

Thus, e.g., two orthogonal oriented TEM01 modes can be combined for
a TEM01∗ donut mode. The polarization of this donut mode is a function
of the polarization of the two TEM01 modes. If they are for example both
antiparallel orthogonal polarized each and orthogonal polarized to each other
the resulting donut will show an tangential polarization, i.e. an orbital mo-
mentum (AOM), as shown in Fig. 6.39.

+ =

Fig. 6.39. Combining of two orthogonal oriented TEM01 modes results in a
TEM01∗ donut mode. If the polarization (arrows in the figure) is as given orthogonal
the donut mode is tangentially polarized and it has an orbital momentum (AOM)

If the polarization of the single TEM01 modes is antiparallel parallel as
shown in Fig. 6.40 the resulting donut mode is radial polarized.

+ =

Fig. 6.40. Combining of two orthogonal oriented TEM01 modes results in a
TEM01∗ donut mode. If the polarization (arrows in the figure) is as given in the
figure parallel the resulting donut mode is radial polarized

Both may have advantages in certain interactions, e.g. in material pro-
cessing applications. The generation of these two modes out of the same laser
is possible with a two branch resonator design generating the two modes, co-
herently.

The combination of other modes seems to be possible in a similar way.
In this case phase plates may be used inside and outside the resonator for
producing and combining the beams, coherently.
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6.6.6 Beam Radii of Higher Transversal Modes
and Power Content

The beam radius of a higher laser mode can be defined differently. As dis-
cussed in Sect. 2.7.3 (p. 57) the beam radius is defined using the second
intensity moment. For circular modes the beam radius follows from:

beam radius w2
r =

2
∫
r3Iuncal(r) dr∫
rIuncal(r) dr

(6.54)

with the measured, not calibrated and thus relative intensity distribution
Iuncal(r) which can be measured with a CCD camera of sufficient dynamic.

For rectangular modes the beam radii may be different in the x and y
directions. Therefore they can be determined for symmetric beams separately
from:

w2
x =

4
∫
x2Iuncal(x, y) dxdy∫∫
Iuncal(x, y) dxdy

(6.55)

and

w2
y =

4
∫
y2Iuncal(x, y) dxdy∫∫
Iuncal(x, y) dxdy

. (6.56)

These radii are of course larger than the radius of the associated Gaussian
mode wgauss as follows:

circular modes wr,m,p = wgauss
√

(2m+ p+ 1) (6.57)

and

rectangular modes wx/y,m = wgauss
√

(2m+ 1) (6.58)

with m and p as the indices of the Laguerre polynomials for circular modes
and of the Hermite polynomials for rectangular modes as given above. The
values of some circular modes are given in Table 6.7 (p. 410).

The values for the beam width wm of rectangular modes in comparison
to the associated Gaussian beam are given in Table 6.8 (p. 411). In this case
the values along the two dimensions can be calculated, separately.

The power content Pwr and Pwm inside the areas given by the beam radius
wr or the beam width wm is not the same for the different higher modes. This
becomes obvious from Fig. 6.41 (p. 410) in which these radii are shown at the
relative intensity 1/e2 for the lowest circular modes in relation to the radial
intensity distribution.

Therefore the power contents Pwr and Pwm relative to the total power
of the beam Ptotal is also given in Tables 6.7 (p. 410) and 6.8 (p. 411). For
the fundamental mode TEM00 the radius defined by the second moment
corresponds to the intensity I = Imax/e2 and the area inside this radius
contains 86.5% of the total energy of the beam.

Thus for comparison the beam radii or beam widths w86.5% for the power
content of 86.5% of the higher laser modes are given relative to the radius of
the associated Gaussian mode in the Tables 6.7 (p. 410) and 6.8 (p. 411).
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Table 6.7. Beam parameters for higher circular Gauss–Laguerre modes

m p wr/wgauss Pwr/Ptotal w86.5%/wgauss M2 M2
86.5%

0 0 1 86.5% 1 1 1
0 1 1.41 90.8% 1.32 2 1.75
0 2 1.73 93.8% 1.56 3 2.44
0 3 2 95.8% 1.76 4 3.10
1 0 1.73 90.8% 1.65 3 2.71
1 1 2 92.2% 1.88 4 3.54
1 2 2.24 93.7% 2.08 5 4.32
1 3 2.45 95.0% 2.25 6 5.06
2 0 2.24 92.3% 2.12 5 4.48
2 1 2.45 93.0% 2.31 6 5.35
2 2 2.65 93.9% 2.48 7 6.17
2 3 2.83 94.9% 2.64 8 6.96
3 0 2.65 93.1% 2.51 7 6.29
3 1 2.83 93.6% 2.68 8 7.17
3 2 3 94.2% 2.83 9 8.02
3 3 3.16 94.9% 2.97 10 8.84

10 0 4.58 95.2% 4.39 21 19.3
0 10 3.32 99.7% 2.71 11 7.34

I
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w w
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Fig. 6.41. Second-moment beam radii and radial intensity distribution for some
circular modes. The intensity was normalized for equal height 1 in all graphs. Com-
pare values of Table 6.5 (p. 401) for absolute intensities
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Table 6.8. Beam parameters for higher rectangular Gauss–Hermite modes

m wm/wgauss Pwm/Ptotal w86.5%/wgauss M2 M2
86.5%

0 1 1 1 1 1
1 1.73 99.3% 1.18 3 1.39
2 2.24 99.8% 1.50 5 2.25
3 2.65 99.7% 1.77 7 3.13
4 3 100.0% 2.01 9 4.02
5 3.32 100.0% 2.22 11 4.92
6 3.61 100.0% 2.41 13 5.83

TEM 20
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Fig. 6.42. Beam radius defined by second moment for different circular modes
around the waist. The Rayleigh length is zR = 100mm and the wavelength is
500 nm

6.6.7 Beam Divergence of Higher Transversal Modes

Both types of these higher laser modes, circular and rectangular, are also
solutions of Maxwell’s equation for free space. Using the second moment radii
the higher-mode beams can be transferred through optical systems using the
matrix formalism.

The simplest procedure can be based on the associated Gaussian mode
which has radius wgauss as given relative to the radius or width of the higher
mode in Tables 6.7 and 6.8 (see Sect. 6.6.9, p. 412). Both beams which have
the same Rayleigh length will propagate “parallel” with a constant ratio of
radii as given in Tables 6.7 and 6.8 as shown in the example of Fig. 6.42
(p. 411).

This results in a (far-field) divergence angle of the higher circular θr,m,p or
rectangular θx/y,m modes which is larger than the divergence of the associated



412 6. Lasers

Gaussian beam by:

circular modes θr,m,p = θgauss
√

(2m+ p+ 1) (6.59)

and

rectangular modes θx/y,m = θgauss
√

(2m+ 1) (6.60)

with the mode indices for the Laguerre polynomials m, p and for the Hermite
polynomials m as given above. The resulting factors are the same as for the
radii or widths and can be taken from Tables 6.7 (p. 410) and 6.8 (p. 411).

6.6.8 Beam Quality of Higher Transversal Modes

Using these values for the beam radius and the divergence angle for the higher
laser modes the beam propagation factor M2 for the higher transversal modes
can be given by:

circular modes M2
m,p = 2m+ p+ 1 (6.61)

and

rectangular modes M2
m = 2m+ 1 (6.62)

The resulting values are also given in Tables 6.7 (p. 410) and 6.8 (p. 411).
It has to be noticed that this value of the beam propagation factor M2 is

based on the method of second moments and thus the power contents related
to this beam propagation factor can be larger for higher modes than the
86.5% which is used for Gaussian beams. Therefore the beam propagation
factor M2

86.5% is also given in Tables 6.7 (p. 410) and 6.8 (p. 411). A further
example is given in [6.414].

6.6.9 Propagating Higher Transversal Modes

The propagation of higher transversal modes through an optical system can
be calculated using the following steps based on the matrix formalism for the
propagation of Gaussian beams:

• determination of the beam radius wr(zi) for circular symmetry and the
beam widths in x and y directions for rectangular symmetry;

• determination of the beam divergence(s);
• determination of the beam propagation factor M2;
• determination of the wave front radius R(zi) from these values;
• determination of the complex beam parameter q(zi) for the higher-order

mode with:
1

q(zi)
=

1
R(zi)

− iλM2

πnw2
r(zi)

; (6.63)
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• propagation of this beam as described in Sect. 2.4.4 (p. 33) using the ray
matrix formalism:

q(z) =
aq(zi) + b

cq(zi) + d
(6.64)

with the elements a, b, c and d of the propagation matrix;
• determination the searched beam radius wr(z) and the wave front curva-

ture R(z) of the propagated beam parameter q(z).

The determination of the beam parameters can be based on the theoretical
formulas given above or the values given in Tables 6.7 (p. 410) and 6.8 (p. 411)
if the transversal mode structure is known. Otherwise it has to be done
experimentally as described in Sects. 2.7.3 (p. 57) and 2.7.4 (p. 60).

The resulting beam radius will be at any position M times larger than
the radius of the associated Gaussian beam independent of whether M2 is
calculated or measured based on the second-order moment method or on the
86.5% power content of the beam. The beam divergence will also be M times
larger than the divergence of the associated Gaussian beam. The Rayleigh
length will be the same for all transversal modes for the same wavelength.
Other examples are given in [6.415–6.425].

6.6.10 Fundamental Mode Operation: Mode Apertures

Without any restrictions all kinds of mixtures of transversal modes can occur
and thus almost any kind of mode pattern can be obtained as the laser output
then. Therefore methods for controlling the transversal mode structure have
been developed [6.426–6.463]. For photonic applications usually low order
modes are preferred in particular, the safe operation of the fundamental mode
is of great interest. This TEM00-mode gives the best possible beam quality
and thus the highest brightness and best ability to focus the laser radiation.

Because the beam diameter increases with increasing mode number (see
Tables 6.7 (p. 410) and 6.8 (p. 411)) mode filtering can be achieved with
mode apertures. In the simplest case a suitable mode aperture is applied in
the resonator [6.426–6.441], e.g. near to one of the resonator mirrors as shown
in Fig. 6.43 (p. 413).

TEM 00

TEM 10

HR OC
A

Fig. 6.43. Laser with mode aper-
ture A which causes large losses
for transversal modes higher than
the fundamental mode as shown
for the two lowest circular modes
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The losses of the higher-order mode are larger and therefore the low-order
mode will be more amplified and become dominant if the laser operates for
long enough.

The diameters of these mode apertures have to be carefully adapted to the
resonator. They have to be large enough not to cause high loss for the lower
mode and have to be small enough to depress the higher ones. For pulsed
lasers mode aperture radii of 1.5× the beam radius (at Imax/e

2) have been
successfully tested. For cw lasers even larger values may be used. The best
value should be determined experimentally.

But if the higher losses of the higher modes at the mode aperture are com-
pensated by higher amplification in the active material, mode discrimination
will not work satisfactorily. This can occur if the inversion at the volume of
the lower and active mode is used up whereas the higher and nonoperating
mode may occur in other and still inverted areas of the active material. Thus
mode selection cannot always be guaranteed by one mode aperture. Even
oscillations between different mode patterns are possible. Therefore different
concepts have been developed using two or more apertures.

The fundamental mode can almost be guaranteed using two mode aper-
tures in the following scheme [6.426] (see Fig. 6.44).

A2ρ = 8

AM

L

A1
ρ

OC

>> z
R ∼ρ

OC

Fig. 6.44. Laser resonator with two apertures for guaranteeing fundamental mode
operation

In this resonator one of the apertures A1 is positioned in the waist position
of the fundamental mode inside the cavity which is produced by a curved res-
onator output mirror. It should be noticed that the distance of this aperture is
usually not exactly equal to the curvature ρOC. The diameter of this aperture
is chosen for the desired Gaussian mode of the resonator of, e.g. 1.5 times
the beam diameter in pulsed lasers. Then higher order transversal modes
with approximately the same diameter at this aperture as the fundamental
mode will show much higher divergence. Using a second mode aperture A2
which is placed sufficiently away from the waist by many Rayleigh lengths
zR the beam divergence can be selected for the fundamental mode. Thus the



6.6 Transversal Modes of Laser Resonators 415

combination of these two beams causes very high losses for all higher modes
and thus the laser will operate in fundamental mode or it will not work at
all [6.426].

Using this concept of the fundamental mode aperture design the poten-
tial of different inversion profiles of active materials for fundamental mode
emission can be tested. Because of the nonlinear coupling of all laser modes
via inversion in the active material this concept allows high efficiencies.

The apertures can be realized partly by the resonator components. For
example the smaller aperture A1 may be obtained from the inversion profile
of a laser pumped active material [6.463] positioned in the waist of the beam.
In other resonators the aperture A2 may be obtained by the limited diameter
of a solid-state laser rod.

Mode discrimination can also be made outside of the cavity by spatial
filtering as shown in Fig. 6.45.

AM

HR OC A1

laser spatial filter

Fig. 6.45. Spatial filter for depressing higher laser modes externally

In this case one small aperture A1 is placed in the waist of an external lens.
The disadvantage of this scheme is poor efficiency. The energy of all higher
modes is just wasted. Further the residual intensities from the diffraction of
the higher modes may still disturb the application. Thus this scheme should
be used, only for beams which already have good beam quality, or in low-
power applications.

If the mode diameter is very small (below 100 µm) optical breakdown can
occur and the aperture has to be damaged. In the worst case the aperture has
to be placed in a vacuum chamber (<10−2 bar). Good results can be achieved
using small quartz tubes with the required inner diameter as a pin-hole.

Another method for mode discrimination is based on Resonator mirrors
with transversally varying reflectivity, such as, for example, Gaussian mirrors
[6.442–6.450]. Further waveguides can be used for the suppression of higher-
order modes [6.451–6.456]. Phase plates or more complicated diffractive op-
tical elements can be used for mode discrimination [6.457–6.460]. Methods
for smoothing the beam have been developed [6.461, 6.462].
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6.6.11 Large Mode Volumes: Lenses in the Resonator

For laser wavelengths in the range of 1 µm the beam diameter inside empty
laser resonators of 1 m length is roughly in the range of 1 mm (see Sect. 6.6.4,
p. 395). High-power lasers demand larger diameters for larger mode volumes
in the active material [6.464–6.472]. Thus additional lenses may be applied
for increasing the mode diameter. But the larger the mode diameter the more
crucial is the alignment of the mirrors and the smaller is the stability range of
the high-power lasers. Nevertheless, e.g. a telescope inside the cavity can be
used in combination with the fundamental mode aperture design of Fig. 6.44
(p. 414) as shown in Fig. 6.46.
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Fig. 6.46. Resonator for high-power solid-state laser with fundamental mode op-
eration and large mode volume

With this type of resonator fundamental mode diameters of 9 mm have
been achieved in stable fundamental mode operation [6.426]. The distance
between the telescope lenses can be easily adapted for compensation of the
thermal lensing of the laser rod. Nevertheless fluctuations of the thermal lens
of the active material cause stronger fluctuations in the output power of the
laser in cases of larger mode diameters.

6.6.12 Transversal Modes of Lasers
with a Phase Conjugating Mirror

An ideal phase conjugating mirror (PCM) used as one of the resonator mir-
rors, usually the high-reflecting one, will perfectly reflect each incident beam
in itself. Thus for an empty resonator with PCM all modes with a curvature
equal to the curvature of the output coupler at its place are eigenmodes. In
addition double or multiple roundtrip eigenmodes can occur. Therefore an
indefinite number of eigenmodes exist without any further restricitions.
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With apertures these modes can be discriminated. Thus the fundamental
mode aperture design given in the Sect. 6.6.10 (p. 413) is especially useful
to provide stable fundamental mode operation in lasers with PCM (see also
Sect. 4.5.14 and references there).

For the theoretical description of transversal Gaussian modes an ideal
phase conjugating mirror can be described based on the matrix as given in
Table 2.6 (p. 37) [6.473]. Real phase conjugating mirrors may decrease the
beam diameter of a Gaussian mode. Their nonlinear reflectivity as a function
of the intensity can result in lower reflectivity at the wings of the beam
compared to the reflectivity at the center.

In particular, for lasers with phase conjugating mirrors [4.630] based on
stimulated Brillouin scattering (SBS) [6.474–6.505] it was suggested to cal-
culate the roundtrip in the resonator without the PCM and considering it
separately. The calculation of the fundamental mode can be based on the
definitions of Fig. 6.47.

A B

C D

q

q

q

st

r

i

SBS - PCM Fig. 6.47. Scheme for calcu-
lating transversal fundamen-
tal mode of lasers with phase
conjugating mirror (PCM)
based on stimulated Brillouin
scattering (SBS)

The beam propagation matrix M̃ is calculated for the roundtrip through
all optical elements towards the other conventional resonator mirror, the
reflection there and the way back. Not included is the reflection at the phase
conjugating mirror. This is considered with two assumptions about the beam
parameter q (see Sect. 2.4.3, p. 30) with 1/q = 1/R− iλ/πw2 [6.474]:

wr = βPCMwi with 0 < βPCM ≤ 1 (6.65)

and

Rr = −Ri (6.66)

with the factor βPCM accounting for the different nonlinear reflectivity across
the beam.

The eigensolution for the fundamental transversal mode follows from:

qr
!= qst and qi =

Ãqst + B̃

C̃qst + D̃
(6.67)

with the matrix elements Ã, B̃, C̃, D̃ of the matrix M̃ .
These equations have the solution for the beam radius at the PCM wPCM

which is equal to wst, wr and wi:
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beam radius at PCM wPCM =

√
βPCMλlaserB̃

π
(6.68)

and for the curvature of the beam at the PCM moving towards the output
coupler:

curvature at PCM RPCM = − B̃
Ã
. (6.69)

With these eigensolutions the further beam propagation of the fundamen-
tal mode in the resonator can be done with the matrix formalism.

The phase conjugating SBS mirror can also be considered using its beam
propagation matrix MPCM which follows from the combination of the matrix
of the ideal PCM with the matrix of a Gaussian aperture resulting in:

MPCM =

(
1 0

− iλ
πa2 −1

)
(6.70)

where the radius of this aperture a is related to the βPCM given above by:

a = win

√
β2

PCM

1− β2
PCM

. (6.71)

It turns out that βPCM is almost 1 in most practical cases, but the calcula-
tion with values slightly smaller than 1 leads to non-diverging useful results.

The optical phase conjugating mirror, e.g. based on SBS, can compensate
for phase distortions in resonators as they result from the thermal lensing
of solid-state laser rods only if the PCM is located close to the distortion as
shown in Fig. 6.48.
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Fig. 6.48. Compensation of phase distortions with optical phase conjugating mirror
(PCM) in resonators works only if the PCM is close to the disturbance (see right
picture). The beam paths were calculated for an eigenmode
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As shown in the right part of this figure the output beam of the laser
is almost the same although thermal lensing in the laser rods shows very
different values and thus the beam parameters at the PCM are very different.

For using stimulated Brillouin scattering as a self-pumped nonlinear phase
conjugating mirror in the resonator a scheme as shown in Fig. 6.49 (p. 419)
can be applied [6.475–6.478].

SBS laser rod

D1D2
impossiblelow intensity

Mstart Moc

Fig. 6.49. Schematic of a laser resonator with fundamental mode discrimination
and phase conjugating SBS mirror for compensation of phase distortions from the
laser rod

To provide the start intensity for the nonlinear reflector a start resonator
is formed by the mirror Mstart with low reflectivity Rstart on the very left of
Fig. 6.49 and the output coupler MOC on the right. As soon as the reflec-
tivity of the SBS mirror is larger than Rstart the laser will operate mostly
between the phase conjugating SBS mirror and the output coupler; mirror
Mstart becomes more and more functionless. The mode is determined by the
apertures D1 and D2.

Using this scheme average output powers of 50 W with diffraction-limited
beam quality have been obtained from a single rod flash lamp pumped
Nd:YALO laser [6.475].

Besides stimulated scattering processes such as stimulated Brillouin scat-
tering (SBS), also four-wave mixing can be applied for realizing optical phase
conjugation in lasers [4.630, 6.506–6.522]. These mirrors can be based on gain
gratings in the active material, on absorption gratings or on third-order non-
linearity in transparent crystals. Phase distortions from the active material
such as, for example, thermal lensing in solid-state lasers can also be com-
pensated for by actively controlled adaptive mirrors [6.523–6.527].

6.6.13 Misalignment Sensitivity: Stability Ranges

Misalignment of the resonator results from tilting resonator mirrors or by
changing the resonator length L. In addition the active material may change
the resonator alignment by varying optical parameters. For example, solid-
state laser rods can show thermally induced lensing and birefringence as a
function of the pumping conditions. These effects may vary and thus may
disturb the stable operation of the laser.
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The discussion of the misalignment sensitivity and of the stability of any
resonator [6.528–6.540] can be based on the equivalent g parameters g∗i and
resonator length L∗ which follow from the transfer matrix MT of the res-
onator. This transfer matrix is built by calculating a single transfer through
the resonator using half of the focusing of the resonator mirrors:

transfer matrix

MT =
[
aT bT
cT dT

]

=
[

1 0
−1/ρHR 1

]
·
[
an bn
cn dn

]
· · ·

[
a1 b1
c1 d1

]
·
[

1 0
−1/ρOC 1

]
(6.72)

From the elements of this transfer matrix it follows that:

g∗-parameters g∗OC = aT and g∗HR = dT (6.73)

and the equivalent optical resonator length is:

L∗-length L∗ = bT (6.74)

Using these definitions it follows that:

cT =
g∗OCg

∗
HR − 1
L∗

. (6.75)

The laser resonator is stable as long as:

stability condition aTbTcTdT < 0 (6.76)

with the result of infinite beam diameters at the resonator mirrors as one of
these matrix elements is zero (see Table 6.9).

Table 6.9. Beam radii at the two resonator mirrors MOC and MHR at the stability
limits of the resonator

wOC wHR

aT = 0 ∞ 0
bT = 0 0 0
cT = 0 ∞ ∞
dT = 0 0 ∞

The discussion of the whole stability range of the resonator can be based
on the g∗ diagram as described above for the g diagram. As an example
three solid-state laser resonators with their stability ranges along the lines
of operation as a function of the thermal lensing of the active material are
shown in Fig. 6.50 (p. 421).

Resonator (a) shows as usual two separated stability ranges, one in the
upper right and the other in the lower left part of the diagram. Thus in-
creasing the pump power leads to operation, nonoperation and operation
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Fig. 6.50. g∗ diagram with the lines of operation for three resonators as a function
of thermal lensing in the laser rod. The arrows indicate increasing pump power and
lensing

again. In resonator (b) these two stability ranges are connected at the con-
focal, (0,0)-point of the diagram and result in one wide stability range. In
resonator (c) the two stability ranges are connected at the concentric point
with g∗OCg

∗
HR = 1 resulting in a wide and uninterrupted stability range. But

the misalignment sensitivity of the two last resonators is much different.
Misalignment sensitivity can also be discussed based on the transfer ma-

trix elements. Element bT = 0 results in an imaging of the resonator mirror
MOC to MHR and vice versa. Thus the misalignment sensitivity is minimal
for this type of resonator.

If the matrix element cT = 0 the misalignment sensitivity is maximal.
Figure 6.51 (p. 422) shows at which point of operation inside the stability
ranges of the two resonators (b) and (c) this extreme occurs.

Resonator (c) shows the highest misalignment sensitivity in the middle
of the stability range and will therefore be difficult to operate. In resonator
(b) the maximum of the misalignment sensitivity is at the left side of the
stability range. This type of resonator crossing the confocal point should be
used if a large stability range and low misalignment sensitivity is demanded.

The detailed discussion of the misalignment sensitivity can be based on
the calculation of the resonator including the misalignment vectors for each
element:

misalignment vector
(
xelement
αelement

)
(6.77)

with the misalignment shift x and the misalignment angle α of the optical
element. This vector is multiplied by the resulting beam matrices [M24].
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Fig. 6.51. Beam diameter at the output coupler of the resonators (b) and (c) of
Fig. 6.50 (p. 421) as a function of the pump power Pin of the laser rod inducing
thermal lensing. In addition the inverse matrix element 1/cT is shown to describe
the maximum misalignment sensitivity

6.6.14 Dynamically Stable Resonators

Resonators designed with their point of operation at the center of the stability
range are called dynamically stable resonators [6.541–6.543]. For the analysis
the beam radius or diameter is plotted as a function of the pump power, as
e.g. shown in Fig. 6.52 (p. 423).

The beam diameter in the rod is in general a symmetric function of the
pump power with its axis between the two stability ranges. As can be seen
the best choice is the stability range I which has two foci at the two mirrors.

At the center-point the change of the beam radius as a function of e.g.
the thermally induced changes of the refractive power of the active material
is minimal and thus the fluctuation of the output power can be minimized.

The stability range of the pump power Ppump was calculated for dynam-
ically stable resonators of solid-state rod lasers as [6.467, 6.542]:

∆Ppump =
2λlaser

Cmaterial

(
rrod

w00,rod

)2

(6.78)

with the material parameter Cmaterial, the wavelength of the laser λlaser, the
radius of the laser rod rrod and the radius of the TEM00 mode in the rod
w00,rod. The parameter Cmaterial is of the order of 10−5–10−6 m kW−1 (see
Table 6.10, p. 424).

This would demand small transversal mode diameters in the active ma-
terial. On the other hand the efficiency and the maximum possible output
power demands large mode volumes. Thus values of 1.5–4 have been achieved
for the ratio of the rod radius divided by the mode radius.



6.6 Transversal Modes of Laser Resonators 423

0 1 2 3 4 5
0.0

2.5

5.0

0 1 2 3 4 5

Input power Pin  [kW]

0 1 2 3 4 5
0

1

2

3

0 1 2 3 4 5
0

1

2

3

Input power Pin  [kW]

0 1 2 3 4 5
0

1

2

3

0 1 2 3 4 5
0

1

2

3

Input power Pin  [kW]

0 1 2 3 4 5
0

1

2

3

Input power Pin  [kW]

0 1 2 3 4 5
0.0

2.5

5.0

0.0

2.5

5.0

0 1 2 3 4 5

Input power Pin  [kW]

0

1

3

0 1 2 3 4 5
0

1

2

3

Input power Pin  [kW]

0 1 2 3 4 5
0

1

2

3

0 1 2 3 4 5
0

1

2

3

Input power Pin  [kW]

0 1 2 3 4 5
0

1

2

3

|  
[a

.u
.]

B
e a

m
di

am
et

er
 o

nt
o 

M
2 

 [
m

m
]

B
ea

m
di

am
et

er
 in

 r
od

  [
m

m
]

B
ea

m
di

am
et

er
 o

nt
o 

M
1 

 [
m

m
]

Input power Pin  [kW]

wrod,0

w2

w1

wrod,0

w2

rod

IIIIII

d)a)

w1

M1M2

rod M1M2

T
1/

|c
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and misalignment sensitivity as a function of the pump power for two resonators.
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Table 6.10. Material constant Cmaterial defining the stability range and the
TEM00potential for different lasers

Laser λlaser doping Cmaterial C00-pot

(nm) (at%) (µmkW−1) (%W µm−1)

Nd:YAG 1064 1.1 16 230–260
Nd:YALO 1080 0.8 36 70–150
Nd:YLF 1047 1.0 −1.3/−4.4 880

1053 1.0 −0.89/0.72 1280

Finally, the ratio C00-pot of the efficiency of the laser material ηmaterial
divided by the material parameter Cmaterial is a measure for the TEM00
mode potential of the laser material:

C00-pot =
ηmaterial

Cmaterial
(6.79)

which is also given for flash lamp pumped Nd lasers in Table 6.10. For diode
pumped lasers these values can be higher and, e.g. for Nd:YAG, values of
up to C00-pot ≈ 470%W µm−1 were obtained. A similar value to C00−pot is
sometimes used, namely χtherm:

χtherm =
ηheating

ηexcitation
(6.80)

which is the quotient of the heating efficiency ηheating and the excitation
efficiency ηexcitation.

6.6.15 Measurement of the Thermally Induced Refractive Power

The refractive index of the active material will modify the transversal and
longitudinal modes of the resonator. In high-power systems the refractive
index can be a complicated function of the pump conditions and may vary
in space and time (see Sect. 6.4).

As an example in rods of solid-state lasers, such as e.g. in the Nd:YAG
or Nd:YALO material, thermally induced lensing will occur. The refractive
power is dependent on the pump conditions, and the laser operation, e.g.
via laser cooling. It may be different for the different polarizations. Thus it
should be measured in the operating laser. The measurement of the stability
ranges of the laser resonator allows the determination of the refractive power
of the active material in an easy way [e.g. 6.544–6.547] as shown in Fig. 6.53
(p. 425).

Therefore the laser output power is measured as a function of the pump
power for a given resonator configuration. At the stability limits the output
power drops as can be seen in the figure. The thermal lens can be determined
from the modeling of these results.

The intensity cross-section pictures from the output coupler taken at the
stability limits of the resonator clearly show the natural birefringence of the
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Fig. 6.53. Measurement of the output power as a function of the pump power
of a solid-state laser to determine the refractive index profile as a consequence of
the heating of the active material from the stability limits of the resonator. The
Nd:YALO laser rod had a diameter of 8mm and a length of 154mm (1.1 at%). The
c axis of the crystal was aligned vertical and the a axis horizontal in the pictures.
The connecting line between the two flash lamps was perpendicular to the c axis.
The laser light was also vertically polarized in the c direction

material leading to an astigmatic thermal lens. The two refractive powers of
0.81 and 0.84 dpt kW−1 in the a axis direction and 0.62 and 0.68 dpt kW−1

for the direction of the c axis demonstrate the high accuracy of the method.

6.7 Longitudinal Modes

Longitudinal or axial modes of the resonator are determined by its geometry
and the reflectivity of the mirrors. Which of these possible modes are acti-
vated in the operating laser depends on the properties of the active material
and on possible frequency-selective losses of the resonator.
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6.7.1 Mode Spacing

The eigensolution for the standing wave of the electric light field in the laser
resonator shows knots at the resonator mirrors (see Fig. 6.54 and compare
Fig. 2.3 on page 22).

Lopt

HR OC

p=13

p=14

Fig. 6.54. Longitudinal modes of a laser resonator with the optical length Lopt

which is 6.5 and 7 times as long as the light wavelength

Thus the optical length of the resonator Lopt has to be an integer multiple
pmode of half the possible wavelengths λp of the laser:

λp =
2

pmode
Lopt (6.81)

with mode number pmode. The optical length of the resonator has to be
calculated from the geometrical length Lith part,geom of all path lengths from
one resonator mirror to the other multiplied by the refractive index nith part
of the components, as e.g. laser rods

Lopt =
∑

all parts

nith partLithpart,geom. (6.82)

Thus, e.g. a Nd:YAG rod of 0.1 m length increases the optical length of
the resonator by 0.082 m (n = 1.82).

The related mode frequencies νp = c0/λp show a constant difference, the
mode spacing frequency ∆νres of the resonator:

mode spacing ∆νres =
∣∣∣∣ c0λp − c0

λp±1

∣∣∣∣ =
c0

2Lopt
(6.83)

and the wavelength spacing is:

∆λres =
λ2

2Lopt
(6.84)
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with the vacuum speed of light c0 and the central wavelength λ. The mode
numbers are, e.g., for a 1 m empty resonator and a center laser wavelength of
1 µm in the region of 2 million and the mode spacing is 150 MHz in this case.
This periodic sequence of axial modes can be generated over the possibly
wide spectral range of the amplification bandwidth of the active material as
shown in Fig. 6.55.

∆ν

laser band width

laser threshold

gain spectrum

ν

In
te

n
si

ty

Fig. 6.55. Mode spectrum of a laser with gain spectrum and laser threshold se-
lecting the active longitudinal laser modes

The gain of the active material always shows spectral behavior. The gain
region for which the laser operators above threshold defines the potential
laser bandwidth and only longitudinal modes inside this laser bandwidth can
be obtained.

The mode spacing frequency for a resonator length of 0.5 m is 300 MHz
resulting in a wavelength spacing of 0.25 pm at a central laser wavelength
of 500 nm. Thus in a 0.5 m resonator of a Nd:YAG laser with a gain band-
width of 0.5 nm about 2.000 longitudinal modes could oscillate. In practice
the number of lasing axial modes is much smaller as a consequence of the
nonlinear amplification and of the order of 10–100.

Because of different field distributions resulting in slightly different “op-
tical path lengths” inside the resonator the different transversal modes will
have slightly different longitudinal mode frequencies with the changed mode
spacing frequency ∆νtrans,m,p compared to the TEM00-mode:

∆νcirc
trans,m,p =

c0
2Lopt

1
π

(2m+ p) arccos
(

1− Lopt

ρres

)
(6.85)

for circular modes and

∆νrect
trans,m,p =

c0
2Lopt

1
π

(m+ p) arccos
(

1− Lopt

ρres

)
(6.86)
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for rectangular modes both with the transversal mode numbers m, p and the
curvature of the resonator mirrors ρres.

These differences are small compared to the mode spacing ∆νres as long
as the curvature of the resonator mirrors is large compared to the resonator
length. In confocal resonators the mode spacing between the transversal
modes is equal to or half of the TEM00 mode longitudinal mode spacing
[M33].

In lasers with a phase conjugating mirror based on stimulated Brillouin
scattering the longitudinal mode structure may be much more complicated
as at each roundtrip all laser modes will be shifted by the Brillouin frequency
shift (see Sect. 4.5.8, p. 222). A rather complicated longitudinal mode pattern
was observed and the temporal structure showed strong modulations (see
Sect. 6.7.6, p. 435).

6.7.2 Bandwidth of Single Longitudinal Modes

The empty laser resonator represents a Fabry–Perot interferometer (see
Sect. 2.9.6 (p. 84) and [6.548]) of optical length Lopt formed by two mir-
rors M1 and M2 with reflectivityies R1 and R2 with normal incidence as
depicted in Fig. 6.56.

R1

I  R res0

I0

I  Tres0

R2

L opt

Fig. 6.56. Laser resonator as a Fabry–Perot interferometer with total transmission
Tres

The transmitted and reflected light is a geometric series of interfering
electric field contributions from the partially transmitted and reflected light
traveling back and forth in the resonator with decreasing amplitude. Assum-
ing no absorption in the two mirrors the transmittance can be written as:

Tres =
(1−R1)(1−R2)

(1−√R1R2)2 + 4
√
R1R2 sin2(2πLopt/λ)

(6.87)

and the reflectance follows from:

Rres =
(
√
R1 −

√
R2)2 + 4

√
R1R2 sin2(2πLopt/λ)

(1−√R1R2)2 + 4
√
R1R2 sin2(2πLopt/λ)

(6.88)

with the light wavelength λ.
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The maximum transmission Tres,max of this resonator is:

Tres,max =
(1−R1)(1−R2)

(1−√R1R2)2
(6.89)

which is 1 if R1 = R2. The spectral bandwidth of the resonator follows from:

frequency bandwidth ∆νFWHM =
c

2πLopt

∣∣∣ln(
√
R1R2)

∣∣∣ (6.90)

or

wavelength bandwidth ∆λFWHM =
c2

2πλ2Lopt

∣∣∣ln(
√
R1R2)

∣∣∣ (6.91)

which is theoretically equal to 0 if both mirror reflectivities were exactly 1
and no other distortions were present. Thus the outcoupling and other losses
determine the bandwidth to a large extend. The intensity at the out-coupling
resonator mirror inside the resonator (IOC,in) is higher than the out-coupled
intensity (IOC,out) by:

IOC,in = IOC,in
1

(1−Roc)
. (6.92)

The finesse F and the quality Q of the empty laser resonator can be
calculated from the frequency bandwidth ∆νFWHM and the mode spacing
∆νres by:

finesse Fres =
∆νres

∆νFWHM
=

π∣∣ln(
√
R1R2)

∣∣ (6.93)

and

quality Qres =
νlaser

∆νFWHM
= 2π∆νresτres (6.94)

with the life time τres of the light in the empty resonator which is also called
resonator lifetime:

resonator life time τres =
Lopt

c0
∣∣ln(
√
R1R2)

∣∣ =
1

2π∆νFWHM
(6.95)

which indicates the 1/e decay of the light or the necessary time to reach the
steady state. It is usually in the range of ns.

If the resonator contains the active material and perhaps other elements,
additional losses with transmission V < 1 and amplification with gain G > 1
occur.

The resonator life time τres,act and the bandwidth ∆νFWHM,act of the
resonator with the active material will then be:

τres,act =
Lopt

c0
∣∣ln(GV

√
R1R2)

∣∣ =
1

2π∆νFWHM,act
(6.96)

and

∆νFWHM,act =
c

2πLopt

∣∣∣ln(GV
√
R1R2)

∣∣∣ . (6.97)
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Laser resonators with GV > 1 will show an increased resonator life
time and a narrower spectral bandwidth. Laser threshold is reached at
GV
√
R1R2 = 1 (see Sect. 6.8). In this case the resonator lifetime is infi-

nite and the bandwidth would be zero (for more details see Sect. 6.9). It is
then determined by the properties of the active material. GV

√
R1R2 > 1 can

be achieved only for short times, and thus the analysis has to be made time
dependent.

6.7.3 Spectral Broadening from the Active Material

The optical transitions of the laser materials have bandwidths from a few tens
of pm or MHz up to more than 100 nm or 100 THz as shown in Table 6.11.

Table 6.11. Spectral properties of several laser materials as peak wavelength λpeak,
wavelength bandwidth ∆λ, frequency bandwidth ∆ν and number of longitudinal
modes p within this bandwidth in a 10 cm long laser resonator

Active material Type Mechanism λpeak ∆λ ∆ν p
(nm) (nm) (GHz)

He-Ne gas Doppler 632.8 0.018 1.5 1
Ar-ion gas Doppler 488 0.03 4.0 4
CO2 (10 mbar) gas Doppler 10 600 0.20 0.06 1
CO2 (1 bar) gas collisions 10 600 14 4.0 4
CO2 (10 bar) gas rotation 10 600 500 150 100
KrF excimer vibrations 248 0.5 2500 1700
XeCl excimer vibrations 308 0.7 2200 1500
Ruby solid-state matrix 694.3 0.5 330 220
Nd:YAG solid-state matrix 1064 0.45 120 80
Nd:glass solid-state matrix 1054 20 5400 3600
Alexandrite solid-state matrix 760 70 36 000 24 000
Ti:Sapphire solid-state matrix 790 120 58 000 38 000
Rhodamin 6G dye vibrations 580 60 54 000 36 000
GaAs diode band 800 2 100 70

The possibly narrow laser lines are broadened by Doppler shifts from the
motion of the particles in the gas or by collisions. Molecular laser materials
are spectrally broadened by the simultaneous electronic, vibrational and ro-
tational transitions. In solids and liquids the environment of the laser active
particles (atoms or molecules) may be different and produce additional broad-
ening. The spectral broadening can be homogeneous or inhomogeneous as a
function of the characteristic time constants of the experiment, as described
in Sect. 5.2.

Large spectral widths of the active material allow the generation of very
short pulses as a consequence of the uncertainty relation, as described in
Sect. 2.1.2 (p. 15), down to the fs range as explained in Sect. 6.10.3 (p. 460).
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Lasers with very large bandwidths will have very short coherence lengths
and are well suited for coherence radar measurements or for optical tomog-
raphy (OCT, see Sect. 1.5).

With specially designed resonators the spectral bandwidth of the laser
radiation can be decreased to much below the bandwidth of the active ma-
terial. The values are in the range of Hz (see Sect. 6.7.5, p. 432). With rela-
tively simple arrangements using etalons bandwidths of a few 100 MHz can
be achieved.

6.7.4 Methods for Decreasing
the Spectral Bandwidth of the Laser

The laser bandwidth can be decreased by introducing losses V (λ) with a
narrow spectral transmission width ∆λfilter in the laser resonator [6.549–
6.601]. Because of the nonlinearity of the amplification process the spectral
filtering is much more effective inside the resonator compared to external
filtering.

Thus all kinds of spectrally sensitive optical elements such as prisms,
gratings, etalons, color filters and dielectric mirrors can be used for decreasing
the bandwidth of the laser radiation. As an example a resonator using a
grating for decreasing the bandwidth is shown in Fig. 6.57.

active
mater ial

pump

laser

MOCtelescopegrating

Fig. 6.57. Laser resonator with decreased bandwidth using a grating e.g. in Littrow
mounting

In the shown Littrow configuration the grating grooves are blazed for
maximum reflectivity at the desired wavelength reflected in the selected
mLitt-th grating order under the angle αLitt against the grating plane. This
blaze angle follows from:

sin(αLitt) = mLittλlaser/(2Λgr) (6.98)

with the laser wavelength λlaser and the grating period Λgr, usually measured
in lines per mm which are equal to 1/1000Λgr. The grating resolution of any
grating is given by:

λlaser

∆λfilter
= mgrating · pgrating (6.99)
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with the resulting filter band width ∆λfilter from the number of illuminated
grating lines pgrating and the applied grating order mgrating. The larger this
number pLitt the higher the resolution (independent of the grating period)!
Thus the telescope inside the resonator is used to enlarge the illuminated
area at the grating for both increasing the selectivity by using more lines and
to avoid damage in the case of pulsed lasers with high peak intensities. The
grating can also be realized as a gain grating such as in distributed feedback
(DFB) lasers (see, for example, [6.569–6.576] and the references in Sects. 6.7.5
and 6.10.4, p. 472).

An even narrower bandwidth can be reached by combining several spectral
filters as shown in Fig. 6.58.

active
mater ial

pump

laser

MOCetalonpr ism

grating

Fig. 6.58. Narrow spectral bandwidth resonator using a combination of prism,
grating and etalon

The prism is used to enlarge the number of used grating lines and in
addition the grating is applied at grazing incidence. Further spectral filtering
is obtained from the etalon. The wavelength of the laser can be tuned [6.577–
6.601] by turning the grating. In some cases the fine tuning can be achieved
by changing the air pressure inside the etalon and thus tuning the optical
path length of the Fabry–Perot interferometer.

For very narrow laser linewidths etalons with a finesse above 30 000 are
applied in the resonator. Often the combination of two or more etalons can
be necessary to combine an effective free spectral range with a small effective
bandwidth of the etalons. In these lasers with very narrow bandwidth care
has to be taken over spatial hole burning in the active material as described
in the next chapter.

Further care has to be taken so that the high intensities in the resonator
(resonance effect) do not damage the spectral filtering devices especially in
pulsed lasers.

6.7.5 Single Mode Laser

As shown in Table 6.11 (p. 430) the bandwidth of the active materials is
usually much larger than would be necessary for the safe operation of the
laser in just one single longitudinal mode. Therefore the filtering inside the
resonator has to be very narrow and is usually achieved using etalons [6.602–
6.738].
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If the laser operates in a single longitudinal mode in a conventional two-
mirror resonator the standing light wave can cause spatial hole burning. At
the intensity maxima of the standing wave the inversion of the active material
is used up for the laser process whereas the inversion in the knots would be
available. Thus the gain for the neighboring longitudinal modes can be higher
than for the active mode and thus the spectral losses can be compensated.
Mode hopping can occur and the laser operation is no longer stable.

Therefore several schemes have been developed to avoid spatial hole burn-
ing in the active material when the laser is operating in a single longitudinal
mode. In Fig. 6.59 a ring resonator suspending spatial hole burning is shown.

MHR MOC

active material

optical diode
(Faraday rotator + λ/2 waveplate)

(Ti: sapphire) 

Etalon

birefringent
filter

MHR MHR

pump 
beam

Fig. 6.59. Ring resonator for single longitudinal mode operation. The optical diode
ensures the light travels in one direction, only

Spectral filtering is achieved by the etalon, which can consist of several
etalons with different free spectral ranges. The optical diode guarantees that
the light travels in one direction, only. Thus the laser has no standing wave
and spatial hole burning cannot occur.

pump 
beam

magnetic 
field

laser 
beam

Fig. 6.60. Ring laser longitudi-
nal mono-mode operation based
on a polished laser crystal
(MISER)
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The very elegant and reliable concept of a ring laser emitting a longitu-
dinal mono-mode was based on a compact laser crystal as shown in Fig. 6.60
(p. 433) [6.705–6.711].

This laser crystal is as small as a few mm and thus the mode spacing
is quite large. The crystal geometry can act as the mode selector. The laser
is pumped by another laser beam, e.g. a diode laser, and operates very sta-
bly in the power range of a few 10 mW to 2 W. The circulation direction is
determined by the magnetic field, which guarantees the alignment for one
direction, only.

Another scheme for avoiding spatial hole burning is shown in Fig. 6.61.

MHR MOCactive mater ial

λ/4 waveplate λ/4 waveplate

Fig. 6.61. Laser resonator for
mono-mode operation using
different polarizations for
the back and forth traveling
waves for avoiding spatial
hole burning

In this resonator the back and forth travelling waves have different polar-
izations. Thus no intensity grating can occur and thus spatial hole burning
is avoided. The elements for spectral narrowing of the laser emission are not
shown in this picture.

A very simple ring resonator for avoiding spatial hole burning is shown
in Fig. 6.62. This resonator is similar to the scheme of Fig. 6.59 (p. 433) but
the propagation direction is determined by the high reflecting mirror MAUX
in a very simple way. Again the elements for mode selection are not shown.

MHR

MHR

MOC

MAUX

active mater ial

feedback mirror

Fig. 6.62. Simple ring resonator for mono-mode operation. The propagation di-
rection is initiated by the mirror MAUX
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In all schemes the pump conditions have to be carefully controlled. The
laser has to be operated not too far above threshold for achieving good mode
selectivity (remember Fig. 6.55, p. 427).

But stable operation in a certain single longitudinal mode with a fixed
wavelength [6.715–6.738] usually demands further active components (piezo-
driven devices) for the compensation of thermally induced changes of the
optical lengths and other effects. Atomic transitions from spectral lamps are
often used as a reference frequency normal for the laser. Stability in the range
of Hz is then possible.

6.7.6 Longitudinal Modes of Resonators with an SBS Mirror

The phase conjugating mirror, like any other nonlinear element in the res-
onator, can cause complicated longitudinal mode structures [4.630, 6.739–
6.765] which may vary in time. For example, the reflectivity zone of these
reflectors can move and thus the resonator length is no longer constant.

Phase conjugating mirrors based on stimulated Brillouin scattering (SBS)
[6.744–6.754] shift the frequency of the light towards longer wavelengths at
each reflection. This shift is equal to the Brillouin frequency of the SBS
material which is in the range of 100 MHz to 50 GHz depending on the used
material.

Thus in such lasers a whole spectrum of longitudinal modes is generated
[e.g. 6.744]. For stable operation the resonator length has to be chosen care-
fully. Furthermore Q-switching (see Sect. 6.10.2, p. 454) and modulation of
the temporal pulse shape is obtained, as the intensity signal shows in Fig. 6.63
(p. 436).

The Brillouin shift was tuned to the roundtrip time of the resonator for
resonance enhancement. The diagram of Fig. 6.63 (p. 436) shows the succes-
sive shift of the frequencies of the longitudinal modes at each roundtrip as
measured time-dependently from the etalon picture.

6.8 Threshold, Gain and Power of Laser Beams

Laser operation demands light amplification based on inversion in the active
material. This amplification is described by the gain factor G with the gain
coefficient g. It has at least to compensate the losses of the resonator – the
laser has to reach its threshold. If the laser operates above threshold then
temporal oscillations in the output light may occur, and spiking is observed.
Short pulses with high intensities can be produced with nonlinear elements
in the resonator. Thus Q switching leads to ns or ps pulses and by mode
locking ps or fs pulses can be produced which will be described in Sect. 6.10.

6.8.1 Gain from the Active Material: Parameters

Light amplification is the inverse process of light absorption but with the ad-
ditional effect of “cloned” photons. Thus the theoretical description is analo-
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Fig. 6.63. Temporal and spectral properties of a laser with a phase conjugating
mirror based on stimulated Brillouin scattering in SF6 gas showing a Brillouin shift
of about 250MHz [6.784]. The axial mode spectrum is shifted to lower frequencies
over the time of the Q-switch pulse

gous to the description of nonlinear absorption as given in Chap. 5 but with
gain coefficient which corresponds to negative absorption [6.766–6.784].

The small-signal amplification follows directly from the inversion in the
active material. The gain Gls is given by:

small-signal gain Gls = eglsLmat = eσlaser(Nupper−Nlower)Lmat (6.100)

with the gain coefficient gls, as given in (6.1), the cross-section of the laser
transition σlaser the population densities of the higher Nupper and lower Nlower
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laser level and the length of the active material Lmat. This equation holds as
long as the intensity is small enough not to disturb the population densities.

If the intensity increases, as required in lasers, the population densities of
the different levels numbered with m, Nm = f(Ilaser) become functions of the
intensity Ilaser, itself, and the inversion ∆N = (Nupper−Nlower) is decreased.

high-signal gain Ghs = eghs(Ilaser)Lmat

= eσlaser[Nupper(Ilaser)−Nlower(Ilaser)]Lmat . (6.101)

In this case the gain may be a complicated function of the pump process
described by the pump rate W and the material parameters. It should be
calculated as given in Chap. 5, whereas in many cases rate equations may be
sufficient for the description.

The discussion of the general behavior is often based on the simple ap-
proximation for the gain coefficient ghs similar to (5.4):

gain coefficient with saturation ghs = gls
1(

1 +
I

Inl

)h (6.102)

with the nonlinear intensity Inl, frequently called the saturation intensity.
The exponent h is chosen to be 1.0 for homogeneously broadened lasers and
0.5 for inhomogeneously broadened lasers. This saturation intensity Inl for
the stimulated emission follows from the product of the cross-section σlaser
and the life time of the upper laser level τupper and measured in photon
numbers as I--nl by:

Inl =
hc0/λlaser

Flevσlaserτupper
I--nl = Inl

λlaser

hc0
=

1
Flevσlaserτupper

(6.103)

with Planck’s constant h and the velocity of light c0. The factor Flev is equal
Flev,3level = 2 for three-level systems and Flev,4level = 1 for four-level systems
of the active material. For a more detailed discussion see Sect. 5.3.6 (p. 277).

Typical emission cross-sections σlaser of laser materials and the life times
of the upper laser level τupper for the most prominent laser wavelengths λlaser
of these materials are given in Table 6.12 (p. 438). Further values can be
found in [6.785–6.789].

The lifetime of the upper laser level is identical to the fluorescence lifetime
of the laser material if no stimulated emission occurs, which will otherwise
shorten it.

Using the concentration of laser atoms, ions or molecules as an order of
magnitude for the inversion population density the maximum gain can be
estimated. Solid-state laser can be doped by some atom% which is in the
range of 1019 cm−3 and thus the gain coefficient will be in the range of 0.01–
0.1 cm−1 and the maximum stored energy can reach J cm−3. In dye lasers the
gain coefficient can reach values above 1 cm−1.



438 6. Lasers

Table 6.12. Emission cross-sections σlaser, and lifetimes of the upper laser level at
room temperature τupper for the most prominent laser wavelengths λlaser of some
materials

Material λlaser (nm) σlaser (cm2) τupper (ns)

He-Ne 632.8 3 · 10−13 15± 5
Ar-ion 488.0 2.5 · 10−12 9
CO2 10,600.0 1 · 10−16 10 000
KrF 248.0 3 · 10−16 5
XeCl 308.0 3 · 10−16 10
Ruby 694.3 2.5 · 10−20 3000
Nd:YAG 1064.1 3.2 · 10−19 230 000
Nd:YALO 1079.5 2 · 10−19 100 000
Nd:YLF 1047.0 1.8 · 10−19 480 000
Nd:YVO4 1064.1 2.5 · 10−19 90 000
Nd:GdVO4 1063 7.6 · 10−19 100 000
Nd:KGW 1067.0 3.3 · 10−19 120 000
Nd:glass 1054.0 4 · 10−20 300 000
Ho:Cr:Tm:YAG 2097 5 · 10−19 3.6–8.5 · 106

Er:YAG 2940 3 · 10−20 100 000
Alexandrite e.g. 760.0 5 · 10−20 260 000
Ti:Sapphire e.g. 800.0 3 · 10−19 3200
Cr:LiSAF 846 4.8 · 10−20 67 000
Cr:LiCAF 763 1.3 · 10−20 170 000
Rhodamin 6G e.g. 580.0 4 · 10−16 5
GaAs e.g. 800.0 1 · 10−16 4

6.8.2 Laser Threshold

As mentioned above the laser is operating if the gain from the active ma-
terial compensates all losses [6.790–6.795] in the resonator which for linear
resonators results in:

laser condition GV
√
R1R2 = 1 (6.104)

with the gain in the active material G, the influence of all losses such as e.g.
absorption, scattering, and diffraction in one pass through the resonator V ,
and the reflectivities of the two mirrors R1 and R2. Sometimes the average
reflectivity of the resonator mirrors R =

√
R1R2 is used and than the laser

condition reads a GV R = 1.
Because the gain of the active material is determined by the balance of the

pumping on one hand and its decrease by the back and forth traveling laser
light inside the resonator Ilaser,int on the other, from the laser condition of
(6.104) the laser intensity for a given resonator can be calculated as follows.

By applying the simple approximation of (6.102) the gain G is given by:

gain G(Ilaser,int) = eghsLmat = exp
(

glsLmat

(1 + Ilaser,int/Inl)h

)
. (6.105)
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This value has to fulfill (6.104) and thus the laser intensity for a resonator
with V , R1 and R2 is given by:

internal laser intensity

Ilaser,int =
Inl

2

⎧⎨
⎩
(

glsLmat∣∣ln(V
√
R1R2)

∣∣
)1/hL

− 1

⎫⎬
⎭ (6.106)

considering the doubling of the intensity inside the active material from the
back and forth traveling of the light in the resonator and hL has to be chosen
to be 1 or 0.5 for homogeneous or inhomogeneous broadening of the laser
transition.

The laser threshold condition follows from this equation. This is deter-
mined by the minimal value of the small-signal gain coefficient gthreshold that
satisfies (6.104) for a given resonator:

threshold gain coefficient gthreshold =
1

Lmat

∣∣∣ln(V
√
R1R2)

∣∣∣ (6.107)

and thus the necessary inversion ∆Nthreshold follows from:

threshold inversion ∆Nthreshold =
gthreshold

σlaser
=

∣∣ln(V
√
R1R2)

∣∣
Lmatσlaser

(6.108)

which determines the minimal pump rate Wpump,threshold to reach laser oper-
ation for a given resonator. The pump rate is the density of the inverted laser
particles per unit time, which will be discussed in the next chapter in more
detail. At threshold the intensity of the laser is still zero. Thus in practice
the threshold is determined by measuring the laser intensity as a function of
the pump rate Wpump as sketched in Fig. 6.64.

ILaser

W pump

W pumpW pump,threshold

∆Nthreshold

∆N

Fig. 6.64. Laser inten-
sity and inversion as a
function of the pump
rate Wpump around the
laser threshold
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As an example a laser resonator with V = 0.95, R1 = 1, R2 = 0.8 and a
length of the active material of L = 0.1 m demands a minimal gain coefficient
of gthreshold = 0.016 cm−1. The threshold inversion population density for
Nd:YAG would be ∆Nthreshold = 4.1 · 1016 cm−3.

The minimal pump rate for reaching threshold, which is the threshold
pump rate Wpump,threshold is a very useful measure for characterizing lasers
experimentally. It is easy to measure and allows the characterization of how
much the laser is pumped above threshold. Thus the output parameters can
be related to this value. On the other hand the threshold pump power can
be calculated via rate equations to optimize the parameters of the active
material as will be shown in the next chapter.

6.8.3 Laser Intensity and Power

The laser with its linear and nonlinear interactions of light with matter,
especially at the resonator mirrors and in the active material, can be described
on different levels as discussed in Chap. 5. A density matrix formalism or wave
equations may be necessary if detailed analysis of the temporal longitudinal
mode structure or the photon statistics are important.

For the much simpler modeling of the output power characteristics and
the temporal development of the laser pulses in the spiking or Q switched
operation rate equations are usually sufficient [e.g. 6.796–6.803].

The photon transport equation for the intensity I-- = I/hνLaser measured
in photons/cm2s has to include all losses and the stimulated and spontaneous
emission of the light in the active material, and is given by:

∂I--
∂z

+
1
c

∂I--
∂t

= [σlaser∆N(I--)− a]I-- (6.109)

with the cross-section of the laser transition σlaser, the population inversion
density ∆N and possible losses in the active material described with the
(absorption) coefficient a. This equation can easily be integrated, numerically.
The spontaneously emitted photons are neglected in this expression because
they add very low intensity in the direction of the laser light, but some
starting intensity is necessary and has to be considered numerically.

To model the whole resonator, in addition the losses at the resonator
mirrors and at other elements and the optical paths outside the active mate-
rial also have to be taken into account during the roundtrip. The population
densities as a function of the pump rate can be calculated as described in
Sect. 5.3.

In addition the polarization of the light and the wavelength dependence
of the intensity can be taken into account by solving this type of equation
parallel for several discrete polarization directions or several discrete wave-
lengths (see e.g. Sect. 6.9.3.3, p. 448). The coupling will be achieved via the
common inversion density in the active material (see next section).

For simple three or four level laser schemes the inversion population den-
sity can be calculated using the notation of Fig. 6.65 (p. 441).
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Fig. 6.65. Transitions in three- (left) and four-(right) level schemes of lasers

If the decay of level 3 in the three-level system and of levels 3 and 1 in
the four-level system is fast compared to all other transitions the population
density of these levels can be neglected. Under this assumption the differential
equation for the inversion population densities ∆N are given by:

Three-level system:

∂∆N
∂t

=
(
Wpump − 1

τupper

)
N0

−
(
Wpump +

1
τupper

+ 2σI--laser

)
∆N (6.110)

and

Four-level system:

∂∆N
∂t

= WpumpN0 −
(
Wpump +

1
τupper

+ σlaserI--laser

)
∆N (6.111)

with the pump rate Wpump resulting, e.g. from the product of the pump cross-
section σpump and the pump intensity Ipump if light of the pump wavelength
is applied for pumping. N0 describes the total population density as the sum
over all population densities of all levels. These equations usually have to
be solved numerically in combination with the photon transport equation,
considering the losses at the mirrors and other components.

Analytical solutions are possible under steady state conditions. The cw
solutions with ∂∆N/∂t = 0 for these equations are:

Three-level system

∆N = N0
τupperWpump − 1

1 + τupperWpump + 2σlaserτupperI--laser
(6.112)

indicating that τupperWpump has to be larger 1 for inversion in the three-level
scheme. For the four-level scheme:
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Four-level system

∆N = N0
τupperWpump

1 + τupperWpump + σlaserτupperI--laser
(6.113)

where all pumping leads to inversion. These steady state equations are use-
ful for cw operation and lasers with pulse durations much larger than the
lifetimes of all excited states of the laser material.

These equations have to be interpreted with I--laser = 0 for pump rates
Wpump smaller than the threshold value Wpump ≤ Wpump,threshold and for
Wpump > Wpump,threshold as follows:

Below and at threshold

Three-level system ∆N(≤ ∆Nthreshold) = N0
τupperWpump − 1
1 + τupperWpump

(6.114)

and

Four-level system ∆N(≤ ∆Nthreshold) = N0
τupperWpump

1 + τupperWpump
(6.115)

From these equations the threshold pump rate Wpump,threshold can be
calculated for steady state operation.

Pump rate at threshold:

Three-level system Wpump,threshold =
1

τupper

N0 + ∆Nthreshold

N0 −∆Nthreshold
(6.116)

and

Four-level system Wpump,threshold =
1

τupper

∆Nthreshold

N0 −∆Nthreshold
(6.117)

for which the threshold population density ∆Nthreshold has to be calculated
from the threshold condition of (6.108).

For pump rates above the threshold value the internal laser intensity can
be calculated from the following relations for the cw solution given above.

Above threshold:

Three-level system (6.118)

I--laser =
1

2σlaser∆N

[(
Wpump − 1

τupper

)
N0 −

(
Wpump +

1
τupper

)
∆N

]
and

Four-level system

I--laser =
1

σlaser∆N

[
WpumpN0 −

(
Wpump +

1
τupper

)
∆N

]
. (6.119)
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Under the assumed steady state conditions the population inversion den-
sity above threshold stays constant at:

above threshold
∆N3/4-level(Wpump > Wpump,threshold) = ∆Nthreshold (6.120)

and thus the laser intensity can be calculated as a function of the pump rate
using (6.108) for determining ∆Nthreshold:

Internal laser intensity above threshold:

Three-level system

I--laser =
1

σlaserτupper

⎛
⎜⎜⎝Wpump −Wpump,threshold

Wpump,threshold − 1
τupper

⎞
⎟⎟⎠ (6.121)

and

Four-level system

I--laser =
1

σlaserτupper

(
Wpump −Wpump,threshold

Wpump,threshold

)
(6.122)

If the threshold pump rate and the threshold inversion are substituted
in these formulas and the total loss factor V = Vresonator · exp(−aLmat) is
applied the following expressions for the internal laser intensity are obtained:

Three-level system
I--laser = (6.123)
N0σlaserLmat(τupperWpump − 1)− (τupperWpump + 1)| ln(V

√
RHRROC)

2σlaserτupper| ln(V
√
RHRROC)|

and

Four-level system
I--laser = (6.124)
N0σlaserLmatτupperWpump − (τupperWpump + 1)| ln(V

√
RHRROC)|

σlaserτupper| ln(V
√
RHRROC)|

If as a further approximation I--(L) = const = I--av is applied, assuming
that the light beams in the z and −z directions superimpose to an almost
equal intensity distribution 2I--laser along z, from these intensities in the active
material the output power Plaser,output can be calculated. If the reflectivity
of the output coupler is close to 1 the intensity in the laser material will be
twice as high as the share which is propagating towards the output coupler.
For lower reflectivity of the two mirrors the geometrical average may be a
suitable approximation and therefore the output power is given by:

Plaser,output = I--laser
hc0
λLaser

Amode(1−ROC)
V
√
RHRROC

2
. (6.125)
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Using these equations the output power can be plotted as a function of
the reflectivity of the output coupler as shown in Fig. 6.66.
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Fig. 6.66. Calculated laser output power of a Nd:YAG laser as a function of the
reflectivity of the output coupler ROC for different loss factors V with a pump rate
resulting in glsLmat = 0.5. The maxima of these curves (arrow) indicate the optimal
reflectivity of the output coupler

As can be seen from this figure for each loss factor exists an optimal
reflectivity of the output coupler which leads to the maximum output power
of the laser. To avoid damage it should be noticed that the internal intensity
is higher by a factor of 1/(1 − ROC) than the out-coupled intensity. In cw
lasers this factor can reach values of more than 100. In any case, especially
for high power laser systems, the possibilities of damage should be excluded
by calculating the intensities in the resonator.

For more precise modeling of the laser the calculations should be executed
numerically without the used rough approximations. Nevertheless, based on
this fundamental context the detailed analysis can also be carried out exper-
imentally.

6.9 Spectral Linewidth and Position of Laser Emission

The spectral properties of the laser radiation are in general a function of the
spectral resonator parameters such as the spectral reflectivity of the mirrors
and the spectral curve of the spontaneous and stimulated emission of the
active material (see also Sects. 6.7 especially 6.7.2, 6.7.4 and 6.7.5 and refer-
ences there). In pulsed systems this will change as a function of time. Thus
both the central or peak wavelength as well as the bandwidth of the laser
radiation may vary in time.
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Spectral and spatial hole burning may influence the final spectra and thus
homogeneous or inhomogeneous broadening of the active material may be
important for understanding. Thus the longitudinal laser modes may oscillate
almost independently or may be coupled via the depopulation of the inversion
in the active material.

A homogeneously broadened laser transition will show a Lorentzian shape
gain profile gls(νlaser) which is proportional to the spectral curve of the emis-
sion cross-section σlaser(νlaser):

spectral small signal gain

gls(ν) = ∆Nσ(ν) = ∆N

(
∆νFWHM

2

)2

(
∆νFWHM

2

)2

+ (ν − νmax)2

σmax. (6.126)

Potentially laser emission can occur over the whole part of the spectrum
with low signal gain above threshold as discussed in Fig. 6.55 (p. 427), but
because of the mode competition for inversion population density the laser
will operate in the cw or long-pulse regime in a narrower range around the
frequency of the gain maximum, only.

6.9.1 Minimal Spectral Bandwidth

The linewidth of a cw (continuous wave) laser can be very small as a result
of the almost infinite lifetime of the radiation. The lower limit of the spectral
bandwidth ∆min as a result of the photon statistics was given as derived by
Schalow and Townes:

minimal spectral bandwidth

∆νmin =
c20hνlaserσmaxNupperLmat| ln(V

√
R1R2)|

4πPoutL2
res,opt

(6.127)

with the velocity of light c0, the population density of the upper laser level
Nupper, the length of the active material Lmat, the optical length of the res-
onator Lres,opt, the losses per transit V , the reflectivities of the two resonator
mirrors R1/2 and the output power of the laser Pout. Using this formula
spectral bandwidths of less than 1 Hz down to 10−4 Hz can be calculated.
Realistically all values below 1 Hz are very difficult to reach and the best
values are in the mHz range [6.804, 6.673]. Several experimental precautions
have to be realized for very narrow spectral laser emission (see Sect. 6.7.5,
p. 432).

6.9.2 Frequency Pulling

As a consequence of the spectral bell shape of the gain profile as shown in
Fig. 6.67 (p. 446) a slight frequency shift of the resonator modes occurs.
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Fig. 6.67. Frequency pulling of longitudinal resonator modes towards the center
of the gain curve (schematic)

Only at the frequency of the gain maximum is the derivative of the gain
∂gls/∂ν zero. At the other frequencies the gain is slightly stronger at the
center-side of the resonator modes and thus the modes are pulled towards
this center.

In [M24] an approximate formula was given for the shift ∆νpull of the qth
resonator mode with original frequency νq as:

frequency pulling ∆νpull = νq
glsLmat

2π
p− q
m

1
1 + [2(p− q)/m]2

(6.128)

assuming that the pth resonator mode matches the gain maximum and con-
taining the low-signal gain coefficient gls, the length of the active material
Lmat, the mode numbers p, q and the number of resonator modes within the
gain FWHM bandwidth m.

The relative difference of the mode spacing with pulling compared to the
original resonator modes is of the order of 10−4.

6.9.3 Broad Band Laser Emission

Active materials with inhomogeneously broadened laser transitions can emit
in a wide spectral range because of the lack of any mode competition for
inversion population density. For homogeneously broadened laser material
special care has to be taken to get broadband laser emission, as will be
described below (see, for example, [6.805–6.814]).
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6.9.3.1 Broad-Band Emission from Inhomogeneously Broadening

Inhomogeneously broadened spectra in the time scale of the laser emission
(see Sect. 5.2) consist of homogeneously broadened subbands with different
center wavelengths and possibly different emission cross-sections. The overall
gain profile usually shows a Gaussian distribution. Thus it does not matter if
the peak cross-sections σpeak(νp) of the subbands show a Gaussian distribu-
tion as a function of their frequency νp or the associated inversion population
density ∆N(νp) is modulated this way. The resulting small or low signal gain
gls for the frequency νp of the pth longitudinal resonator mode can be written
as:

small–signal gain of inhomogeneously broadened active material

gls(νp) = ∆Ntotalσtotal,max
∆νhomogen

∆νinhomogen

· exp

(
− (νp − νtotal,max)24 ln 2

∆ν2
inhomogen

)
(6.129)

with the FWHM bandwidth ∆νhomogen of the sub bands which are assumed to
be equal. The FWHM bandwidth ∆νinhomogen describes the whole emission
band containing the homogeneous subbands. ∆Ntotal is the total inversion
population density of the active material independent of their distribution
over the subbands and σtotal,max the maximum cross-section of the whole
band which is obtained at frequency νtotal,max.

All longitudinal laser modes p with frequency νp which show gain above
threshold can be observed in the laser:

V (νp)
√
RHR(νp)ROC(νp) e−gls(νp)Lmat ≥ 1 (6.130)

where the frequency dependence of the losses V and the reflectivities of the
mirrors RHR/OC have to be considered explicitly. For further evaluation it
has to be noticed that the relaxation time τ(νp) and the cross-section σ(νp)
and thus the nonlinear (or saturation) intensity I--nl(νp) may be a function of
the center frequency νp of the emission of the subbands.

In many cases exchange processes take place between the inhomogeneous
subspecies as known, e.g. in molecular systems from spectral hole burning
measurements. The exchange rate or internal cross-relaxation has to be much
slower than the pump and stimulated emission rate in the laser to conserve
the inhomogeneous behavior (see Sect. 5.3).

6.9.3.2 Broad-Band Emission from Short Pulse Generation

As a consequence of the quantum mechanical uncertainty of energy and
time the spectral frequency bandwidth ∆νlaser of light pulses will be larger
the shorter the pulse duration ∆tpulse if the light is bandwidth limited (see
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Sect. 2.1.2, p. 15). The minimal FWHM bandwidth is given by:

∆νlaser,FWHM =
1

π∆tpulse
. (6.131)

The resulting minimal frequency bandwidth is 3.2 · 1011 Hz for a pulse
width of 1 ps and 3.2 · 1013 Hz for a 10 fs pulse. The resulting wavelength
bandwidths are 0.27 nm and 27 nm, respectively, in the visible range at a
center wavelength of 500 nm (see also Table 2.3, p. 17), the factor of 2 results
from the different considered times: decay vs pulse duration).

For the generation of such short pulses an active laser material with
a sufficiently wide homogeneously broadened gain profile is required (see
Sect. 6.10.3, p. 460). The obtained bandwidths can be much larger than there
minima.

6.9.3.3 Broad-Band Emission from Gain Switching

Another possibility of broad-band emission from a homogeneously broadened
laser material is the fast generation of a very large inversion, the gain switch-
ing [e.g. 6.811–6.813]. Such a laser emits a short pulse without reaching the
steady state conditions. Thus the gain of the active material is switched on by
fast pumping, typically with ns laser pump pulses. The output pulse usually
shows a pulse duration in the ns range, too, with a delay of a few 10 ns.

This nonstationary gain switching laser can be described with time-
dependent rate equations. They have to contain the spectral properties of
all resonator elements and of the gain.

In the simplest case using a four-level scheme as shown in Fig. 6.65 (p. 441)
the differential equation for the inversion population density ∆N(t) as a
function of time t is given by:

∂∆N
∂t

= − ∆N
τupper

−
∑
λm

∆Nσlaser(λm)I--(λm) +W (Ntotal −∆N) (6.132)

with the approximations of the fast decay of levels 2 and 1. The intensity I-- is
measured in photons cm−2 s−1 and the wavelength λm was used as a discrete
quantity with respect to the numerical calculation. τupper denotes the lifetime
of the upper laser level and σlaser is the emission cross-section of the active
material. Ntotal is the total population density of laser active particles in the
active material and is measured in particles per cm3.

The photon transport equation for the intensity I-- as a function of time
and wavelength including the resonator conditions can be written as:

Lres

c0

∂I--
∂t

= I--(t, λm)

{
∆Nσlaser(λm)Lmat − ln

(
1

V (λm)
√
ROC(λm)

)}
+ I--sp(t, λm) (6.133)

assuming a homogeneous intensity along the active material. Lres is the op-
tical length of the resonator and Lmat the geometrical length of the pumped
active material. V describes the losses in the resonator and Roc is the re-
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flectivity of the output coupler assuming a reflectivity of the high-reflecting
mirror equal to the reciprocal of the investigated spectral range. I--sp gives the
spontaneous emission of the laser in the direction of the laser beam. Its value
usually does not influence the numerical results because of the high amplifi-
cation but it is necessary to start the stimulated emission at time t = 0. The
fluorescence spectrum of the active material can be taken as its spectral dis-
tribution. In these equations the spatial hole burning is neglected and a large
number of the m resonator modes within the gain bandwidth is presupposed.

As an example the spectrum of a gain switched Ti:sapphire laser is cal-
culated. The emission cross-section of Ti:sapphire is shown in Fig. 6.68.
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Fig. 6.68. Emission cross-section of Ti:sapphire of π and σ polarization of the light
as a function of the wavelength

The reflectivity of the used commercial laser mirrors with a specified
reflectivity of 0.8 as output coupler is given in Fig. 6.69 (p. 450).

The calculation of the emission spectra are obtained for a total population
density of 3.3 ·1019 cm−3 which is equivalent to a concentration of 0.095 wt%.
V = 0.97 follows from the reabsorption in the laser material. With these
values the minimum gain factor is Gthreshold = 1.15. For nonstationary cal-
culations a gain of 1.55 at 794 nm resulting in a starting inversion population
density of 6 · 1017 cm−3 was used in a 20 mm long crystal positioned in a
0.2 m long resonator. This laser was pumped with 1.23 mJ, 17 ns pulse with
a wavelength of 532 nm and a focus radius of 250 µm. With these values the
delay time between pumping and the laser pulse is 50 ns.

This laser emits a ns laser pulse of 12 ns duration and the spectrum is
more than 20 nm broad. The calculated results based on different model as-
sumptions to be compared with the experimental values are given in Fig. 6.70
(p. 450).

The influence of the start intensity profile as well as the reflectivity of
the mirror can be seen from this figure. The FWHM bandwidth of the laser
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Fig. 6.69. Reflectivity of two commercial mirrors specified with a reflectivity of
0.8 at 800 nm and at 810 nm which are used as output coupler for the Ti:sapphire
laser
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Fig. 6.70. Calculated and measured emission spectra of a Ti:sapphire laser using
an artificial output mirror with a constant reflectivity of 80% or the commercial
mirror I of Fig. 6.69 as output coupler while applying a spectrally constant start
intensity or the spectral profile of the fluorescence

is decreased by 3 nm to 23 nm from the effect of the spectral profile of the
realistic mirror compared to the flat profile mirror. Using a spectrally constant
start intensity instead of the fluorescence profile the spectrum would be 9 nm
wider. The theoretical results including both the spectral profile of the mirror
and of the fluorescence were in good agreement with the measured spectrum.
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6.10 Intensity Modulation and Short Pulse Generation

The active material in the laser resonator shows a highly nonlinear behavior
resulting from the exponential dependence of the gain G as a function of the
inversion density ∆N which is a function of the laser intensity Ilaser(t) and
the pump rate W (t). Thus all types of temporal fluctuations are possible,
pulses with durations in the µs, ns, ps and fs range can be produced with
different methods applying further nonlinear devices in the resonator.

6.10.1 Spiking Operation: Intensity Fluctuations

In particular, if the pump rate is switched on, such as e.g. when flash lamp
or electrical discharge pulse pumping in turned on some oscillations in the
laser output can be observed [e.g. 6.815–6.818]. The modeling can usually be
carried out using rate equations as given in the previous sections.

For a simplified description it is assumed that pumping with rate W is
switched on at time t = 0 and stays constant for t > 0. The resulting behavior
is shown in Fig. 6.71.
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∆tFWHM,spikes
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∆N

I

t

t

Fig. 6.71. Spiking oscillations of a laser in the laser intensity I and the population
inversion density ∆N as a function of time

The following processes take place:

I pumping leads to an increase of the inversion population density (stimu-
lated emission can be neglected);

II threshold inversion is overcome and stimulated emission takes place dur-
ing the roundtrips;
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III inversion population density and photon density are very high and thus
the depopulation via the laser light starts up to the maximum value of
the laser intensity;

IV inversion population density is strongly decreased and thus the inten-
sity decreases to very small values with further depopulation much below
threshold;

V almost no laser light is present and thus the pumping increases the inver-
sion again for the next cycle.

Based on this simple model a series of laser pulses, the spiking, is obtained
until steady state operation is reached. If the laser is perturbed then decaying
intensity oscillations will, again occur.

The pulse widths of the spikes ∆tFWHM,spike are a function of the pump
rate, the gain and the resonator roundtrip time. In solid-state lasers the order
of magnitude is 100 ns and in dye lasers it can be as small as sub-ps. The
pulse-to-pulse delay ∆tdelay,spikes is one or two orders of magnitude larger
than ∆tFWHM,spike.

As a function of the pump rate these oscillations of the inversion decay
towards the value related to the steady-state inversion population density.
Assuming only small perturbations in the inversion population density and
the intensity around the steady state values the solution of the differential
equation for the intensity I was given in [M49] as:

Ilaser,spiking = Ilaser,spiking(t = 0)

· exp
(
− Wpump

Wpump,threshold

t

τupper
sin(2πνspikingt

)
(6.134)

with the pump power Wpump, the threshold pump power Wpump,threshold,
the fluorescence lifetime of the laser transition which is equal to the lifetime
of the upper laser level τupper, and the frequency of the spiking oscillations
νspiking. The initial amplitude of these oscillations Ilaser,spiking can be much
higher than the laser intensity in steady state operation as can be seen from
Figs. 6.71 (p. 451) and 6.72 (p. 453).

The frequency of the relaxation oscillations of spiking, νspiking, is deter-
mined by the fluorescence lifetime τfluore = τupper, the resonator parameters
described by the resonator lifetime τres as given in (6.95) and the pump rate
Wpump:

νspiking =
1

2π

√(
Wpump

Wpump,threshold
−1

)
1

τupperτres
−
(

Wpump

2Wpump,thresholdτupper

)2

� 1
2π

√(
Wpump

Wpump,threshold
−1

)
1

τupperτres
(6.135)

Because higher losses in the resonator result in a shorter photon lifetime
in the resonator τres the spiking oscillations will occur faster. Notice that
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higher losses may demand higher pump rates. Stronger pumping and a shorter
fluorescence lifetime will also increase the spiking frequency.

The 1/e damping time τdamping,spikes of these oscillations can be given as:

τdamping,spikes =
Wpump,threshold

Wpump
τupper (6.136)

and thus stronger pumping shows faster decay.
As an example a Nd:YAG laser with fluorescence lifetime of 230 µs, an

output mirror with 50% reflectivity, losses of V = 0.95 and a resonator length
of 0.5 m which is pumped three times above threshold shows a spiking fre-
quency of 230 kHz or a period of 1/νspiking of 4.3 µs. The damping time of
the oscillations is 77 µs for this laser. For comparison the resonator lifetime
is 4.2 ns in this case. An experimental example from a realistic laser showing
this regular pattern is given in Fig. 6.72.
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Fig. 6.72. Spiking opera-
tion of a flash lamp pumped
Nd:YAG laser. In addition to
the laser output the intensity
of the pumping flash lamp is
given

Sometimes lasers can show deviations from this regular pattern. The re-
sulting irregular fluctuations are a consequence of the competition of longitu-
dinal modes in the resonator. Because of the nonlinearity of the laser process
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this pattern can even show chaotic behavior. If a regular oscillation pattern
is required the laser should be operated in a single longitudinal mode.

In cw lasers these fluctuations can be suppressed by active stabilization
of the operation by electronic controlling of the pump rate.

The fundamental limits for these fluctuations are the spontaneous emitted
photons from the active material. The total noise power Pnoise of the whole
active material is given by:

Pnoise = hνlaser
∆NAmodeLmat

τupper
(6.137)

with the laser frequency νlaser, the cross-section of the laser mode in the
active material Amode, the length of the active material Lmat, the inversion
population density ∆N and the lifetime of the upper level.

6.10.2 Q Switching (Generation of ns Pulses)

As described above, the laser intensity and the stored inversion are a function
of all the losses of the resonator and thus of the quality Q = (VR)−1 of the
resonator. Q switching means the quality of the laser resonator is switched
from low to high values typically in short times and thus short pulses with ns
pulse width and high-powers in the kW–MW range are emitted [6.819–6.919].
These intensive pulses are useful in all kinds of nonlinear optical interactions.
In many cases at least Q switched lasers (or sometimes ps or fs lasers) are
necessary to achieve nonlinear optical effects.

The Q switching of the laser is achieved by rapidly decreasing of artificial
losses in the resonator typically with a slope in the ns range. The stored high
inversion in the active material leads to a high gain for the laser radiation
and thus the positive feedback of increased intensity leads to more stimulated
emission which leads to more intensity. This results in a very fast rising
intensity of the laser until the inversion reaches its threshold value. Then
the intensity again rapidly decreases as a result of the losses from the out-
coupling.

6.10.2.1 Active Q Switching and Cavity Dumping

Active Q switching can be achieved, e.g. with electro-optical devices as shown
in Fig. 6.73 (p. 455). All electro-optical effects can be used [6.819–6.850]. Us-
ing the Pockels effect (see Sect. 4.4.6, p. 200) the polarization of the light can
be changed. In combination with polarizers the transmission of this arrange-
ment can be varied over a wide range of more than 1:50 in ns times. Using
avalanche transistor chains high voltages up to a few kV can be switched in
one or a few ns.

This scheme can be extended by separating the two orthogonal polariza-
tion directions and rotating one of them by 90◦ before the Q switch to achieve
a polarization insensitive arrangement.
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Fig. 6.73. Q switching of a laser resonator using the electro-optical Pockels effect
and polarizers

Kerr cells are used for Q switching and different lasers have been syn-
chronized by optically triggering these cell from a third laser. Today electro-
optical switches allow the triggering of the Q switch laser with an accuracy
better 5 ns.

For wavelengths in the IR (e.g. a Er laser) active Q switching is based on
frustrated total internal reflection (FTIR switch) [6.822] at a very narrow slit
with a thickness of some tenths of the wavelength between two glass plates.
This slit width is externally decreased with a piezo-element to a width below
a tenth of the wavelength. Thus the transmission is increased from a few
percent to values above 50%. Another possibility is given in [6.821].

Even mechanical elements can be used for active Q switching. Rotating
mirrors will be aligned only for a short time and thus allow the emission of
the short pulse if they spin with about 10 000 revolutions per minute [e.g.
6.851, 6.852].

The quality of the Q-switched laser light can be improved by a prelasing
configuration [e.g. 6.850]. Therefore, the losses in the cavity are tuned in the
time before the Q switch pulse rises just below threshold, and, thus, almost no
light will be emitted. However, during this time of typically some 10–100 µs
the mode structure is formed. In the best cases a longitudinal single mode
and TEM00 operation can be obtained. The losses can be tuned by slightly
turning the polarizing elements out of the optimal position. However, very
stable operation of the pump and cooling is required.

Cavity dumping works inversely to Q switching described so far. The losses
of the resonator are switched on for only a short time in the ns range by out-
coupling light as shown in Fig. 6.74 (p. 456).
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Fig. 6.74. Cavity dumping for ns pulse generation with a cw laser such as e.g. an
argon laser using an acousto-optic deflector (AOM) which is switched on for a few
ns. The laser light is then reflected at the sound wave grating and out-coupled

Acousto-optic switches or modulators (AOMs) deflect the laser light wave
at an index grating which is induced by hyper-sound waves in suitable crystals
such as e.g. LiNdO3 or quartz. The sound wave is typically induced by a
piezo-driver in the MHz range. When the sound wave generator is switched
on the laser beam is deflected and the quality of the resonator drops. This
method is especially useful for lasers with low gain such as argon or cw dye
lasers. These lasers are continuously pumped and the acousto-optic switch is
operated continuously, too. The laser output will consist of a periodical series
of output pulses. The frequency of the acousto-optical modulator will occur
as a side-band frequency in the laser light.

These pulses usually have a longer pulse duration in the range of 100 ns
because the inversion is smaller in cw pumping. High repetition rates in the
kHz range are possible and the peak power is about 100 times higher than in
cw operation of the laser with an optimal out-coupling mirror.

6.10.2.2 Passive Q Switching

Applying the nonlinear absorption of a suitable material in the resonator
leads to passive Q switching [6.853–6.901] as shown in Fig. 6.75.
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Fig. 6.75. Schematic of a laser with passive Q switching of the resonator using a
nonlinear absorber material (NLM)

In this case the transmission of the absorber is progressively bleached with
increasing intensity of the laser. Thus the positive feedback is amplified by
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the effect that more intensity causes more transmittance which results in less
losses and thus more intensity. This takes place in addition to the nonlinear
effect of stimulated emission in the active material.

Dyes in solution or in polymers or other solid state materials [e.g. 6.890–
6.901] are used as materials for passive Q switching. The absorption cross-
section of the Q switch material has to be larger at the laser wavelength than
the emission cross-section of the active material. The lifetime of the upper
level of the Q switch material should not be much shorter than the pulse
duration.

Cyanine dyes such as cryptocyanine and phthalocyanine are used in the
red region of the visible spectrum e.g. for ruby lasers. They can be solved
in alcohol. Special dyes are produced for Nd lasers, such as e.g. the num-
bers #9740, #9860 and #14,015 by Eastman Kodak. These dyes have to
be solved in 1,2-dichlorethene. Ready-to-use polymer foils for Q switching
are also offered, e.g. by Kodak. On the other hand many laser materials are
useful. In particular, e.g. Cr4+:YAG crystals are used as a Q switch for Nd
lasers. Typical low-signal transmissions of 30–70% of the Q switch are used.
This additional loss also has to be compensated by the laser gain to overcame
threshold.

Optical phase conjugation, for example based on stimulated Brillouin
scattering, can be used for Q switching, as described in Sect. 6.7.6 (p. 435).
In this case the transparent SBS materials show a nonlinear reflectivity and
are used directly as resonator mirrors.

For matching the laser intensity to the nonlinear transmission curve of
the absorber the right position of the Q switch in the resonator has to be
chosen. Sometimes telescopes in the resonator for providing suitable beam
cross-section for the nonlinear absorber can be necessary.

6.10.2.3 Theoretical Description of Q Switching

The theoretical description of Q switching can be based on rate equations. The
duration of the Q switch pulse is much shorter than the pump process. Thus
the generation of the inversion need not be included in the rate equations
and the spontaneous emission can be neglected. The differential equation for
the inversion population density ∆N then reads as:

∂∆N
∂t

= −σlaserI--∆N (6.138)

and for the intensity I-- inside the resonator as:

∂I--
∂t

= I--
{
c0σlaser∆NLmat

Lres
− c0

2Lres

∣∣∣ln(fQ(t)V
√
ROC)

∣∣∣} (6.139)

with the cross-section σlaser, the geometrical length of the active material
Lmat, the optical length of the resonator Lres, the resonator losses without
the Q switch V , the reflectivity of the output coupler ROC and a function
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fQ(t) describing the Q switch. This system of two equations can be solved
numerically.

If fQ(t) is a simple step function with fQ(t > tQ) = 1 these equations
can be solved easily. In Fig. 6.76 the temporal structure of the inversion
population density ∆N and the laser intensity I--laser are depicted.

∆N

I

t

t

tQ

∆N thr

--

Fig. 6.76. Temporal structure of the inversion population density ∆N and the
laser intensity I-- during Q switching the resonator at time tQ

The quotient of these two equations results in:

∂I--
∂∆N

= −c0Lmat

Lres
− c0

∣∣ln(V
√
ROC)

∣∣
2LresσlaserI--∆N

(6.140)

which can be solved to give

I--(∆N) = I--0 +
{

(∆Nstart −∆N) + ∆Nthreshold ln
∆N

∆Nstart

}
Lmat

τround

(6.141)

with the population inversion density ∆Nstart at the beginning of the Q
switch process.

From this equation the maximum intensity can be calculated under the
condition that at the time of the intensity maximum the inversion population
density is equal to the threshold value ∆Nthreshold which was given in (6.108).
The resulting peak intensity is equal to:

I--laser,max =
Lmat

τround

{
∆Nstart −∆Nthreshold

(
1 + ln

∆Nstart

∆Nthreshold

)}
(6.142)

which is higher the shorter the resonator roundtrip time τround becomes.
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The maximum output power Plaser,max of the Q switch pulse outside the
resonator is given by:

peak power Plaser,max =
1
2
I--laser,maxhνlaserAmode(1−ROC) (6.143)

with the photon energy hνlaser and the cross-section of the transversal mode
in the active material Amode.

Further the stored and outcoupled pulse energy Epulse of the Q switch
pulse can be calculated from:

pulse energy Epulse =
1
2
Amode

σlaser
hνlaser(1−ROC)

∆Nstart −∆Nend

∆Nthreshold

(6.144)

with the population inversion density Nend at the end of the Q switch pulse,
which can be calculated from the transcendental equation:

∆Nstart −∆Nend + ∆Nthreshold ln
∆Nend

∆Nstart
= 0 (6.145)

or estimated in a rough way, e.g. to zero.
Both the extracted pulse energy and the peak power are higher the higher

the inversion population density at the beginning of the Q switching ∆Nstart
in relation to the threshold value ∆Nthreshold. The pulse width follows from:

pulse width

∆tpulse,FWHM =
2Lres(∆Nstart −∆Nend)

c0σlaserLmat

(
∆Nstart

∆Nthreshold
−1+ln

∆Nstart

∆Nthreshold

) . (6.146)

It is proportional to the optical length Lres of the resonator. The pulse
built-up time can be estimated from:

built-up time tbuildup =
Lres

c0 ln(GstartRV )
(6.147)

which is again proportional to the resonator roundtrip time τround which is a
function of the optical length Lres of the resonator:

resonator roundtrip time τround =
2Lres

c0
(6.148)

and thus typical values are of the order of tens of ns. Thus the pulse durations
which can be obtained with the Q switch technique are in the range of 10 ns
for solid-state lasers. The output energies are in the range of mJ for high
repetition rates of kHz and go up to several J for lasers with 10 Hz repetition
rate. Thus 100 MW peak power are possible. Several 100 J have been produced
in large devices. The Q-switch pulse shape is often very close to a Gaussian
function as described in Sect. 2.7.2 (p. 54), e.g. in Eq. (2.138).

Using these formulas, as an example the results for a Nd:YAG laser with
cross-section σlaser = 3.2 · 10−19 cm2 and a photon energy of hνlaser = 1.87 ·
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10−19 J at wavelength of 1064 nm will be given. For a resonator with a length
of 1 m, a reflectivity of 50% for the out-coupling mirror, a loss factor V = 0.95
and a start gainGstart = 4 from a rod length of 80 mm and a mode diameter of
3 mm, there is a laser intensity of 2.97·1026 photons cm−2 s−1 or 56 MW cm−2,
a peak power of 1 MW and a pulse energy of 48 mJ. The inversion population
density ∆Nend at the end of the pulse is 5.4 · 1015 cm−3. The pulse width is
49 ns and the pulse built-up time 3.4 ns. These values can easily be achieved
with a common laser.

6.10.3 Mode Locking and Generation of ps and fs Pulses

For the generation of pulses with pulse widths below 100 ps down to a few fs
the locking of longitudinal modes can be applied using a periodically oper-
ating active or passive switch in the resonator. If the laser is operated close
to threshold for a sufficiently long time or continuously the discrimination of
nonlocked modes will be increased and thus a train of very short pulses with
time intervals of the resonator roundtrip time τround between them will occur
(see Fig. 6.77).
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res
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Fig. 6.77. Schematic of short pulse generation with “mode locker (NLM)” in the
laser resonator built by the two mirrors MHR and MOC and the active material AM

Different methods have been developed for mode locking in different
lasers. For an introduction see [6.920–6.923, M44, M58–M65]. Some general
aspects are described in [6.924–6.942]. In any case the gain bandwidth of the
active material has to be large enough for the generation of very short pulses
∆tFWHM ≥ 1/(2π∆νlaser) (see Table 2.3, p. 17).

Pulses with durations of 10–100 ps are produced by Nd lasers, ruby lasers,
gas-ion lasers and synchronously pumped dye lasers. Shorter pulses of a few
fs to 100 fs are generated, e.g. from Ti:sapphire lasers, Cr lasers and dye
lasers. Short pulses in the ps-range are available from diode lasers with very
small resonators. The increasing demand of short pulse systems with high
average output power for material processing and similar applications on
one hand and small, reliable and cheap systems for measuring devices and
communication technologies on the other as well as the wish for even shorter
pulses in the as range and peak powers as high as possible for scientific
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applications will lead to further progress in this field. Thus the different
techniques for generating very short pulses as described here may be used in
new systems in the future in new contexts.

In any case the pulse duration can be increased by applying narrow spec-
tral filters (e.g. etalons) in the resonator which decrease the spectral width
of the light. The measurement methods for these short pulse durations are
described in Sects. 5.5 and 7.1.5.2 (p. 543), and in the references therein.

6.10.3.1 Theoretical Description: Bandwidth-Limited Pulses

Since the frequency bandwidth for short pulses of 100 ps down to 10 fs is as
large as 1.6 GHz and 16 THz more than 100 and up to many 10 000 longitudi-
nal laser modes are active in these lasers. Therefore a statistical or continuum
approach can be used, not considering each resonator mode explicitly. Thus
the analysis can be carried out in the frequency or the time domain which
are related by a Fourier transformation.

In general the electric field vector E of all involved longitudinal laser
modes numbered with p have to be summed for the resulting intensity of the
laser beam:

E(t) =
pmax∑
p=pmin

E0,p cos(2πνpt+ ϕp) (6.149)

with the usually unknown amplitudes E0,p and phases ϕp of these axial laser
modes with the frequencies νp. Many kinds of pulse shapes are possible from
different amplitude distributions.

Usually bell-shaped pulses are observed and thus Gaussian or sech2 func-
tions were usually chosen for analysis. The Gaussian pulse can be written as
a function of time t as:

Elaser(t) = Elaser,0 e−2 ln 2(t/∆tFWHM)2
ei(2πνp+βchirpt)t (6.150)

with the electric field E of the laser light, the pulse width ∆tFWHM and the
frequency νp of the pth mode.

The expression iβchirpt causes a linear “chirp” during the pulse duration
with slope βchirp. This chirp is a linear increase of the mode frequencies during
the pulse, e.g. as a result of the change of the refractive index in the active
material during the pulse. This effect is similar to self-phase modulation
described in Sect. 4.5.7 (p. 218).

The FWHM frequency bandwidth ∆νFWHM of this Gaussian pulse is given
by:

∆νFWHM =
1
π

√(
2 ln 2

∆tFWHM

)2

+ β2
chirp∆t2FWHM (6.151)



462 6. Lasers

which leads, for chirp-free Gaussian pulses with βchirp = 0, to a pulse-
bandwidth product of:

Gauss pulse ∆tFWHM∆νFWHM =
2 ln 2
π
≈ 0.44. (6.152)

Other pulse shapes result in other values for this product. For example,
sech2 shaped pulses result in a pulse-bandwidth product of

sech2 pulse ∆tFWHM∆νFWHM ≈ 0.31. (6.153)

Laser pulses with experimentally determined pulse width ∆tFWHM and
frequency bandwidth ∆νFWHM which fulfill this condition are called band-
width-limited pulses meaning they are chirp-free and in this respect of best
quality at the theoretical limit. They fulfill the time–energy uncertainty re-
lation similar to diffraction-limited beams which fulfill the space-momentum
uncertainty relation.

Because of the constructive interference of all mode-locked light waves in
the short pulse the peak power or intensity is m2 times larger than these
values for a single mode pulse, whereas the peak power or intensity of the
nonphase-locked pulses will be only m times larger, where m is the number
of interfering modes. Thus by mode locking the peak power or intensity is m
times larger than in the nonlocked case. As described above the number m
of locked modes can be as high as several 10 000 and thus TW and PW of
peak power are possible.

Another approach to model the development of these short pulses is the
numerical solution of suitable time-dependent rate equations similar to the
modeling of Q switching (see Sect. 6.10.2, p. 454). In these equations the am-
plification and the nonlinear losses in the mode locker have to be considered.
The following processes occur during the short-pulse generation:

• In an early stage one of the intensity fluctuations shows the highest peak
intensity (meaning that among the large number of the random phase
mixed modes some are accidentally of similar phase); in active mode lock-
ing this highest peak is produced by the lowest losses or highest gain.

• Higher intensities will be amplified more than lower intensities and thus
this pulse will grow more than the other pulses and it will be narrowed
(phase locking will be rewarded).

• The passive mode locker such as e.g. the nonlinear absorption in the dye,
will discriminate the lower intensities especially at the rising edge and
thus this pulse will be narrowed and less absorbed than the other pulses
(phase locking will be rewarded a second time).

• The active mode locker such as e.g. the AOM (Sect. 6.10.2, p. 454), will
show less losses at the time of this already strong pulse by the synchro-
nization of the modulation frequency with the roundtrip time of the pulse
in the resonator (phase locking is forced).
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• Finally the amplification may be saturated and thus only this strongest
pulse is further amplified at the expense of the rest of other pulses (phase
locking is strongly forced).

Nice examples showing this process are given in [6.933]. For more details
see [6.943–6.965].

6.10.3.2 Passive Mode Locking with Nonlinear Absorber

Passive mode locking is mostly used with dyes in solution or semiconductors
as nonlinear absorbers which are placed directly in front of the high-reflecting
mirror [6.966–6.1032] as shown in Fig. 6.78.
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mater ial
M OC

laser

flow
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Fig. 6.78. Dye cell in front of the high-reflecting mirror as used for passive mode
locking, e.g. of a Nd:YAG laser

The mechanism is described in the previous chapter. The dye has to ab-
sorb at the wavelength of the laser emission. The cross-section has to be high
enough to enable bleaching with the intensities of the laser. Thus the spot
size of the transversal mode has to be adapted to realize the necessary inten-
sity. The recovery time of the dye absorption, which is often the fluorescence
decay time of the dye, has to be at least shorter than the roundtrip time of
the resonator. Recovery times of the size of the pulse duration are better. In
any case only a negligible triplet or other long living state population should
occur.

Therefore flow cells are often used for the dye. This method is typically
applied in Nd or ruby lasers where the dyes have to absorb around 1060 nm or
700 nm. These dyes are often sensitive to UV radiation and thus the cells have
to be shielded against daylight and the pumping flash lamps. For ruby lasers
cyanine dyes are useful as in Q switch arrangements (see Sect. 6.10.2, p. 454).
For Nd lasers the Eastman Kodak dyes #9740 or #9860 dissolved in 1,2-
dichlorethene can be applied. This solvent is especially crucial for impurities
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and should therefore be of best quality. Nevertheless, the mode locking dye
has to be changed about weekly for safe operation of the lasers. Other materi-
als as nonlinear mode lockers were also applied. For example, liquid crystals
[6.978], quantum-well structures [6.982, 6.990, 6.992, 6.998, 6.1010], semi-
conductors and semiconductor saturable-absorber mirrors (SESAMs) [6.986,
6.988, 6.997], e.g. GaAs and PbS nanocrystals [6.983, 6.991, 6.993], Cr4+ and
Cr3+ ions [6.994, 6.959] and SBS mirrors [6.967, 6.1019] are used.
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Fig. 6.79. Pulse train of ps-pulses from a Nd:YAG laser. The pulse duration is
30 ps but not resolved in this graph

If the laser is pumped with flash lamp pulses the laser will emit a limited
train of ps pulses with a bell-shaped envelope as shown in Fig. 6.79.

The number of pulses can be determined by the optical density and thus
the concentration of the dye cell and the pump rate. Less pulses usually show
higher peak intensities. On the other hand only a sufficiently long generation
time for the ps pulse guarantees a short pulse width and the suppression of
satellite pulses.

Pulse widths of about 30 ps are common for flash lamp pumped Nd:YAG
lasers whereas Nd glass lasers can show values below 5 ps. The energy content
of a single pulse out of the pulse train can be as high as a few mJ resulting in
a peak power of more than 30 MW. With laser amplifiers these single pulses
can be increased to several 10 mJ resulting in GW powers. Several J are
possible in large arrangements reaching the TW level.

6.10.3.3 Colliding Pulse Mode Locking (CPM Laser)

Even shorter pulses can be generated with the colliding pulse technique typ-
ically using dye solutions as active material and absorber [6.1032–6.1039] as
sketched in Fig. 6.80 (p. 465).
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Fig. 6.80. Schematic of a colliding pulse mode locked (CPM) laser for generating
fs pulses

Two counterpropagating short pulses meet in the absorber dye at the
same time. By the superposition of the two intensities the dye is bleached
more than in case of just one pulse. Interference between the two counter-
propagating light pulse waves occurs and increases the bleaching. Thus a
synchronization of these two pulses occurs in combination with pulse short-
ening and discrimination of all other pulses. In addition the optical path
lengths are chosen for a maximum temporal distance of the two pulses in the
active material for maximum amplification of both. Thus the optical path
length between the absorption spot and the amplification spot has to be 1/4
of the total optical resonator length on one side and 3/4 on the other.

While the nonlinear absorber mostly increases the slope of the leading
edge of pulse the saturated amplification in the active material decreases
the negative slope of the trailing edge. Thus the combination of nonlinear
absorption and amplification, both as a function of the intensity, shortens
the pulse length during each round trip to final steady state values in the fs
range.

Because of the low intensities in this type of continuously running laser the
spot sizes in both the absorber and the amplifier have to be very small with
diameters of a few 10 µm. The thickness of the absorber material Labsorber
has to be not too much larger than the optical path length Lpulse of the short
pulses. This length for the FWHM intensity part of the pulse is about:

absorber length Labsorber ≈ c0
n

∆tFWHM (6.154)

which is divided by the refractive index n of the absorber material to get the
maximum length of the absorber. For 50 fs pulses this results in about 11 µm.
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With this scheme without chirp compensation pulse durations in the range
of a few 100 fs can be achieved. If in addition chirp compensation is applied,
as sketched in Fig. 6.80 (p. 465), the pulse width can be smaller than 50 fs
from this type of laser. This prism arrangement compensates the different
optical path lengths for the different wavelengths from the dispersion in the
active material and the absorber which causes the chirp of the short pulse by
simulating an anomalous dispersion.

A typical combination for a CPM laser is rhodamine 6G dye solution as
active material and DODCI as nonlinear absorber. Both are used in a dye
jet stream. Therefore they are dissolved in ethylene-glycol for good optical
quality of the jet. The gain medium is pumped by continuously operating
(cw) laser emission in the green region such as e.g. by an Ar-ion laser or
a diode pumped and frequency doubled Nd laser with an output power of
about 5 W.

About 60 fs pulse width can easily be achieved in stable operation. The
dyes allow laser wavelengths in the visible which are possible today with OPA
setups. The pulse energy is in the range of a few 100 pJ which results in peak
powers in the range of several kW. The average output power can be more
than 30 mW at a typical repetition rate of 100 MHz. Usually these pulses are
amplified with a multipath amplifier (see Sect. 6.11.3.4, p. 483).

6.10.3.4 Kerr Lens Mode Locking

Today’s most common technique for generating ultra-short pulses in the fs
range is the passive mode locking of Ti:sapphire lasers based on the nonlinear
Kerr effect in the active material [6.1040–6.1108] (see Fig. 6.81).
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chirp compensation
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D
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Nd:YVO  - SHG4

Fig. 6.81. Schematic of a fs Ti:sapphire laser with Kerr lens mode locking and
chirp compensation
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As described in Sect. 4.5.2 (p. 209) the refractive index of the material
becomes a function of the intensity of the laser beam for sufficiently high
intensities (n2 is typically of the order of 10−16 cm2/W). Thus focusing of the
laser mode occurs as a function of the laser intensity in the active material
because of the transversal Gaussian intensity distribution of the fundamental
mode. Shorter pulses show higher intensities. If the laser resonator is designed
for fundamental mode operation based on a certain Kerr lensing in the active
material the associated short pulse can be selected with a simple aperture (D
in Fig. 6.81, p. 466).

All other modes with less lensing and thus longer pulses will be discrim-
inated by this aperture. In addition the pump light beam can be focused to
a small adapted spot in the active material acting as a gain aperture for the
required laser mode, too. Mode locking is again forced via the lensing effect.

Besides the Kerr lensing and possible self-focusing, self-phase modulation
from the longitudinal Kerr effect in the active material may occur and spectral
broadening may be obtained. Thus simple chirp compensation (see previous
section) in the resonator using, e.g. two prisms as shown in Fig. 6.81 (p. 466),
allows further compression of the pulses.

Recently special chirp compensating mirrors have been used for the com-
pensation of linear and nonlinear dispersion [6.1092–6.1102].
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Fig. 6.82. Chirp compensating
mirror with dielectric coating giving
different delays for different wave-
lengths

In these dielectric mirrors the different wavelengths were reflected at dif-
ferent layers of the dielectric coating and thus different optical delays in the
sub-µm range are achieved. Compact and reliable fs lasers can be built with
these mirrors.

The chirp or dispersion compensation is the key task in reaching very short
pulses in this simple arrangement. The dispersion can be discussed as a:

frequency-dependent propagation time

tdisp =
∑
m

1
m!

∂mtsp
∂νm

∣∣∣∣
ν0

(ν − ν0)m (6.155)

[6.921]. Typically, the time delay between the fastest and the slowest part of
a 10-fs pulse during one round trip of a non-compensated resonator is about
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100 fs. With prism chirp compensation the group delay dispersion (GDD)
with m = 1 can be compensated, and, thus, 8.5 fs was reported [6.1063].
However, for shorter pulses, higher-order dispersion, m > 1, has to be com-
pensated, too. For fused quartz a value of about 36 fs2/mm can be obtained
at 800 nm. Therefore, double-chirped mirrors were developed which allow
bandwidths of 200 THz [6.1093]. In addition, good anti-reflection coating is
required (R < 10−4) over the large spectral region of the laser (690–920 nm).
This demands a technical accuracy in the nm range.

The shortest pulses generated with Ti:sapphire lasers and compression
showed a duration of 4.5 fs; these pulses are only 1.4 µm long (see Sect. 6.14.2,
p. 523). Thus experiments with such short pulses demand very high effort to
keep this extremely short timing.

As pump lasers diode pumped cw Nd lasers with frequency doubling are
more convenient than Ar-ion lasers. Typically 5 W of pump power are nec-
essary. The Ti:sapphire laser shows an average output power of up to 1 W
with pulse widths of 30–100 fs. The pulse repetition rate as the inverse of
the resonator roundtrip time which is a function of the optical length of the
resonator, is in the range of a few 10 MHz resulting in pulse energies of some
10 nJ and peak powers of more than 100 kW.

These pulses are often amplified with lower repetition rates of 10 Hz–
10 kHz and then pulse energies of up to 100 mJ have been achieved. In extreme
experiments pulse energies of several J were produced approaching petawatt
peak powers.

A theoretical description of the Kerr lens mode locking lasers with and
without chirp compensation can be found in [6.1103–6.1108], in addition to
the textbooks given above.

6.10.3.5 Additive Pulse Mode Locking

Additive pulse mode locking (APML) [6.1109–6.1125] can be obtained by the
feedback of the signal from self-phase modulation in an optical fiber in an
arrangement of two coupled resonators as shown schematically in Fig. 6.83.
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Fig. 6.83. Schematic of a laser resonator with additive pulse mode locking for
generation of sub-ps pulses
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Thus the main resonator between M1HR and M including the active ma-
terial gets a feedback from the second resonator from M to M2HR which
contains the optical fiber and the output coupler MOC as a beam splitter.
This feedback pulse has a red shifted trailing edge and a blue shifted leading
edge from the self-phase modulation in the fiber (see Sect. 4.5.7, p. 218).

The resonator lengths have to be designed for constructive interference of
the leading edge of this pulse with the main pulse in the main resonator and
destructive interference for the trailing edge. Thus the pulse can be shortened
to values below 0.5 ps. If the lengths are tuned well no losses in the wrong
direction will occur at the beam splitter MOC.

This method was applied, e.g. to color center lasers (KCl), to Ti:sapphire
lasers and to Nd lasers. If these lasers are pumped with already short pulses
a further shortening can be obtained to values in the range of 10 fs.

An elegant solution of this concept uses an Er-doped fiber with positive
group velocity dispersion as gain medium in a ring cavity together with a
standard communication fiber which shows negative group velocity dispersion
at the laser wavelength of 1.55 µm. Thus the pulse is chirped inside the gain
fiber and will be compressed in the standard fiber. Thus the output coupling
at the end of the Er fiber shows chirped pulses in the ps range with a few
10 MHz repetition frequency. These pulses can be compressed externally to
120 fs pulse width. The Er fiber can be pumped with a diode laser at 980 nm
and thus several 10 mW average power of short pulses can be achieved in
a small and reliable laser. A detailed theoretical description was given in
[6.1116, 6.1117].

In addition to the constructive and negative interference an amplitude
modulation may occur in the fiber and thus solitons may be produced result-
ing in a further pulse shortening effect similar to the soliton laser.

6.10.3.6 Soliton Laser

Solitons as described in Sect. 4.5.7 (p. 218) can propagate along fibers without
changing their pulse duration. A soliton generated in an optical fiber can be
used for feedback into a laser seeding this laser with short pulses as shown in
Fig. 6.84 (p. 470).

The scheme of the soliton laser [6.1126–6.1148] is similar to the arrange-
ment of Fig. 6.83 (p. 468) but the feedback is tuned for the generation of a
soliton in the fiber part resonator having low losses. Thus the pulse is formed
as soliton in the fiber and the losses from outcoupling are compensated by
the active material. The first-order solitons are a steady state pulse solution
of the nonlinear Schroedinger equation including the effects of negative dis-
persion, self-phase modulation and the gain in the active material. In this
case the fiber length has to be chosen carefully for stable operation. 170 fs
were reported for this type of laser [6.1129].
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Fig. 6.84. Schematic of a soliton laser producing fs pulses

6.10.3.7 Active Mode Locking with AOM

Instead of or in addition to passive mode locking with a dye cell as shown in
Fig. 6.78 (p. 463) an active mode locking device such as e.g. an acousto optical
modulator (AOM) can be used for active mode locking [6.1149–6.1173]. This
modulator adds oscillating losses into the resonator which are synchronized
to the roundtrip time of the short pulses. Thus each pass will promote the
short pulse and discriminate the nonsynchronized share of the radiation (see
Fig. 6.85).
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Fig. 6.85. Schematic of an active passive mode locked laser emitting ps pulses

The modulator is driven by an electrical sine generator in resonance with
the modulator crystal. Each full period twice leads to minimal loss alignment
and thus the driver frequency νdriver has to be half of the roundtrip frequency:

driver frequency νdriver =
1

2τround
=

c0
4Lopt

(6.156)

with the optical length of the resonator Lopt.



6.10 Intensity Modulation and Short Pulse Generation 471

The resonance of the modulator frequency has to be carefully adjusted
with the laser roundtrip. Therefore, usually the optical length of the resonator
is tuned to the frequency of the modulator with sub-mm accuracy. This can
be achieved by shifting one of the resonator mirrors such as e.g. the output
coupler in Fig. 6.85 (p. 470) or by additional variable delays using, e.g. more
or less optical path through a prism arrangement. The exact alignment results
in a very stable operation with ps pulses. Thus the stability of the oscillogram
of the output pulses can be used as a criterion for aligning the laser.

Active mode locking is often combined with an additional passive one.
The resulting pulses are usually as short as possible by the action of the
passive mode locker and very stable from the active mode locker. Pulse-
to-pulse fluctuations smaller than 5% are possible even for a selected single
pulse out of the train in flash lamp pumped Nd:YAG lasers with pulse lengths
around 30 ps and repetition rates of 30 Hz. Diode pumping allows much higher
stabilities.

6.10.3.8 Active Mode Locking by Gain Modulation

Active mode locking can be achieved by synchronously pumping the laser
with ps pulses of another laser [6.1174–6.1188] or of the electric pump circuit
such as, e.g., in diode lasers. Thus the roundtrip time of the pumped laser
has to be tuned very precisely to the repetition rate of the pump laser source
or vice versa to achieve synchronization.

A typical application of this technique is the synchronous pumping of one
or two dye lasers with a mode locked master oscillator such as e.g. an Ar-ion
laser (see Fig. 6.86).

P      = 400 mWaverage
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τ = 2 pspuls

∆λ = 560 - 635 nm

R6G 1·10   mol/l-3

R6G 1·10   mol/l-3

Cresyl Violet 8·10   mol/l-3

Fig. 6.86. Synchronously pumping of two dye lasers operating in the ps regime
with a mode locked Ar laser
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The resulting ps pulses of the dye lasers can be significantly shorter than
the pump pulse duration. For example, with about 100 ps Ar laser pulses a
dye laser pulse of 10 ps can be generated. A much shorter pulse duration can
be achieved by the pumping of a second dye laser with the radiation of the
first dye laser. In this way pulse durations of e.g. 100 ps to 55 ps to 0.6 ps
were obtained for the Ar, the first and the second dye laser [6.1181].

If two dye lasers are pumped synchronously the two resulting pulses are
synchronized better than the pulse width and can be tuned in wavelength. In
this case the resonator lengths have to be carefully controlled using a piezo-
driven mirror. This setup is useful, e.g. for pump and probe spectroscopy (see
Sects. 7.7 and 7.8).

6.10.4 Other Methods of Short Pulse Generation

The spatial modulation of the gain in the active material can be used for the
generation of pulses in the ps range as applied in distributed feedback lasers
using e.g. dyes as active material. Other methods use a small gain area for
producing short pulses.

6.10.4.1 Distributed Feedback (DFB) Laser

DFB lasers allow the generation of short pulses without mode locking [6.1189–
6.1199]. With two crossed pump beams a gain grating can be excited in the
active material as described in Sect. 5.3.9 (p. 296). The two beams can be
produced by a holographic grating with a sine modulation reflecting the per-
pendicular pump beam in the +1 and −1 order, only, as depicted in Fig. 6.87.

laserlaser dye

L  gain

pump beam

gain grating

sine grating

M M
Fig. 6.87. Schematic of a
distributed feedback laser
pumped with ps pulses. For
details about the gain grating
see Fig. 5.28, p. 297
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The angle of incidence and thus the emission wavelength of the laser can
be varied by turning the mirrors M and synchronously moving the grating.
The gain grating in the dye cell acts as a resonator by promoting these
longitudinal laser modes with antinodes at the gain maxima. Thus a laser
beam will be emitted towards the two opposite directions with a spectral
resolution of approximately:

spectral resolution
∆λlaser

λlaser
=

λlaser

2Lgain
(6.157)

with the optical length Lgain of the gain section in the material in the laser
beam direction and the wavelength of the DFB laser λlaser. It has to be small
enough not to increase the laser pulse duration and thus Lgain has to be
shorter than:

gain length Lgain ≤ πcmat∆tFWHM,pulse (6.158)

with the desired pulse duration ∆tFWHM,pulse. E.g. a 1 ps pulse limits the
maximum gain length to about 1 mm. The resulting spectral bandwidth of
this laser is close to the theoretical uncertainty limit.

If this laser is pumped with short pulses it shows a spiking behavior as
described in Sect. 6.10.1 (p. 451). If this laser is pumped just above thresh-
old only one spike will be possible and the resulting DFB laser pulse will be
much shorter than the exciting pulse. Ratios of about 50 have been reported
[6.1194]. A typical dye laser is operated with Rhodamin 6G solution in alco-
hol as active material pumped by a frequency doubled Nd:YAG laser ps pulse
of 25 ps. In this case the shortest observed DFB laser pulse duration is about
1 ps.

6.10.4.2 Short Resonators

If active materials with high gain are used in very short cavities a spiking
operation as discussed in Sect. 6.10.1 (p. 451) can be observed but the pulse
width of the resulting spikes will be much shorter as in solid-state lasers with
resonator lengths of many 0.1 m.

Exciting dye solutions in cavities with lengths in the range of 1 mm, e.g.
with the pump pulse of a Nitrogen laser at normal pressure with a duration
of 500 ps can result in tunable dye laser pulses of a few 10 ps.

Even shorter wavelength tunable pulses can be produced with resonators
of a few µm length filled with dye solution. In addition these resonators act
as a Fabry–Perot system and thus by varying the resonator length the laser
can be spectrally tuned. Again the bandwidth has to be large enough (see
Sect. 2.9.8, p. 90) to allow for the desired short pulses. Further the gain co-
efficient has to be high enough to provide sufficiently high gain within the
short cavity gain length. Both can be achieved in dyes or semiconductors. In
diode lasers, pulse durations of a few ps are possible if the electrical pumping
is fast enough.
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Such a simple short cavity dye laser can be pumped by 10–30 ps pulses,
e.g. with a pulsed Nd:YAG laser those radiation is frequency doubled or a
trebled with nonlinear crystals to meet the excitation bands of the dyes.

6.10.4.3 Traveling Wave Excitation

In this scheme the excitation of the active material is applied by a short pulse
which is moving with the same speed as the light inside the matter [6.1196,
6.1200–6.1203] as sketched in Fig. 6.88.

dye cell

laser

pump pulse

excitation
direction

Fig. 6.88. Traveling wave excitation
of a dye solution by a pump laser
beam with delayed pulse across the
beam for synchronized pumping of
the generated laser pulse moving to
the right side

Therefore the pulse has to be delayed transversely across the pump beam
as shown in the figure, to be synchronized with the propagation of the laser
pulse with velocity c0/n. The laser beam is then produced by the superradi-
ation of the excited area. Thus the transversal and longitudinal structure of
the light beam is poor.

This scheme was used with discharge excitation in nitrogen lasers produc-
ing ns pulses. It can be applied for dye lasers in the near IR above 1 µm and
it was considered for XUV generation [6.1200].

6.10.5 Chaotic Behavior

Laser emission can show temporal chaotic behavior of the emission [6.1204–
6.1245, 6.1210–6.1239]. Theoretical investigations using the laser as a model
system for chaos research are based on simple model systems based on
the nonlinear wave equation as given in Sect. 4.3 and the time-dependent
Schroedinger equation as given in Sect. 3.3.1 (p. 101) considering the energy
levels of the active material and the interaction as a small distortion [e.g.
6.1210]. Further, using the approximations of a plane wave, slowly varying
amplitudes, homogeneous transition and unidirectional ring laser operation,
the three basic equations of this theory can be derived for the relevant quan-
tities:
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field
∂

∂t
eth(t) = −

(
i2πνres +

1
τres

)
eth(t) +N

(V )
totalgthpth(t) (6.159)

polarization
∂

∂t
pth(t) = −

(
i2πνmat +

1
τtrans

)
pth(t) + ∆N (V )gtheth(t) (6.160)

inversion
∂

∂t
∆N (V )(t)=− 1

τlong
(∆N (V )(t)−∆N (V )

0 )−2gth[eth(t)pth+c.c.] (6.161)

with the dimensionless parameters eth and pth which are related to the phys-
ical values of the electric field E and polarization P by:

E(t) = −i
√

2hνres

ε0Vmat
eth. (6.162)

and

P (t) = 2
N

(V )
total

Vmat
µmatpth(t) (6.163)

The value gth, which is not a gain coefficient in this case, follows from:

gth = µmat

√
νres

2hε0Vmat
with [gth] = s−1 (6.164)

N
(V )
total describes the total number of particles in the volume Vmat, ∆N (V )

the inverted particles, ∆N (V )
0 the inverted particles without the laser field,

νres the resonance frequency of the resonator, νmat the resonance frequency of
the two-level system of the matter, τres the inverse resonator loss rate, τtrans
the transversal decay time which is the decay of the dipole moment, τlong the
longitudinal decay time which is the decay of the inversion and µmat is the
dipole moment of the matter as a projection in the direction of the electric
field vector. All these values are given as commonly used in these theoretical
investigations.

If the corresponding relaxation rates are very fast the time derivatives of
the particular differential equation can be neglected. The possible operation
modes of these model lasers are determined by the relation of the resonator
lifetime in comparison to the lifetimes of the inversion (in this research field,
called the longitudinal relaxation time) and the polarization (transversal re-
laxation time) of the active material.

Thus class A, B and C lasers are distinguished. Class A lasers show a
much longer resonator lifetime than the other lifetimes and thus only the
derivatives of the eth equation have to be considered. These lasers are there-
fore not chaotic. Class B lasers have comparable resonator and longitudinal
lifetimes which are both longer than the transversal relaxation time. Thus
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both differential equations for eth and dth have to be taken into account.
These lasers can be forced into chaotic behavior by external influences such
as e.g. external feedback. Class C lasers show comparable values of all three
lifetimes and therefore all three differential equations are necessary for the
description. Thus the system has three degrees of freedom and can therefore
be chaotic by itself. For this purpose the laser has to be pumped about 20
times above threshold.

If further nonlinear elements are introduced in the laser resonator such
as e.g. phase conjugating mirrors [6.1238] or crystals for frequency transfor-
mation, the laser emission can be chaotic in time and space. The theoretical
description can be very complicated.

6.11 Laser Amplifier

Laser oscillators are limited in the brightness of their radiation especially if
short pulses or very monochromatic light, very high output powers or pulse
energies are required. Thus the amplification of laser light may be necessary.
It allows the generation of peak powers in the PW range, average output
powers of several 100 W to kW or pulse energies of several 10–100 J with
diffraction-limited beam quality.

The laser amplifier contains an active material which is pumped as in
oscillators but no resonator selects the light properties. Thus the properties
of the amplified light are mostly determined by the properties of the incident
light produced by the laser oscillator but some additional noise may occur.

The pumping of the active material of the laser amplifier is described in
the same way as given for the oscillators in the previous Sects. 6.1–6.4 and
6.8.

Beam combining is applied besides or in addition to amplification for in-
creasing the output power of laser systems. In best case this beam combining
is obtained from a coherent set of sub beams which can be coherently coupled
for a high power beam with very good beam quality and brilliance. These
schemes can be based on special diffractive optic elements and/or optical
phase conjugation. Much easier is the coupling of beams with different po-
larizations or different wavelengths using polarizer or e.g. gratings for the
incoherent beam combining. Examples can be found in [6.1240–6.1248].

6.11.1 Gain and Saturation

Laser amplifiers show a gain or gain factor Gamp which is defined by the ratio
of the intensities (powers or energies) of the light behind the amplifier Iout
divided by the incident Iinc:

gain factor Gamp =
Iout

Iinc
(6.165)

which is the same value as the transmission of the active material but shows
values above 1.
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The small or low signal gain Gamp,ls which can be obtained for small
incident light intensities, which almost do not change the inversion population
in the active material, is given by the cross-section σlaser and the population
inversion density in the active material ∆Namp and the length of the active
material Lamp:

small signal gain Gls = eσlaser∆NampLamp = eglsLamp (6.166)

with the low-signal gain coefficient gls:

small-signal gain coefficient gls = σlaser∆Namp (6.167)

Losses in the active material are neglected. This is usually correct for mod-
ern laser materials. The losses can be introduced in these equations by an
absorption coefficient a resulting in an additional expression aLamp in the
exponent.

The low signal gain Gls can be as high as 10–100 in solid state lasers and
several 1000 in dyes or semiconductors. The inversion population density can
be calculated using rate equations as described in Sect. 5.3.6 (p. 277). On
the other hand the gain can be measured and thus the inversion population
density calculated from the known cross-section and matter length for a given
setup.

If the light intensity reaches higher values in the range of the nonlinear or
saturation intensity I--nl = Inl/hνLaser (see Sect. 5.3) the population densities
will be changed and the gain will decrease as a function of the propagation
coordinate z. This can be modeled using the system of rate equations as given
in Sect. 5.3.6 (p. 277). For three- and four-level schemes the equation for the
inversion population density as a function of the intensity which is a function
of time and space can be written as:
Three-level amplifier system:

∂∆N(I--, t, z)
∂t

=
(
Wpump(t)− 1

τupper

)
N0

−
(
Wpump(t) +

1
τupper

)
∆N(I--, t, z)

−2σlaser∆N(I--, t, z)I--(t, z) (6.168)

and
Four-level amplifier system:

∂∆N(I--, t, z)
∂t

= Wpump(t)N0 −
(
Wpump(t) +

1
τupper

)
∆N(I--, t, z)

−σlaser∆N(I--, t, z)I--(t, z) (6.169)

with the pump rate Wpump, the lifetime of the upper laser level τupper and
the total population density N0.

Using these equations and the photon transport equation:{
∂I--
∂z

+
1
c

∂

∂z

}
I--(t, z) = σlaser∆N(I--, t, z)I--(t, z) (6.170)
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Fig. 6.89. Amplification of light from small signal value to saturation as a function
of the length in the active material Lamp. Shown are the pulse energy E, the local
gain coefficient g and the inversion population density ∆N for four different incident
intensities pulse energies Einc from 1mJ to 1 J saturating the amplifier successively
in this order
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the resulting intensity increase and depopulation of the inversion can be calcu-
lated numerically as a function of space and time. Thus the gain is a function
of time and space, too. The calculated results for the amplification of a ns
pulse in a Nd:YAG laser amplifier are shown in Fig. 6.89 (p. 478).

The Nd:YAG rod was 80 mm long and 6 mm in diameter with a Nd con-
centration of 1.38 · 1020 atoms cm−3. It was assumed to be pumped with 16 J
electrical power per flash lamp pulse of 140 µs duration. The electro-optical
excitation efficiency was 4%.

In the saturation regime the amplification is decreased and thus the in-
tensity increase is slowed down, the inversion population density and the gain
decreased while the light is propagating through the amplifier.

In the small-signal region of the intensity I � Inl the intensity increases
exponentially with the length of the active material. It grows linearly in the
saturation regime with I � Inl [6.1249–6.1258]. The total energy extraction
is higher as the incident pulse energy is larger but it saturates at high values
markedly (above 100 mJ in this example).

6.11.2 Energy or Power Content: Efficiencies

The inversion population density in the amplifier material ∆Namp represents
a stored energy Eamp/V per amplifier volume Vamp which can be transformed
to laser light during amplification:

stored energy per volume Eamp/V =
hc0
λlaser

∆Namp (6.171)

with Planck’s constant h, and the laser wavelength λlaser. This value can be
obtained from the experimentally determined small-signal gain coefficient gls
or vice versa by:

stored energy per volume Eamp/V =
hc0

λlaserσlaser
gls (6.172)

with the emission cross-section of the laser transition σlaser. Values of several
J per cm3 are possible in most laser materials (see Sect. 6.13).

The total stored energy is of course:

total stored energy Eamp = VampEamp/V (6.173)

and the efficiency of the amplification is the share of this energy used for
amplifying the incident laser light. For pulsed lasers this energy content of
the stored energy in the amplifier material can be used directly for this cal-
culation.

For continuously operating laser amplifier systems the powers or tempo-
rally averaged powers have to be used.

The efficiencies such as quantum defect efficiency, quantum efficiency,
opto-optical efficiency, electro-optical efficiency and total efficiency can be
calculated as given in Sect. 6.3.6 (p. 379).

The main problems in building high-power amplifiers is damage and heat-
ing which decreases the quality of the amplified light. The limited efficiency
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results in thermal loads of the active material (see Sect. 6.4). The wall-plug
efficiencies are mostly below 10% and only a few active materials with low
quantum defect such as e.g. Yb doped crystals or semiconductors, reach val-
ues of 20–50%.

6.11.3 Amplifier Schemes

Amplifier schemes are as diverse as laser oscillators with their properties
such as low bandwidth, low noise, short pulses, high-powers and good beam
quality. In the simplest case the amplifier is just a laser without a resonator
in a single-pass supplied from a master oscillator in a master oscillator power
amplifier (MOPA) scheme. As a semiconductor amplifier it has a small size
of, e.g., 1 µm× 10 µm× 1 mm. On the other hand regenerative amplifiers for
ps and/or fs pulses contain, besides the multipass amplifier, also stretchers,
compressors, switches, apertures and other optical components. The largest
amplifier setups such as e.g. in the National Ignition Facility (NIF, USA) and
the similar system in France built for fusion experiments contains more than
10 000 optical elements and many of them have an aperture of almost half a
meter. The total size of these amplifier setups are in the 100 m region. Thus
in each of the schemes discussed below the single amplifier can be expanded
to a chain of two or many amplifiers in a row and several of these rows can
be arranged parallel.

6.11.3.1 Single Pass Amplifier

This scheme is mostly useful for pulsed lasers or lasers with very high gain
as diode lasers or dye lasers. The laser beam from the oscillator passes the
active material once. To avoid damage in the amplifier the beam is expanded
by a telescope as shown in Fig. 6.90.

oscillator

Nd:YAG

rod : ∅ 4 mm
L = 80 mm

Nd:YAG

rod : ∅ 6 mm
L = 90 mm

telescope

amplifier

Fig. 6.90. Schematic of single-pass amplification in a Nd laser system with one
amplifier

The telescope also allows the divergence of the oscillator beam to be
changed. This type of amplification is often used in solid-state or dye lasers. In
diode lasers mostly tapered amplifiers are used for increasing the beam cross
section to avoid damage and obtain high powers. It can be necessary to avoid
the back reflection of amplified light into the oscillator for stable operation
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of it and also to avoid damage. Therefore high quality optical isolation may
be demanded. The amplification can be as high as 10–30. In this scheme
the saturation of the amplifier is often not completely reached. Therefore a
second amplifier or a double-pass scheme can be applied. These single-pass
amplifiers are useful for both ns and ps pulses. A typical Q switch pulse from
the Nd:YAG oscillator pumped with 8 J with 25 ns pulse width and 17 mJ
energy in the single and fundamental mode is, e.g. amplified to 55 mJ in the
first amplifier which is also flash lamp pumped with 16 J and to 160 mJ at
1064 nm in the second amplifier which is flash lamp pumped with 16 J. A ns
dye laser with two amplifiers can emit about 20 mJ with a pulse duration of
10 ns if it is pumped with about 200 mJ of a XeCl-excimer laser at 308 nm.
A single 30 ps pulse from a Nd:YAG laser with an energy of 1 mJ can be
amplified to about 10 mJ in a single-pass amplifier and up to 40 mJ are
possible in a second amplifier. A diode laser with a cw output power of a few
10 mW can be amplified in one tapered amplifier to more than 5 W with
good beam quality and narrow band width. Further examples are given in
[6.1259–6.1268].

If the active material is very highly pumped superradiation or laser action
between the amplifier surfaces has to be avoided, e.g. by Brewster angled
arrangements or antireflection coatings.

6.11.3.2 Double Pass Amplifier

If in a single-pass of the laser light through the amplifier saturation can-
not be reached a double-pass arrangement [6.1269–6.1273] may be used (see
Fig. 6.91)

oscillator

Pol λ/4 M HR

amplifier

Fig. 6.91. Schematic of a double-pass amplifier setup. The polarizer in combination
with the λ/4 plate achieves the out-coupling of the amplified light after the second
pass

This can be necessary for longitudinal mono-mode or other special laser
designs which may emit weak light powers which are below the nonlinear
intensity of the amplifier material if an appropriate beam diameter is chosen.

In this scheme the incident oscillator light is linearly polarized in the
plane of the paper of Fig. 6.91. Before or after the amplifier depending on the
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polarization properties of the amplifier material the polarization is changed
to circular by a quarter-wave plate. The high-reflecting mirror produces the
second pass through the amplifier. Passing the quarter-wave plate on the way
back again the polarization is changed to linear again but the direction is
now perpendicular to the original one which is vertical in Fig. 6.92. Thus the
polarizer reflects the light out of original path. The position of the quarter-
wave plate determines the polarization of the light in the active material. If
necessary a Faraday rotator can be used instead of the quarter wave plate.

Care has to be taken to not get to much light back into the oscillator. This
amplified light can damage the oscillator components by the high intensity.
Further it can disturb the mode selection in the resonator and thus its stable
operation.

This double-pass scheme is again useful for ns or ps pulses. Typically it is
applied for solid-state lasers. For example a 30 ps single pulse of a Nd:YAG
laser with 1 mJ energy can be amplified with one double-pass amplifier to
25 mJ.

Double-pass amplifiers are especially useful in combination with phase
conjugating mirrors as discussed in the last Subsection.

6.11.3.3 Multi Pass Amplifier

Several passes through the same zone of the active material of the multi pass
amplifier [6.1274–6.1284] are useful for weak pulses as they are generated, e.g.
in fs lasers. These pulses cannot saturate the gain in a single-pass. In par-
ticular in dye amplifiers very high gains can be achieved in short interaction
lengths and thus the pulse broadening can be kept small.

The typical scheme of a multipass amplifier is given in Fig. 6.92.

M HR M HR

M HR

M HR

M HR

M HR

M HR

M HR

M HR

M HR

M HR

M HR
M HR

L Labsorber
RG 645

sulforhodamine 101

incident pulse

amplified

pump

Fig. 6.92. Multipass amplifier for fs laser pulses with six transitions through the
active material
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In this example six passes of the laser beam are used. Even eight or twelve
passes have been realized. In these cases additional lenses usually have to be
applied to keep the small diameter of the laser beam in the active material.
For the supression of superradiation from the amplifier a nonlinear absorber
can be used as shown in Fig. 6.92 (p. 482).

For example in such a fs laser dye amplifier with six passes and sulfor-
rhodamine 101 as active material which was pumped by frequency-doubled
Nd:YAG laser light pulses with 10 ns duration and 10 mJ pulse energy, a
single amplification of a factor of about 9 was reached resulting in an over-
all amplification of 5 · 105. The CPM laser pulse energy of 300 pJ at 620 nm
was amplified to an output energy of 150 µJ. With a following single-pass
Berthune cell dye amplifier (see Fig. 6.6, p. 366) a final output energy of 2 mJ
with a pulse width of 100 fs was obtained.

6.11.3.4 Regenerative Amplifier

This type of amplifier operates as a seeded oscillator with active out-coupling
after a certain number of roundtrips (see Fig. 6.93) [6.1285–6.1315]. Thus a
multipass amplification with additional pulse shape regeneration is applied.

MHR

MHR

MHR

MHR

MHR

MHR

L

PC

PCpol.

Ti:sapphire rod
WP

pump
laser

output
beam

pulse expander pulse compressor

fs
oscillator

2 f

MHR

MHR

L

LG G
G

G

Fig. 6.93. Schematic of a regenerative amplifier

If fs pulses should be amplified the original short laser pulse is usually
temporally stretched in a grating arrangement, as shown in the figure before
it is fed into the amplifier. After the required number of passes through the
amplifier material between the high reflecting mirrors MHR it is out-coupled
by switching the polarization via the Pockels cell PC. Then the pulse is
recompressed to its original pulse shape or even providing a negative chirp for
precompensation of further dispersion outside the laser in the experimental
setup [6.1307–6.1315].



484 6. Lasers

Very often this type of amplification is also used to reduce the repetition
rate of the laser pulses from the MHz range to kHz or below. Therefore the
regenerative amplifier is pumped with the lower repetition rate.

E.g. with a Ti:sapphire amplifier pumped by the frequency-doubled radi-
ation of a Nd laser at 1 kHz an incident pulse of 8.5 nJ can be amplified to
1 mJ with a pulse duration of 100 fs or up to 2 ps. Thus the average output
power is 1 W and the peak power 10 GW.

6.11.3.5 Double Pass Amplifier with Phase Conjugating Mirror

In the double-pass amplifier scheme phase conjugating mirrors can be applied
to compensate phase distortions from the active material of the amplifier
[6.1316–6.1357] (see also Sect. 4.5.14, p. 250). Thus the beam quality can be
conserved although the high-power amplifier causes strong phase distortions
in the single-pass. In the simplest case self-pumped phase conjugating mirrors
(PCMs) based on stimulated Brillouin scattering (SBS) can be applied. The
scheme is shown in Fig. 6.94.

oscillator

Pol

amplifier

SBS-
mirror

Faraday
rotator

laser
output

Fig. 6.94. Schematic of a double-pass amplifier with phase conjugating mirror
(PCM) based on stimulated Brillouin scattering (SBS) for compensating phase
distortions in the amplifier material and thus for improving the beam quality

In this double-pass scheme the temporarily constant (as long as the light
is propagating back and forth), phase distortions, e.g. from the thermally
induced refractive index changes in solid-state laser rods, are compensated in
the second pass through the active material because the wave front is phase
conjugated in the SBS mirror. More details are given in Sect. 4.5.14 (p. 250).

With solid-state double-pass MOPAs with phase conjugating mirrors av-
erage output powers of more than 100 W were obtained from a single rod
amplifier [6.1324] and kW were achieved with diode pumped slab amplifier
chains with diffraction-limited beam quality at TRW and LLNL. Because of
the high “threshold” of the SBS mirrors up to now, pulsed radiation can usu-
ally be phase conjugated only in these systems. The highest pulse energies
achieved in SBS-PCM-MOPAs were above 100 J and the smallest values are
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less than 10 µJ. Waveguide geometry allow phase conjugating SBS mirrors for
cw radiation, too. Phase conjugating mirrors based on the photo-refractive
effect have very low thresholds below 1 W but they show very slow reaction
times. They have not yet been used for high-power lasers.

6.11.4 Quality Problems

The laser amplifier usually shall amplify the laser light and conserve its prop-
erties, but the laser amplifier is itself a nonlinear optical device and thus it
will change the properties of the light. Thus precautions are necessary to
conserve low noise, beam quality, pulse duration, and polarization.

6.11.4.1 Noise

The laser amplifier produces additional noise in the laser radiation by sponta-
neous emission in the active material [6.1358–6.1376]. This can decrease the
spectral, temporal, spatial and polarization quality of the laser light. Some
improvements may be possible by using linear filters to conserve, e.g. the
spectrum and polarization of the light. Further, the geometrical construction
with small apertures for the laser beam can reduce the share of spontaneous
emitted light in the beam.

If a linear polarized Gaussian beam of the spectral width ∆νG around the
center frequency νG is amplified in an amplifier with the low signal gain factor
Gamp,0 an additional noise power PG will occur in the output unavoidable
from the amplified spontaneous emission [Weber]:

PG = (Gamp,0 − 1)
Nupper

∆N
hνG∆νG (6.174)

with the inversion population density ∆N and the population density of the
upper laser level Nupper. If the bandwidth or the spatial cross section of
the amplified beam is larger than that of the incident Gaussian beam the
noise power will be linearly increased. Thus spectral, spatial and polarization
filtering may be necessary to realize this minimum.

As an example, a diode pumped Nd:YAG amplifier with 3.600 W optical
pump power from the diodes will allow a maximum average output power
of about 900 W in a Gaussian beam if its depolarization is compensated as-
suming excitation and extraction efficiencies of about 0.5 each. The resulting
average noise power is about 10−7 W for the whole emission band width of
about 120 GHz and only 5 · 10−11 W for a bandwidth of 40 MHz.

In some cases additional nonlinear absorbers can be applied to supress the
noise as, e.g. shown in Fig. 6.92 (p. 482). In any case superradiation from the
amplifier should be avoided by choosing sufficiently short amplifier lengths
or low gain coefficients. Parasitic resonators for the amplifier radiation have
to be excluded by Brewster angles and/or careful antireflection coating of all
relevant optical surfaces.



486 6. Lasers

6.11.4.2 Beam Quality

The transversal shape of the beam can be changed by phase distortions, am-
plitude distortions and other diffraction effects, e.g. from the limited aperture
of the amplifier. Geometrical conditions of pumping and the diameter of the
incident light are important parameters for good beam quality.

Phase distortions can be compensated by phase conjugating mirrors or
other devices, such as e.g. active controlled adaptive mirrors in double-pass
arrangements. Diffraction-limited beam quality was obtained in this way (see
Sect. 6.11.3, p. 480).

Amplitude distortions can not in general be compensated and thus homo-
geneous amplification profiles as a result of well designed pumping is a key
issue for good beam quality. Thermally induced birefringence as in solid-state
laser rods can be avoided using laser materials with strong natural birefrin-
gence such as e.g. Nd:YALO (see Sect. 6.4.2, p. 385). Further, the birefrin-
gence can be compensated by a double amplifier scheme with 90◦ rotator in
between as described in Sect. 6.4.2 (p. 385). In a double-pass amplifier the
scheme can be simplified by using one amplifier and a 45◦ rotator in front of
the mirror.

Phase distortions and birefringence can be compensated in a double-pass
amplifier with a phase conjugating SBS mirror and separate polarization
treatment as shown in Fig. 4.53 (p. 254) in Sect. 4.5.14 (p. 250). In this scheme
the two polarization directions are interchanged after reflection in the phase
conjugating SBS mirror.

Diffraction losses should be avoided by choosing a sufficiently small diam-
eter of the incident light which should be about 1.5 times smaller than the
active material. The best value has to be found experimentally. This differ-
ence in pumped-to-mode volume causes a lack in efficiency. Therefore flat-top
profiles for propagation through the amplifier material have been suggested.

Finally the beam quality can be improved inside the amplifier setup or
after amplification with spatial filters as described in Sect. 6.6.10 (p. 413) and
shown in Fig. 6.44 (p. 414). Because of the high-powers the mode apertures
usually have to be used in vacuum avoiding optical breakdown in air and
sometimes it may even be necessary to cool them with a water cooler.

Some other methods for conserving the quality and polarization of the
beam such as, for example, self-focusing, are discussed in [6.1377–6.1382].

6.11.4.3 Pulse Duration

As a consequence of the dispersion in the amplifier material and other associ-
ated optical components the pulse duration of ps but especially fs pulses can
be lengthened in the amplifier. Thus special treatment for compensation is
necessary. Chirp compensating elements or nonlinear absorbers (see Fig. 6.92,
p. 482) can be applied.

For high-power pulse amplification the laser pulses are often temporally
stretched by more than 100 or 1000 times to decrease the peak power while
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containing the pulse energy (see Sects. 6.11.3 (p. 480), 6.14.2.1 (p. 523) and
[6.1383–6.1396]). Thus the intensity damage threshold of the optical compo-
nents becomes noncritical even for PW-pulses. A typical scheme is given as
part of Fig. 6.93 (p. 483). Sometimes ns-pulses are compressed behind the
amplifier using SBS pulse compression by a factor of about 5–10 reaching
about 1 ns (see Sect. 6.14.2.2, p. 523).

6.12 Laser Classification

Almost all physical and technological properties of the laser are used for
classification. For practical purposes wavelength, output power and operation
mode (pulsed or cw) are most prominent.

6.12.1 Classification Parameters

A list of prominent laser properties often used for classification in science and
technology reads as follows:
• Active Material

Lasers are often named after their active material. This is done directly as
in the Nd:YAG laser, or in classes such as the excimer laser, solid-state laser
and so on. All properties of the active material are used for this grouping.
Details are given in Sect. 6.2.

• Pump Mechanism
As described in Sect. 6.3 the active material can be pumped by other lasers,
lamps or other radiation, electric discharges or chemical reactions. Pumping
can be obtained continuously (cw) or pulsed. The pumping requirements
are different for three- or four-level laser schemes (see Sect. 6.2).

• Wavelength
The wavelength ranges can be classified as X-ray (<1 nm), XUV (1–50 nm),
UV (100–300 nm), Vis (400–700 nm), NIR (800–1500 nm), IR (2–10 µm)
and far IR (>10 µm) with the wavelengths as rough values.
• Temporal Operation: Pulse Width

cw, quasi-cw and pulsed lasers are distinguished. Pulsed lasers can be clas-
sified for long pulses (>1 µs) or short pulses as ns, ps and fs pulses.
• Average Output Power

Average output powers may be classified in the ranges <1 mW (not dan-
gerous), <1 W, <10 W, <50 W, <100 W, <1 kW and >1 kW.
• Bandwidth

Laser bandwidths can be larger than 50 nm and smaller than 10−12 nm
(<1 Hz). Typical values are <1 nm for molecule laser without further re-
strictions and 10−3 nm (GHz) to 10−6 nm (MHz) for lasers with narrow
bandwidth.
• Main Application

The main applications are described in Sect. 1.5 and Fig. 1.4 (p. 7). Material
processing, spectroscopy, communication and medicine are e.g. main fields.
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These properties are given for the different types of lasers in the following
Section.

For theoretical investigations using the laser as a model system the pos-
sible chaotic behavior of the temporal emission is used for classification (see
Sect. 6.10.5, p. 474). Thus class A, B and C lasers are distinguished.

From the point of view of potential eye or skin damage, the lasers are
divided into five safety classes, 1, 2, 3A, 3B and 4, as will be discussed in
Sect. 6.16 in more detail.

0.01 0.1 1 10

Wavelength [µm]

semicondu ctors

dye

color center

excimer

solid state
Fig. 6.95. Wavelength
ranges in which tunable
lasers can be achieved.
The tuning range is
much smaller than the
total ranges shown for
these lasers

6.12.2 Laser Wavelengths

From the application point of view the laser wavelength [6.1397] is often the
most important parameter. In Fig. 6.95 the wavelength ranges of tunable
lasers are depicted. These lasers can be grouped for semiconductor or diode
lasers, solid-state lasers, color center lasers, dye lasers and excimer lasers.

The tuning ranges of the single lasers are much smaller than the given
total ranges. The laser emission wavelengths can be extended by frequency
conversion as second, third, fourth harmonic generation as well as sum and
difference frequency generation and other techniques (see Sect. 6.15).

A general overview of typical values of laser wavelengths, tunability range
per active material, the orders of magnitude of the pulse width and of the
average output power, the beam quality and a rough estimate of the efficiency
are given in Table 6.13 (p. 489).

Many other laser materials and their optical transitions, and e.g. free
electron lasers and XUV lasers, are not considered in this table. All laser
wavelengths can be converted or shifted and thus the wavelength scale is
continuously filled from UV to IR with possible laser radiation.

6.12.3 Laser Data Checklist

Laser prospects and data sheets do not always contain all relevant param-
eters of the laser output and the installation and operation requirements.
A description of such parameters is given in Sect. 6.12.1 (p. 487). The fol-
lowing features may be checked for a sufficient set of information. It should
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be noted that, because lasers can still be quite expensive, details such as
the used definition of the beam quality, background levels, jitter, power and
pointing stabilities etc. and also installation, maintenance and repair costs
may be important decision parameters in comparing different devices. Thus
the following list may be used as a guideline for the evaluation.

Table 6.13. Wavelength, tunability range, pulse width range, average output
power, beam quality and wall-plug efficiency of some lasers

Wavelength Range Laser Pulse Average Beam quality Efficiency
(µm) (nm) width output M2 (%)

0.152 F2-excimer ns 10W
0.193 ArF-excimer ns 10W multimode <2
0.248 1 KrF-excimer ns 10W multimode <2
0.266 4xNd laser µs,ns,ps <1W 1 0.005
0.308 1.5 XeCl-excimer ns 10W multimode <2
0.3-1.1 50 dye laser µs,ns,ps 10W 3
0.3250 HeCd-laser cw 200mW 1 0.1
0.3371 N2-laser ns 100mW multimode <0.1
0.351 XeF-excimer ns 10W multimode <2
0.355 3xNd laser µs,ns,ps 5W 1 0.04
0.4-1.0 20 dye laser cw W 1 0.2
0.41-0.415 GaN-diode cw, ns 50 mW <5 15
0.4416 HeCd-laser cw 10mW 1 0.1
0.4880 Ar+-laser cw 10W 1 <0.1
0.5105 Cu-vapor laser ns 10W 1 1
0.532 2xNd laser cw 100W 5 0.5
0.532 2xNd laser µs,ns,ps 10W 1 <0.5
0.5435 HeNe-laser cw 1mW 1 0.1%
0.5782 Cu-vapor laser µs,ns 10W 1 1%
0.6328 HeNe-laser cw 10mW 1 0.1
0.6471 Kr+-laser cw W 1 <0.1
0.6943 ruby-laser µs,ns W 5 <1
0.7–0.82 alexandrite µs,ns,ps 50W 1 <2
0.7–1.1 300 Ti-sapphire cw,µs–fs 50W, 1W 1 <1
0.72–0.84 Cr:LiCaF cw–fs W 1 <10
0.75–1.0 GaAs-diode cw,ms 1W 300 40
0.78–1.0 Cr:LiSAF cw–fs 1W 1 <2
1.030 Yb-fiber cw–ps W–kW 1
1.030 Yb:YAG cw-ps kW, 100W 10, 1 10
1.04–1.08 Nd laser cw–ps kW, 100 W 30, 1 5
1.1–1.6 InGaAs-diode cw–ms mW 300 40
1.44 Nd laser cw–µs W 3 1
1.4–1.6 color center µs,ns 100mW 1 0.01
1.54 0.3 Er-fiber cw 10W 1
1.55 50 Cr:YAG µs–ps W 1 0.5
2.06 Ho-laser µs,ns W 5
2.6–3.0 HF-laser cw–ms 100W 10
2.9 Er:YAG µs,ns 10W 1 1
5–6 CO-laser cw kW 1 20
9–11,10.6 CO2-laser cw–µs kW 1 20
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6.12.3.1 Output Data

• temporal mode of operation
– cw, quasi-cw or pulsed operation
• average output power

– maximum average output power
– stability and fluctuations of output power and noise
– variability of output power

• pulse energy
– maximum pulse energy which may be a function of the repetition rate
– stability and fluctuations of pulse energies
– variability of pulse energies

• pulse width and shape
– temporal structure such as e.g. single pulses or bursts
– pulse width of single pulses (>1 µs), ns, ps or fs
– shape of the single pulse such as e.g. Gaussian, rectangular
– substructure of single pulses such as e.g. modulations, satellites
– background

• repetition rate
– tuning range of repetition rate
– pulse-to-pulse jitter

• wavelength
– peak wavelength(s)
– bandwidth
– tuning range
– background radiation
– short and long time stability
• wavelength conversion possibilities

– availability of second, third or fourth harmonics
– available optical parametric oscillators or amplifiers
– Raman shifter
• beam quality and divergence

– beam quality should be given as M2 (with power content)
– far-field divergence of the laser beam
– dimensions of the cross-section of the laser beam
– position of the beam waist (inside the laser) would be helpful

6.12.3.2 Installation and Connection to Other Devices

• trigger, jitter and delay
– voltage, impedance and timing of trigger signal to fire the laser pulse
– delay between triggering and laser pulse
– jitter and drift between trigger signal and laser pulse
– which trigger (and pre-trigger) signals are available from the laser for

triggering of other devices
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• installation requirements
– size of laser head, power supply and cooler
– position and direction of the laser beam(s)
– necessary gas supply (quality of gases)
– electrical power and voltage
– weight
– vibrational isolation
– water and/or air cooling
– air conditioning
– dust freeness
– ventilation, e.g. for ozone
• possible distortions

– electromagnetic fields
– distortions at power lines
– mechanical vibrations
– acoustic noise

6.12.3.3 Operation and Maintenance

• operation requirements and maintenance
– necessary changes of gases or liquids such as dyes
– effort required to change components such as diodes, flash lamps, laser

tubes and their lifetime
– cleaning
– realignment cycles
– lifetime of crystals, heating requirements
– maintenance of vacuum and other pumps
• handling

– warming-up time
– computer controlling
– education of operator

6.12.3.4 Prices and Safety

• prices
– price and lifetime of the system
– lifetime and price of expensive and short-lived components such as flash

lamps, diodes, laser tubes, mirrors, crystals, thyratrons
– operating price of electrical power, cooling, air conditioning, and so on
– price of transportation, installation and maintenance

• safety conditions
– laser safety classes
– electrical safety
– chemicals

This catalog can be used as a checklist. A clear definition of which com-
binations of these parameters can be obtained is important.
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6.13 Common Laser Parameters

In this section some basic values for some common types of mostly commer-
cially available lasers are collected in tables. Details, variations and new sys-
tems should be checked from the specialized literature, the large laser confer-
ences and with the laser companies. Some perspectives may be estimated from
the given references, representing mostly scientific results. Further parame-
ters of the lasers and the active materials are given in Tables 6.2 (page 364,
Quantum defect), 6.3 (page 384, thermal properties), 6.4 (page 388, shock
parameter), 6.10 (page 424, stability range), 6.11 (page 430, spectral prop-
erties), 6.12 (page 438, cross sections and life times) and 6.13 (page 489,
wavelength, power).

6.13.1 Semiconductor Lasers

Semiconductor laser diodes [6.1398–6.1402] are small devices with output
powers of a few W. High power laser are built as quantum well structures
with, e.g., up to 20 gain guided regions on the same chip as shown in Fig. 6.96.

1
µm

10 µm
200 µm

Fig. 6.96. Schematic of a power
diode laser consisting of 20 sepa-
rate quantum well structures on
the same chip. The whole struc-
ture is about 1mm deep

A single stripe of this figure can be packaged as a single diode laser which
emits a few mW usually with good beam quality as known, e.g., from laser
pointers. The incoherent coupling of their emission in power lasers as shown
in Fig. 6.96 or in even larger arrangements as shown below will decrease their
beam quality significantly. This can easily be calculated by considering the
geometrical increase of the emitting area and constant beam divergence. Only
coherent coupling schemes or different concepts as oscillator amplifier setups
as well as tapered structures allow for higher output powers with good beam
quality or even high brilliance.
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Diode lasers are applied in data and communication technologies such as
in CD players, in fiber communication, in bar-code readers, as well as in laser
pointers. They can be coupled into fibers.

Diode bars are arrangements of about 10 to 25 of such lasers of Fig. 6.96
(p. 492) on one chip as depicted in Fig. 6.97.
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Fig. 6.97. Schematic of a diode
bar emitting up to 100W av-
erage output power. The whole
structure is about 1mm deep.
Horizontally this bar is built by,
e.g., 25 diode lasers as shown in
Fig. 6.96 (p. 492). The vertical
dimension is strongly enlarged in
the drawing as the numbers show

These bars produce more than 50 W average output power but this light
shows very poor beam quality. Therefore these lasers are mostly used for
diode pumping of high-power solid-state lasers. The beam shape of the diode
bar light with high divergence in the region of 1 rad in the fast axis (vertical
in the figures) with diffraction limited beam quality from a source of 1 µm
in combination with low divergence in the range of 100 mrad from a 10 mm
emitter with very poor beam quality (M2 ≈ 60) is well suited for side pump-
ing of solids state laser rods or slabs resulting in long lines. For end pumping
of rods or pumping of fibers or disks, beam shaping optics have to be used.
Crossed cylinder lenses, light ducts or other optical elements are used for this
purpose and the light of the two axes can be equalized in shape, divergence
and beam quality to reach the best possible average.

Bars cannot typically be air cooled as with single diodes. Peltier elements
or water microcoolers have to be applied. Thermal expansion and other effect
can lead to bending of these bars in the µm range, which is called smile.

For even higher powers these bars can be arranged in stacks of 3–20 or
more bars. These stacks can be mounted together resulting in diode power
block arrays containing 50 or more bars emitting many kW of diode laser light
(see, e.g. Fig. 6.10, p. 369). The beam quality of these arrangements decreases
linearly because these lasers emit not coherent with respect to each other.
Thus one of the future key questions is the coherent coupling for improving
the beam quality of these lasers. However, the smile and all other geomet-
rical defects have to be much smaller than the wavelength for reproducible
constructions.
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Further key issues of these lasers are lifetime, cost and reproducibility,
e.g. of the center wavelength and divergence. Besides the already established
GaAs chip technology resulting in red and infrared emission, new structures
based on GaN were developed. These devices operate in the blue region and,
because of the high market demands (e.g. DVD player and laser TV), strong
further progress can be expected. The emission wavelengths range from 370
to 470 nm with output powers in the range of 20 mW to more than 100 mW
but lifetime is not sufficient in all cases. A 410 nm mid wavelength with
60 mW output power can be purchased today. New laser structures and new
compounds may be developed in the next few years. Vertical emitting diodes
(VCSELs) may serve as an example. Prices are expected to drop in the near
future.
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6.13.1.1 Single-Diode Lasers

Typical laser properties of today’s diode lasers [6.1403–6.1440] are given in
Table 6.14. These diode lasers are used as laser pointers, in CD players,
for aligning purposes and for communication technologies. Laboratory se-
tups may soon become commercial products. 1 W average output power with
diffraction-limited beam quality has been reported using an external res-
onator [6.756]. With external resonators the band width can be decreased
to 25 pm for IR lasers with 0.4 W output power and tuning ranges of 30 nm
[6.1444]. Single longitudinal mode lasers with external cavity and comparable
tuning ranges are available in the 100 mW region. With Bragg index gratings
on the chips of the distributed feed back (DFB) diode lasers single mode
emission with band widths of less than 10 MHz can be obtained with several
100 mW, good beam quality and a small tuning range of about 1 nm (e.g.
0.06 nm/K). Narrow bandwidth lasers are described and external resonators
are used for improving beam quality and spectral selection [6.1441–6.1446].
Pulsed operation is reported in [6.1447–6.1458]. Frequency doubling was real-
ized even in cw operation especially using poled SHG crystals [6.1459–6.1463].
With single amplifiers which are usually tapered these output powers can be
enlarged to several W [6.1470, 6.1471].

Laser with blue emission are described in [6.1435–6.1440, 6.1464–6.1469].

Table 6.14. Some typical properties of diode lasers

GaAs

Active material GaAlAs or GaAs
wavelength 630–1800 nm

780 nm for CD player, 633–675 nm pointer
around 1.3 and 1.55 µm for fiber communication

Level scheme similar to 4
Emission cross-section 1 · 10−19 cm2

Lifetime upper laser level 4 ns
Length of active material 0.2–2 mm
Typical concentration 1017 cm−3

Refractive index 3.5

Operation mode cw, quasi-cw (modulation up to 5GHz)
Pump mechanism electric current at a voltage of 2–3V

gain guided or index guided
Setup single coupled fiber external

emitter emitters coupled resonator
Bandwidth 4 nm 14 MHz
Average output power 1–10mW ≤ 2W 1–100mW ≤ 1W
Beam quality (M2) ≈ 3 60 slow axis ≈ 1 ≈ 1

1 fast axis
Wall-plug efficiency ≤ 40% ≤ 20% ≤ 20%
Cooling system air air, Peltier air, Peltier air
Remarks lifetime ≤ 10000 h



496 6. Lasers

6.13.1.2 Diode Laser Bars, Arrays and Stacks

Diode laser grouping allows very high output powers from small laser de-
vices with high wall-plug efficiency but poor beam quality [6.1472–6.1478].
Commercial systems are usually built with fiber output. Beam shapers are
used before the diode laser light is coupled into the fiber inside the device.
Today’s systems deliver up to 6 kW from a fiber with 1.5 mm diameter and
NA = 0.22 at 940 nm which is a beam propagation factor of 560. Several
approaches have been reported to improve the output parameters of these
laser bars, as e.g. beam shaping and beam combining. Examples are given in
[6.1479–6.1484].

Table 6.15. Some typical properties of commercial diode lasers and diode laser
bars

GaAs – bars, arrays and stacks

Active material GaAlAs or GaAs
Wavelength 630–1800 nm

808 nm for Nd-laser pumping
940 nm for Yb-laser pumping

Level scheme similar to 4
Emission cross-section 1 · 10−19 cm2

Lifetime upper laser 4 ns
level
Length of active 0.2–2mm
material
Typical concentration 1017 cm−3

Refractive index 3.5

Operation mode cw
or pulsed by electrical switching with duty cycles ≤ 30%

Pump mechanism electric current with voltages of 2–3V
gain guided or index guided

Setup diode bar stack array, fiber coupled
of 25 diodes of e.g. 10 bars e.g. 6 stacks

Bandwidth ≈ 4 nm
Average output power 30–50W ≤ 500W ≤ 3 kW ≤ 6 kW
Peak power (pulsed) ≤ 200W ≤ 2 kW ≤ 10 kW ≤ 600W
Beam quality (M2) 2000 2000 12 000 ≈ 700

slow axis, and and
1 fast axis 6000 6000

(300∗) (300∗)
Wall-plug efficiency ≤ 40%
Cooling system Peltier, water water Peltier,

water water
Remarks lifetime ≤ 10000 h
∗ With well-designed collimators for the fast axis of the emitted beam the beam
quality can be improved to this value.
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6.13.1.3 Vertical Cavity Surface-Emitting Lasers (VCSEL)

The short resonator length of VCSELs [6.1485–6.1501] allows narrow band-
widths of a few GHz, high-frequency stability and fast modulation of several
GHz. Wavelength uniformity of less than 2 nm can be guaranteed. Arrays of
10s of single VCSELs can be produced to increase the output power. With
active resonator length tuning using a small air gap between the output
coupler and the active semiconductor, wavelength tuning over about 20 nm
at 960 nm has been reported. Thus these lasers seem to be well suited e.g.
for wavelength division multiplexing (WDM) in communication technologies.
Because of their high geometrical precision these lasers may be used for co-
herent coupling or other related applications such as, e.g. beam steering in
the future.

Table 6.16. Some typical properties of vertical cavity surface-emitting lasers
(VCSEL)

VCSEL

Active material InGaAs
Wavelength 760–970 nm

(950± 20) nm, (850± 10) nm, (770± 10) nm
Level scheme similar to 4
Emission cross-section 1 · 10−19 cm2

Lifetime upper laser level 4 ns
Length of active material wavelength (e.g. 0.950 µm)
Typical concentration 1017 cm−3

Refractive index 3.5

Operation mode cw, quasi cw (modulation up to 5GHz)
Pump mechanism electric current with voltages of 2–3V
Setup single emitter arrays (10× 10)
Bandwidth ≤ 0.1 nm possible
Average output power ≈ 1mW 150mW
Beam quality (M2) 1 200

(8∗)
Wall-plug efficiency ≤ 57%
Cooling system air, Peltier
Remarks Lifetime ≤ 10 000 h
∗ With special microlens collimators the beam quality can be improved to this
value representing the number of linearly coupled lasers.
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6.13.2 Solid-State Lasers

Solid-state lasers cover the whole field of photonics applications and thus a
wide variety of systems is offered. Overviews can be found in [M33, 6.1502–
6.1507]. Microchip lasers with output powers in the mW to W range are
available as well as kW systems. PW systems are built with respect to fusion
experiments. New laser and host materials may become important in the near
future.

Typical laser atoms (ions) are Nd, Cr, Ti, Yb, Er, Pr. Solid-state laser
host materials can be crystals, glasses, ceramics and organic matter. The
crystals can be fluorides or oxides. Typical crystals are YAG (Y3Al5O12),
YALO or YAP (YAlO3), sapphire (Al2O3), GGG (Gd3Ga5O12), GSGG
(Gd3Sc2Al3O12), LiSAF (LiSrAlF6), LiCaF (LiCaAlF6), fosterite (Mg2SiO4),
YLF (LiYF4), YVO (YVO4), GdVO4 and KGW (KGD (WO4)). Glass ma-
terials are phosphate or silicate glasses. Codoping with other atoms may
increase efficiency or allows for other pump sources. Examples are codoping
in Nd:Ce:YAG or Ho:Cr:TM:YAG.

Many combinations have been tried in laboratory setups (see references in
Subsections). The final results are crucially dependent on the quality of the
investigated material. This is important for chemical impurities and for the
optical quality. Therefore new combinations may become important in future
and the technology for these materials will be developed to the necessary stage
if the market demands it.

Other key issues for solid-state lasers in competition with other lasers
are beam quality, efficiency, lifetime, reliability and price. The beam quality
for high-power applications is often required to be below M2 < 5 and the
wall-plug efficiency should be better 10%.
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6.13.2.1 Nd:YAG Lasers

Nd laser [6.1543–6.1637] are very common because of their simple construc-
tion, reliability and large variability. Besides Nd:YAG [e.g. 6.1508–6.1588],
Nd:YALO (also called Nd:YAP) [e.g. 6.44, 6.204, 6.475, 6.779, 6.878, 6.1152,
6.1589–6.1597] laser rod geometries are also applied. Nd:YAG is usually diode
pumped at 808 nm and Nd:YALO should be pumped at 803 nm. Frequency
doubling (SHG), tripling (THG) and double doubling (FHG) is very com-
mon with these lasers, producing green and blue light (see Sect. 6.15). High
powers with good beam quality are realized with slabs [6.1598–6.1605].

Similar results are obtained with Nd:YLF [6.1606–6.1615]. The better
thermal conductivity, smaller thermal lensing and natural birefringence allow
better beam quality of diffraction-limited pulses up to about 50 W. The last
fact is also true for Nd:YALO which shows higher efficiency. The stronger
thermal lens can be compensated, e.g. by phase conjugating mirrors [6.475].
Other Nd materials are investigated in [6.1616–6.1638]. Nd ceramic lasers are
described in [6.1639–6.1648].

Table 6.17. Some typical properties of commercial Nd:YAG lasers

Nd:YAG laser

Active material Nd3+:Y3Al5O12

Wavelength 1064 nm
Level scheme 4
Emission cross-section 3.2 · 10−19 cm2

Lifetime upper laser 230 µs
level
Length of active 5–200mm
material
Typical concentration 1019 cm−3

Refractive index 1.82
Operation mode cw spiking ns ps
Pump mechanism arc lamp flash lamp

diode laser diode laser
(808 nm)

(σ808 nm = 4 · 10−20 cm2)
Pulse width – 60 µs–10ms 1–100 ns 25–500 ps
Bandwidth 0.001–0.1 nm 1011 Hz 0.1–3 GHz 1011 Hz
Average output 0.1–6 kW 0.1W–1 kW 0.5–250W 1–30W
power
Pulse energy – ≤ 100 J 1mJ–100 J 0.5–50mJ
Repetition rate – 1Hz–50 kHz ≤ 50 kHz 1–100Hz
Beam quality (M2) TEM00 to multimode
Wall-plug efficiency <3% 0.5–4% 0.1–2% ≤ 1%
Diode pumping < 20% < 20% < 10% < 10%
Cooling system water water water water
Remarks multirod laser amplifier single pulse

possible systems and amplifier
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6.13.2.2 Nd:YVO Lasers

Another laser crystal with good performance is Nd:YVO [6.1649–6.1685]. It
shows high efficiency in diode pumping and can thus be used to built cw
lasers with probably up to 80 W average output power and very good beam
quality.

This laser is typically end-pumped with diode lasers and water cooled be-
cause of the four times higher absorption (28 cm−1 at 1.0% doping) compared
to Nd:YAG and the eight times larger emission cross section. The absorption
band width is about seven times larger (20 nm) and the emission bandwidth
is with 0.8 nm about twice as large as from Nd.YAG with 0.45 nm. The avail-
able crystal size is currently limited to a few cm and thermally induced stress
limits the maximum output power from these lasers. A similar promising
material is Nd:KGW (Nd:KGd(WO4)) [6.1051, 6.1686, 6.1687, 6.1634] which
shows low threshold, natural birefringence and high efficiency. Nd:YVO can
be diode pumped at 809 nm. Further Nd materials as e.g. Nd:GdVO4 are
described in [6.1688–6.1705].

Table 6.18. Some properties of Nd YVO lasers

Nd YVO laser

Active material Nd3+:YVO4

Wavelength 1,069 nm, 1,342 nm
Level scheme 4
Emission cross-section a-cut: 2.5 · 10−18 cm2 at 1,069 nm,

7 · 10−19 cm2 at 1,342 nm
Lifetime upper laser level 50–90 µs (3at%–1at%)
Length of active material 5–70mm
Typical concentration 1.7 · 1019 cm−3

Refractive index 1.95 (a) 2.17 (c)

Operation mode cw ns
Pump mechanism diode laser (σ808 = 1.4 · 10−19 cm2)
Pulse width 60 µs–10ms 10–100 ns
Bandwidth up to 8 · 10−12 Hz
Average output power ≤ 40W ≤ 5W
Pulse energy 0.5mJ
Repetition rate ≤ 30 kHz
Beam quality (M2) TEM00 to multimode
Wall-plug efficiency ≤ 4%
Cooling system Water
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6.13.2.3 Nd Glass Laser

Nd glass laser material [e.g. 6.1706–6.1732] can be produced in bigger active
volumes compared to Nd:YAG laser crystals and is therefore used in appli-
cations with large mode diameters as for lasers with short pulses and very
high peak powers. Beam diameters of several 10 cm are used for special ap-
plications. The bad thermal conductivity of this material excludes it from
applications with high average output powers in usual rod laser systems.

Table 6.19. Some typical properties of Nd glass lasers

Nd glass laser

Active material Nd3+:phosphate or silicate glass
Wavelength 1054–1062 nm
Level scheme 4
Emission cross-section 2.7–4 · 10−20 cm2

Lifetime upper laser level 290–340 µs
Length of active material 5–500mm
Typical concentration 1020 cm−3

Refractive index 1.5–1.57

Operation mode spiking ns ps
Pump mechanism flash lamp

diode laser
Pulse width 60 µs–10ms 1–100 ns 10–500 ps
Bandwidth up to 8 · 1012 Hz
Average output power ≤ 1W
Pulse energy ≤ 500 J 1mJ–200 J 0.5–10mJ
Repetition rate ≤ 10Hz
Beam quality (M2) TEM00 to multimode
Wall-plug efficiency ≤ 1%
Cooling system water
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6.13.2.4 Yb:YAG Laser

Ytterbium:YAG as an active material [e.g. 6.1718–6.1741] has a very small
quantum defect if it is diode pumped at 940 nm and thus the thermal prob-
lems are strongly reduced. The laser crystal finds increasing applications in
the high-power range, especially in material processing. The small thermal
load allows very good beam quality even at the highest powers. Values close
to M2 = 1 are reported with average powers of 100–200 W. This crystal is
used as rod or as a thin slices (see Sect. 6.3.1, p. 365). Other Yb materials
are investigated in [6.1742–6.1785]. Short pulse results from the last years are
reported in [6.1786–6.1805].

Table 6.20. Some typical properties of commercial Yb:YAG lasers

Yb:YAG laser

Active material Yb3+:Y3Al5O12

Wavelength 1030 nm
Level scheme 3
Emission cross-section 3.3 · 10−20 cm2

Lifetime upper laser level 1160 µs
Length of active material 10–80mm 0.2–3mm
Typical concentration 1020 cm−3 9 · 1020 cm−3

Refractive index 1.82

Operation mode cw, spiking, ns, ps, fs
Pump mechanism diode laser (σ940 nm = 7.5 · 10−21 cm2)
Pulse width cw – 10 fs
Bandwidth monomode – nm
Average output power 50W 500W
Pulse energy 0.1–8 J 0.1–1 J
Repetition rate cw, Hz, kHz, MHz
Beam quality (M2) ≤ 10 (TEM00)
Wall-plug efficiency ≤ 10% ≤ 20%
Cooling system water water, Peltier
Remarks
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6.13.2.5 Ti:sapphire Laser

The Ti:sapphire laser [e.g. 6.1806-6.1854] is mostly used for the generation
of short pulses in the ps and fs range and for tunable lasers at the red end
of the visible spectrum. It is usually pumped by frequency-doubled Nd lasers
around 530 nm. The fs pulses with pulse energies of usually less than 1 µJ can
be amplified in regenerative amplifiers to values in the mJ region easily and
up to many J in large amplifier setups. The repetition rate goes then down
from 80 MHz of the oscillator to 1 kHz of a few Hz, only. By doubling this
radiation the blue spectral range can be covered. The green and yellow range
in between can be generated by OPO or OPA systems which are commercially
available, e.g. for fs and ps lasers (see Sect. 6.15.2, p. 527).

The Ti:sapphire laser has become a workhorse in science and may find
new applications in industry using short pulses. Thus it is very useful in
measuring technologies. Another advantage may be its broad emission band
enabling it to be as a broad-band laser source with good beam quality and
high-powers.

Table 6.21. Some typical properties of commercial Ti:sapphire lasers

Ti:sapphire

Active material Ti:Al2O3

Wavelength 700-950 nm
Level scheme 4
Emission cross-section 3 · 10−19 cm2 (at 800 nm)
Lifetime upper laser level 3.2 µs
Length of active material 3–30mm
Typical concentration 1020 cm−3

Refractive index 1.76 (birefringent)

Operation mode cw ns ps fs
Pump mechanism argon laser, SHG-Nd laser pump

longitudinal (σ550 nm = 2–5 · 10−20 cm2)
Pulse width – 2–100 ns 1–50 ps 5–100 fs
Bandwidth ≤ 2GHz ≤ 1 nm ≤ 1 nm 60–100 nm
Average output power ≤ 50W 1–2W ≤ 1W ≤ 1W
Pulse energy – ≤ 100mJ ≤ 1mJ ≤ 1mJ
Repetition rate – 1Hz–40Hz ≤ 1 kHz ≤ 1 kHz
Beam quality (M2) TEM00 to multimode TEM00

Wall-plug efficiency up to 8% 0.5–1% 0.1–1% ≤ 1%
Cooling system water, Peltier cooler
Remarks laser pumping flash lamp longitudinal pumped

pumping amplified
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6.13.2.6 Cr:LiCAF and Cr:LiSAF Lasers

These laser materials [6.1855–6.1888] can be pumped directly with diode
lasers e.g. around 670 nm and thus very small devices can be produced. The
emission is in the red and the near IR spectral region. They provide tunable
or broad-band emission in the red and IR which can be frequency converted
to the visible. Thus short pulses can be generated from handy lasers. The
potential of these lasers is not fully developed yet.

Table 6.22. Some properties of Cr:LiCAF and Cr:LiSAF lasers

Cr:LiCAF Cr:LiSAF

Active material Cr3+:LiCaAlF6 Cr3+:LiSrAlF6

Wavelength 720–840 nm 780–1010 nm
Level scheme 4
Emission cross-section 1.3 · 10−20 cm2 4.8 · 10−20 cm2

Lifetime upper laser level 170 µs 67 µs
Length of active material ≤ 20mm ≤ 20mm
Typical concentration 7 · 1020 cm−3 3 · 1020 cm−3

Refractive index 1.39 1.4

Operation mode pulsed cw, pulsed
Pump mechanism flash lamp, laser, flash lamp, laser,

diode lasers diode lasers
(670 nm) (680 nm)

Pulse width ≥ 10 ns cw, ≥ 10 ns
Bandwidth ≤ 100 nm ≤ 200 nm
Average output power W 1W (cw), 100mW (ns)
Pulse energy ≤ 100mJ ≤ 100mJ
Repetition rate ≤ 10 kHz ≤ 10 kHz
Beam quality (M2) TEM00 to multimode
Wall-plug efficiency ≤ 10% ≤ 2%
Cooling system water, air
Remarks first results

Cr:YAG [6.1889–6.1891] as active material provides laser emission in the
IR around 1.5 µm. This laser can be pumped with, e.g. Nd:YAG laser radi-
ation at 1.06 µm. The possible broad-band emission can be converted to the
visible range. Besides alexandrite and ruby are other Cr lasers as Cr-fosterite
[6.1892–6.1907] and as given in [6.1908, 6.1911] possible.
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6.13.2.7 Alexandrite Laser

This laser crystal shows a wide spectral gain and can thus be used for tunable
lasers [6.1912–6.1918]. The material can also be used in mode-locked lasers
reaching 8 ps pulses. The specifications can be compared with the Ti:sapphire
laser parameters.

Table 6.23. Some typical properties of alexandrite lasers

Alexandrite laser

Active material Cr3+:BeAl2O4

Wavelength 700–818 nm
Level scheme 4
Emission cross-section 1 · 10−19 cm2

Lifetime upper laser level 260 µs
Length of active material 30–100mm
Typical concentration 6 · 1020 cm−3

Refractive index 1.73–1.74 (birefringent)

Operation mode spiking ns
Pump mechanism flash lamp
Pulse width 200 µs 20 ns
Bandwidth ≤ 100 nm, 5 · 10−13 Hz
Average output power ≤ 50W
Pulse energy ≤ 1 J
Repetition rate ≤ 100Hz
Beam quality (M2) TEM00 (to multimode)
Wall-plug efficiency ≤ 2%
Cooling system water
Remarks twice the thermal conductivity of YAG



506 6. Lasers

6.13.2.8 Erbium (Er), Holmium (Ho), Thulium (Tm) Laser

These lasers [6.1919–6.2009] are used mainly in medical applications because
of the high absorption of their radiation in water and in atmospheric research
and military applications because of their IR emission. These lasers are also
eye-safe. The laser setup needs special optics for the IR wavelengths and is
therefore not easy to achieve. The Q switch can be carried out with a frus-
trated total reflection (FTIR) shutter between two glass prisms with a narrow
air gap which is modulated with a piezo-driver (see Sect. 6.10.2, p. 454).

Table 6.24. Some properties of erbium and holmium lasers

Er:YAG CTH:YAG

Active material Er3+:Y3Al5O12 Cr3+:Tm3+:Ho3+:Y3Al5O12

Wavelength 2940 nm 2080 nm
Level scheme 3
Emission cross-section 3 · 10−20 cm2 4.5 · 10−19 cm2

Lifetime upper laser level 100 µs 3.6ms
Length of active material 20–120mm 50–100mm
Typical concentration 7 · 1021 cm−3 1017 cm−3

Refractive index 1.82 1.82

Operation mode pulsed pulsed
Pump mechanism flash lamp, diode lasers flash lamp

(680 nm)
Pulse width 100–1000 µs, 20 ns 200–300 µs
Bandwidth ≤ 0.1 nm
Average output power ≤ 50W ≤ 40W
Pulse energy 0.1–8 J ≤ 3.5 J
Repetition rate 1–50Hz 20Hz
Beam quality (M2) 10 (TEM00 to multimode)
Wall-plug efficiency 0.2–3% ≤ 2%
Cooling system water water
Remarks Q switch with

FTIR-shutter
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6.13.2.9 Ruby Laser

The ruby laser [6.1, 6.183, 6.335, 6.702, 6.703, 6.840, 6.889, 6.965, 6.1257,
6.2442] was the first laser. It was pumped with flash lamps. Despite the quite
expensive ruby crystals this laser is still used because of the wavelength in
the red and the high peak powers possible in Q switch operation. Rods of
10 mm diameter are available.

Table 6.25. Some typical properties of ruby lasers

ruby laser

Active material Cr3+:Al2O3

Wavelength 694.3 nm
Level scheme 3
Emission cross-section 2.5 · 10−20 cm2

Lifetime upper laser level 3ms
Length of active material 10–200mm
Typical concentration 8 · 1020 cm−3

Refractive index 1.76 (birefringent)

Operation mode spiking ns ps
Pump mechanism flash lamp
Pulse width 200 µs 10–30 ns 10 ps
Bandwidth 0.53 nm (3.3GHz)
Average output power 1W
Pulse energy ≤ 100 J
Repetition rate ≤ 5Hz
Beam quality (M2) TEM00 (to multimode)
Wall-plug efficiency ≤ 1%
Cooling system water
Remarks long thermal relaxation time
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6.13.2.10 Er fiber Lasers

Fiber lasers [6.2010–6.2061] have good cooling conditions and thus the ther-
mal problems are negligible. Single-mode fibers allow perfect beam quality.
Short pulses are possible. The small out-coupling fiber cross-section limits the
maximum peak power of such lasers. Nevertheless, fiber lasers may become
more important in the future. As an example the data of Er:fiber lasers are
given in Table 6.26 as it is applied, e.g. in telecom.

Table 6.26. Some properties of Er fiber lasers

Er fiber

Active material Er3+:glass
Wavelength 550 nm, 1,550 nm, 3,500 nm
Level scheme 3
Emission cross-section 3 · 10−20 cm2

Lifetime upper laser level 8ms
Length of active material 0.3–5m
Typical concentration 3 · 1020 cm−3

Refractive index 1.53

Operation mode cw, pulsed, ps, fs
Pump mechanism (Ti:sapphire) laser, diode lasers
Pulse width cw, ≥ 100 ns
Bandwidth ≤ 0.1 nm
Average output power ≤ 1W
Pulse energy ≤ 100mJ
Repetition rate ≤ 2 kHz
Beam quality (M2) TEM00

Wall-plug efficiency depends on pump laser
Cooling system air
Remarks further development
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6.13.2.11 High power fiber lasers

High power fiber lasers [e.g. 6.2062–6.2081] provide excellent beam quality
because of the low thermal distortions from the active material. Progress
in diode lasers and fiber technology allowed the setup of fiber lasers with
output powers of more than 1 kW, and with coherent beam combining the
multi 10 kW level is aimed for. The maximum output power is limited by
the pump power delivery and damage threshold of the fiber facets on one
side and the nonlinear processes on the other with stimulated Brillouin and
Raman scattering (SBS and SRS) as the most important ones. Besides the cw-
operation short pulses, especially with ps- and fs duration with high average
output powers in the 100 W range, were generated. The growing availability
and use of micro structured fibers (MSF) or sometimes called photonic crystal
fibers (PCF) has led to new windows of operation and will promote further
developments.

Table 6.26.1. Some typical properties of high power fiber lasers

Yb fiber laser

active material Yb3+:glass
wavelength 1,030 nm
level scheme 3
emission cross section 6 · 10−21 cm2

life time upper laser level 0.72–1.35 µs (function of concentration)
length of active material several m
typical concentration 1.000–5.000 ppm
refractive index 1.45
operation mode cw table arrangement, pulsed
pump mechanism diode laser (980 nm)
pulse width cw ns, ps, fs
band width monomode - nm
average output power kW ≈ 100 W
pulse energy 0.1–8 J 0.1–1 J
beam quality (M2) ≈ 1 (TEM00)
wall-plug efficiency ≤20% ≤ 10%
cooling system diode cooling
remarks strong development
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6.13.3 Gas Lasers

Gas laser are pumped via electrical discharges longitudinal or transversal to
the laser beam and inelastic collisions of the electrons with the laser molecules
or atoms (see Sect. 6.3.3, p. 375).

6.13.3.1 XeCl, KrF and ArF Excimer Lasers

Excimer lasers [e.g. 6.2082–6.2086] can be operated with XeCl, KrF, ArF and
XeF excimer molecules. In addition, usually several buffer gases such as, e.g.,
argon or neon, are used to adjust the velocity and density of the accelerated
electrons for best collision cross section. These lasers emit at least partly
superradiation and thus the beam quality is very poor. Nevertheless the high
average output powers in the UV make them attractive light sources, e.g.
for pumping of pulsed dye lasers, for chemistry, for industrial applications in
lithography and material processing as well as in medicine.

Table 6.27. Some typical properties of commercial XeCl and KrF lasers

XeCl KrF ArF

Active material XeCl-excimer KrF-excimer ArF-excimer
Gas mixture (example) 80 mbar of 5% 7.5mbar of F2 1.3mbar of F2

HCL in He 22.6mbar of Kr 40mbar of Kr
60mbar of Xe 1100mbar of He 1100mbar of He

2760mbar of Ne
500mbar of He

Wavelength 308 nm 248 nm 193 nm
Level scheme 4
Emission cross-section 4.5 · 10−16 cm2 2.4 · 10−16 cm2 2.9 · 10−16 cm2

Lifetime upper laser level 11 ns 7 ns 4.2
Length of active material 50–1500mm
Typical concentration 1014 cm−3

Refractive index � 1

Operation mode ns
Pump mechanism transversal electrical discharge: 10–30 kV, kA, ns

Electron temperature ≈ 5 eV
Pulse width 5–20 ns
Bandwidth 2 nm 0.5 nm
Average output power 1–100W
Pulse energy 100mJ–10 J
Repetition rate 10Hz–1 kHz
Beam quality (M2) multimode: beam size ≈ 5× 20mm2,

divergence ≈ 1mrad
Wall-plug efficiency ≤ 2%
Cooling system water for powers ≤ 10W
Remarks gas exhaust, gas exchange weekly to monthly
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6.13.3.2 N2 Laser

Nitrogen lasers [e.g. 6.2087–6.2089] are useful as a low-cost UV light source for
direct use or for pumping of pulsed dye lasers. Because of the long lifetime
of the lower laser level the maximum average output power and the pulse
duration are limited and thus excimer lasers are often favored instead of N2
lasers.

Table 6.28. Some typical properties of nitrogen lasers

nitrogen laser

Active material N2

Wavelength 337.1 nm
Level scheme 3
Emission cross-section 4 · 10−13 cm2

Lifetime upper laser level 40 ns
Length of active material 100–1000mm
Typical concentration 1011 cm−3

Refractive index � 1

Operation mode ns sub ns
Pump mechanism transversal electrical discharge: 10–30 kV, kA,

ns electron temperature 10 eV
Gas mixture 100mbar of N2 1 bar of N2

Pulse width 2–8 ns 500 ps
Bandwidth 0.1 nm
Average output power 3W ≤ 1W
Pulse energy ≤ 100mJ ≤ 5mJ
Repetition rate ≤ 200Hz
Beam quality (M2) multimode: beam size in the range of ≤ 5× 20mm2,

divergence in the range of 1–5mrad
Wall-plug efficiency ≤ 0.1%
Cooling system air
Remarks N2 flow of 2 to 30 l/min at relatively compact

100 mbar necessary
for high-powers

6.13.3.3 Home Made N2 Laser

The principle of the nitrogen laser is so simple that it is possible to built
such a laser almost completely from scratch. The scheme is given in Fig. 6.98
(p. 512).
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15 kV
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spark gap :
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(M1)

mirror holder 2

Fig. 6.98. N2 laser with 500 ps pulse width at 337 nm as a self made construction.
The foot print of this device is about 300mm × 500mm

Air at normal pressure can be used as the active material. A simple Al
mirror can be used as mirror M1 and a quartz plate as mirror M2. M2 can
even be leaved out and the laser will emit superradiation.

The only expensive device in this construction is the electric power
supply providing more than Usource ≥ 10 kV. From the resistor R1 ≥
(Usource/Isource)max based on the maximum current Isource of the power sup-
ply it follows that the maximum repetition frequency of the laser with ca-
pacitance C is frep ≈ 1/2π(R1C). R2 has to be somewhat smaller than R1.

The main capacitors are made from electric circuit board material pro-
viding a capacitance of 3 pF cm−2. Thus the whole capacitance is about 4 nF.
Care has to be taken for avoiding sharp edges in the construction of the
high-voltage elements, otherwise sparks may occur and damage the system.

Also the spark gap [6.2089] can be home-made simply from brass. Its
distance has to be adjusted for breakthrough slightly below maximum voltage
of the power supply.

The laser can be easily upgraded in performance and reliability by using
good optics, a thyratron as switch, a sealed discharge chamber with tungsten
electrodes filled with N2 and Cu sheets of two or more mm thickness with
rounded edges in the high-voltage part against unwanted discharges.
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6.13.3.4 He-Ne Laser

Helium-neon lasers are used typically with red light at 633 nm for aligning or
other low power applications. The good beam quality, availability of linear or
circular polarization and high frequency and power stability of these lasers
make them useful for calibration and aligment problems.

Table 6.29. Some typical properties of He-Ne lasers

He-Ne laser

Active material Ne
Wavelengths 543.3 nm (green), 594.1 nm (yellow), 611.8 nm,

632.8 nm (red),
1152.3 nm, 1523.1 nm, 2395.1 nm, 3391.3 nm

Level scheme 4
Emission cross-section 3 · 10−13 cm2 (632 nm), 2 · 10−14 cm2 (543 nm)
Lifetime upper laser level 170 ns (633 nm)
Length of active material 100–1500mm
Typical concentration 3 · 109 cm−3

Refractive index � 1

Operation mode cw
Pump mechanism longitudinal electrical discharge,

inelastic collision He*+Ne→He+Ne*
electron temperature ≈ 10 eV

Gas mixture He:Ne as 5:1 (for 633 nm); and,
e.g. as 9:1 (for 1.15 µm)

Bandwidth 1.5GHz (633 nm), 1.75GHz (543 nm)
Average output power 0.5–50mW

typical 5mW at 632 nm
Beam quality (M2) TEM00

Wall-plug efficiency � 0.1%
Cooling system air
Remarks reliable

Mode-locked He-Ne lasers have been reported to produce ps pulses at the
red line [6.2397]. The repetition rate was MHz. In cw-operation the band-
width is limited by Doppler broadening in the active gas mixture.
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6.13.3.5 He-Cd Laser

Helium-cadmium lasers are useful in low-power cw applications in the blue
spectral range, (see also [6.2090]). They are in increasing competition with
blue diode lasers or frequency doubled red diode lasers.

Table 6.30. Some typical properties of He-Cd lasers

He-Cd laser

Active material Cd+ (300 C)
Wavelength (325.0 nm, 353.6 nm) 441.6 nm
Level scheme 4
Emission cross-section 9 · 10−18 cm2

Lifetime upper laser level 810 ns
Length of active material 0.25m–1.5m
Typical concentration 4 · 1016 cm−3

Refractive index � 1

Operation mode cw
Pump mechanism longitudinal electrical discharge: 10–30 kV, kA, ns

electron temperature ≈ 6 eV
Gas mixture 10mbar of He, 0.1mbar of Cd
Bandwidth 0.1 nm
Average output power 10–200mW
Beam quality (M2) TEM00 or multimode
Wall-plug efficiency ≤ 0.1%
Cooling system air
Remarks
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6.13.3.6 Ar and Kr Ion Lasers

Argon and krypton lasers [6.2091–6.2094] are very common in science for cw
applications and quasi-cw mode-locked lasers in the ps range. Thus, e.g. fs
CPM dye lasers (see Sect. 6.10.3, p. 460) or Kerr lens mode-locked Ti:sapphire
lasers (see Sect. 6.10.3, p. 460) are pumped with a 5 W Ar laser. The high
power argon or krypton lasers have very high operating costs caused by the
neccessary two-year exchange of the expensive laser tube, and the low ef-
ficiency. Nevertheless, they are still widely used because of their attractive
wavelengths in the visible in the blue, green and red and comparably low
prices for low power systems.

Table 6.31. Some typical properties of commercial Ar and Kr ion lasers

Ar and Kr ion laser

Active material Ar+ Kr+

Wavelength 514.5 nm, 488.0 nm 647.1 nm
Level scheme 3
Emission cross-section 2.5 · 10−12 cm2

Lifetime upper laser level 9 ns
Length of active material (0.5 m–)2m
Typical concentration 2 · 109 cm−3

Refractive index � 1

Operation mode cw, mode-locked
Pump mechanism longitudinal electrical low pressure discharge:

30–150A cm−2

electron temperature ≈ 30 eV
Gas pressure 0.01–1mbar
Pulse width cw or 500 ps
Bandwidth 4-12GHz single line, multi line
Average output power 1–3W in single line

10W in strong lines (e.g. 488 nm)
20W in multiline

Pulse energy ≤ 100mJ ≤ 5mJ
Repetition rate MHz in mode locking regime
Beam quality (M2) TEM00

Wall-plug efficiency ≤ 0.1%
Cooling system water (up to 60 kW)
Remarks magnetic field within discharge tube to increase

current density, automatic gas refill system,
expensive gas tubes of the high power lasers

have to be replaced (2 years)



516 6. Lasers

6.13.3.7 Cu (Au, Pb) Vapor Lasers

Lasers with copper vapor as the active material [6.2095–6.2112] provide high
average output powers of several 10 W in the green and yellow spectral region
with high repetition rates. The beam quality can be excellent and thus these
lasers find applications from spectroscopy to material processing.

Table 6.32. Some typical properties of Cu-vapor lasers

Cu vapor laser

Active material Cu vapor (1480–1530◦C)
Wavelength 510.6 nm 578.2 nm
Level scheme 3
Emission cross-section 8.6 · 10−14 cm2 1.25 · 10−13 cm2

Lifetime upper laser level 500 ns 610 ns
Length of active material 0.5m–2m
Typical concentration 8 · 1013 cm−3

Refractive index � 1

Operation mode pulsed
Pump mechanism longitudinal electrical discharge

tube temperature 1500◦C
electron temperature ≈ 5 eV

Gas mixture 1mbar Cu vapor, 40mbar buffer
Pulse width 10–50 ns
Bandwidth 3GHz
Average output power 5–70W
Pulse energy 1mJ–50mJ
Repetition rate 1–100 kHz
Beam quality (M2) TEM00

Wall-plug efficiency 1%
Cooling system water, air
Remarks maintenance each 500 h

The same laser construction operates with gold or lead. The laser wave-
lengths are then 627.8 nm and 722.9 nm.
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6.13.3.8 CO2 (CO) Lasers

CO2 lasers [e.g. 6.2113–6.2120] emit in the far IR at 10.6 µm with possibly
very high average output powers and pulse energies. They are very efficient.
Thus material processing in machinery especially in the car industry and in
medicine are the main applications.

Table 6.33. Some typical properties of CO2 lasers

CO2 laser

Active material CO2

Wavelength 10 600 nm (9400 nm)
Level scheme 4 at low temperatures → 3 at high temperatures
Emission cross-section 1 · 10−16 cm2

Lifetime upper laser level 10 µs
Length of active material 0.3m–2m
Typical concentration 3 · 10−17 cm−3

Refractive index � 1

Operation mode cw pulsed
Pump mechanism transversal electrical discharge, DC or AC

electron temperature ≈ 4 eV
Gas mixture rapid gas flow, CO2:N2 = 0.8:1

gas temperature 300◦C
20mbar 1 bar

Pulse width cw 45 ns–15 µs
Bandwidth 6 · 107 Hz
Average output power typical 5 kW, ≤ 100 kW 1kW
Pulse energy ≤ 10 kJ
Repetition rate ≤ 1 kHz
Beam quality (M2) multimode or TEM00

(long wavelength ⇒ large beam parameter product)
Wall-plug efficiency 10–20% ≤ 30%
Cooling system water

This laser acts between vibrational levels of the molecule. Because of
the long wavelength in the far IR the focused spot size is, for a diffraction-
limited beam more than 10 times larger than for visible lasers. The CO laser
is operated in a similar way. Its emission wavelength is in the range of 5–6 µm.
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6.13.4 Dye Lasers

Dye lasers can in principle be built with wavelengths between 300 and
1000 nm with tuning ranges of several 10–100 nm [6.2121–6.2146]. They find
themselves in strong competition with solid state laser coupled with nonlin-
ear frequency converters. As example the tuning curves of several dyes in a
commercial laser with ns pulse emission are given in Fig. 6.99.
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Fig. 6.99. Tuning curves of several dyes in a commercial dye laser with pulsed
excitation [6.2144]

These dyes have a limited lifetime as shown for some examples in
Table 6.34 and thus they are often limited to scientific applications.

Table 6.34. Life time of some laser dye solutions (after [6.2144])

Dye Solvent Wavelength Excimer cw pumped
(nm) pumped

p-terphenyl cyclohexane 340 451Wh
Polyphenyl 1 dioxane 380 870Wh
Stilbene 3 methanol 430 14Wh 300Wh
Coumarine 102 methanol 480 244Wh 100Wh
Rhodamine 6G methanol 590 316Wh 1000Wh
DCM DMSO 650 348Wh 500Wh
Rhodamine 700 methanol 700 80Wh 1000Wh
Styryl 9 DMSO 840 73Wh 500Wh
HITCI DMSO 875 12Wh 100Wh
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6.13.4.1 cw and Quasi-cw (Mode-Locked) Dye Lasers

Continuously operating dye lasers [e.g. 6.2147–6.2150] were typically pumped
with ion gas lasers. They can show narrow bandwidths in cw operation. The
dye laser can be mode-locked or pumped with mode-locked pulses resulting
in ps or fs dye laser pulses. The dye solution is used in jets.

Table 6.35. Some typical properties of cw dye lasers

cw-dye laser

Active material laser dyes
Wavelength 410–890 nm
Level scheme 4
Emission cross-section ≤ 10−16 cm2 (maximum)
Lifetime upper laser level 1–10 ns
Length of active material ≤ 0.5mm
Typical concentration 1017 cm−3

Refractive index 1.4 (solvent dependent)

Operation mode cw
Pump mechanism laser pumped: Ar-ion, SHG of Nd laser

dye jet, focus diameter ≈ 50 µm
Bandwidth broad band 1MHz (≤ 0.5MHz possible)
Average output power 1.2W ≤ 0.8W
Beam quality (M2) TEM00

Opto-optical efficiency ≤ 13% 20%
Cooling system water
Remarks dye jet with pump,

dyes need to be changed (approximately weekly),
frequency stabilization possible with active

resonator control



520 6. Lasers

6.13.4.2 Pulsed Dye Lasers

Spiking dye lasers were built with flash lamp pumping. Mode-locked fs dye
lasers are usually pumped with cw lasers. Dye lasers with ns or ps pulses
are pumped by ns pump lasers such as e.g. excimer, nitrogen or frequency-
converted solid-state lasers [6.2151–6.2176]. Dyes in polymers may allow new
lasers [6.2153–6.2168].

Table 6.36. Some typical properties of pulsed dye lasers

pulsed dye laser

Active material dyes
Wavelength 580–650 nm 300–1200 nm 400–900 nm 570–650 nm
Level scheme 4
Emission cross-section ≥ 10−16 cm2 (maximum)
Lifetime upper laser level 1–10 ns
Length of active material 50–200mm 5–50mm 0.3mm 0.3mm
Typical concentration 1020 cm−3 (concentration of 10−2–10−4 mol l−1)
Refractive index 1.5 (solvent dependent)

Operation mode spiking ns ps fs
Pump mechanism flash lamp excimer or ps ion laser cw laser

transversal nitrogen laser dye jet dye jet
dye cell dye cell

Pulse width 60 µs–10ms 1–30 ns 1–50 ps ≥ 50 fs
Bandwidth up to 6GHz sub nm nm

8 · 10−12 Hz 30MHz
possible

Average output power several W 1W 100mW 50mW
Pulse energy several J ≤ 1mJ 0.1mJ 400 pJ
amplified 10mJ 5mJ (10Hz) 1mJ (10Hz)
Repetition rate ≤ 10 1–100Hz ≥ 50MHz ≈ 100MHz
Beam quality (M2) TEM00 to multimode TEM00 TEM00

multimode
Opto-optical efficiency 10% ≤ 15% ≤ 5% ≤ 1%
Cooling system dye circulation, water, air
Remarks high-power usually amplified,

possible dye exchange weekly

6.13.5 Other Lasers

XUV-light sources [6.2177–6.2230] can be built by laser-induced plasma gen-
eration, e.g. with metal atoms. The resulting emission shows wavelengths of a
few nm up to 40 nm. In particular, laser radiation in the transmission window
of water from 2 nm to 4 nm will find applications, e.g. in microscopy of bio-
logical material. Another important field is lithography for chip production.
Even before laser action is obtained point source emission can be used. For
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this, atoms like e.g. Al, Au and W are used. The observed light pulses have
energies in the mJ range. Incoherent light sources from table-top pump lasers
have average output powers of some 10 mW in the nm region. The possible
availability of well-designed solid-state lasers with high average output pow-
ers in the 100 W range, perfect beam quality and pulse energies of several J
during less than 10 ns may promote these light sources in the near future.

The free electron laser [e.g. 6.2231–6.2245] can show a wide range of emis-
sion wavelengths from the X ray (0,1 nm), XUV (1–100 nm) and in principle
to radio waves. The amplification takes place in an electron beam in series
bent between the Wiggler magnets of, e.g. a synchrotron. Thus average out-
put powers of 10 W with short pulses of 100 fs can be obtained.

Color center lasers [e.g. 6.2246–6.2258] operate in the near infrared wave-
length range from 0.8 to about 4 µm with up to 100 mW average output
power. The active material is some mm long and is made from crystals such
as e.g. NaF, built from K, Na or Li atoms at one side and F or Cl atoms at
the other. These crystals are X-ray irradiated to provide defects in the crys-
tal structure which act as a quantum well for the charges. These F centers
have quantum energy levels which provide the laser transition in a four-
level scheme. They are laser pumped with wavelengths between 500 nm and
1.2 µm. Unfortunately, the available laser crystals have short lifetimes of days
to months.

Far-infrared lasers [e.g. 6.2259–6.2276] can be made in the wavelength
range above 30 µm using vibrational transitions of molecules in the gas phase,
as e.g. HCN. These lasers can be pumped by electrical discharges or with IR
lasers, e.g. CO2 lasers. The average output power can reach a few 10 mW.

New solid-state lasers [6.2263–6.2303] with wavelengths in the visible spec-
tral range or with better thermal properties may be developed in the future.
The possibilities of diode pumping allow special constructions of microchip
lasers even with frequency conversion inside the resonator (see also Sect. 6.2
and references there).

New diode lasers [6.2297–6.2309] such as vertical emitting constructions
or with new compounds may become important, soon. In particulary the
green and blue spectral range may be filled. Therefore the technology of II–
VI compounds such as e.g. ZnSe may be more developed. Several mW around
500 nm have already been reported.

Chemical lasers [e.g. 6.2310–6.2324] have already been mentioned in
Sect. 6.3.5 (p. 378). They can produce very high average output powers for a
short time and are therefore usually specialized for military applications.

6.14 Modification of Pulse Structure

Methods for generation of short pulses directly in lasers are described in
Sect. 6.10 (see also [6.2325–6.2342]). Some further effort may be necessary
to select single short pulses from a pulse train in the ps range or to com-
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press Q switch pulses in the ns range or to shorten fs pulses, externally.
Measurement methods for determining the pulse widths of laser pulses are
discussed in Sect. 7.1.5.2 (p. 543) and the references therein. The complete
characterization of fs-pulses became especially important as a consequence of
shorter pulses reaching the region below 1 fs approaching values below 100 as
(10−16 s) now. Because these pulses contain only a few cycles of the electric
field vector the phase relative to the maximum of the pulse envelope can be of
importance in the applications. Therefore techniques as SPIDER or FROG
[7.43–7.48] were developed (see Sect. 7.1.5.5, p. 545).

6.14.1 Single Pulse Selection

Mode-locked lasers mostly produce trains of ps or fs pulses (see e.g. Fig. 6.79,
p. 464). For some applications the repetition frequency of these pulses, typi-
cally of some 10 MHz can be too high and sometimes even single pulses are
needed.

Single pulse selection out of a train of ps pulses as they are generated,
e.g. from a ps solid-state laser, can be obtained by a fast gate using a Pockels
cell and a polarizer as shown in Fig. 6.100.

avalanche
pulser

PD

Pol

Pockels cell

pulse tr ain single pulse

Fig. 6.100. Single pulse selection with Pockels cell and polarizer (Pol). The fast
trigger is made with an avalanche transistor trigger producing ns pulses with slopes
of 1 kV/ns

Another possibility is the cavity damping of a quasi-cw operated ps laser
similar to that depicted for a cw-laser in Fig. 6.74 (p. 456).

Further, the repetition rate can be drastically decreased by a regenerative
amplifier from MHz to kHz or some Hz. Amplifiers for short pulses in the ps
or fs range can be pumped with ns pulses and if the lifetime of the upper laser
level is in the ns range these amplifiers will amplify with their own repetition
rate, only. This principle can be applied, e.g. in dye or Ti:sapphire amplifiers.
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6.14.2 Pulse Compression and Optical Gates

The duration of short pulses can be decreased externally using gates or non-
linear effects for ns pulses and compressors for ns, ps or fs pulses. Synchroniza-
tion of laser pulses can be realized with very high occuracy [6.2343–6.2348].

6.14.2.1 Pulse Compression of fs Pulses

Compression of pulses [6.2349–6.2398] down to fs widths can be applied if
these pulses show a frequency chirp. This chirp can be generated by self-
phase modulation in an external device, e.g. a fiber, see Sect. 4.5.7 (p. 218).
Frequency chirp may also be obtained from dispersion of the involved optical
matter in laser oscillators. This chirp can be compensated inside the resonator
or externally.

The combination of an optical fiber with a grating compressor allows the
shortening of pulses down to some fs. The principle is depicted in Fig. 6.101.

blue

redself phase 
modulation compression

~ 60
 m

m

150 mm

∆λ = 6 nm ∆λ ≈ 20 nm

30 fs

optical fiber

Fig. 6.101. Pulse compression using self-phase modulation in a single-mode polari-
zation-conserving optical fiber and a grating compressor

The original laser pulse had a duration of about 90 fs and a pulse energy of
0.6 nJ at 619 nm. The fiber was 3.3 µm in diameter and thus the pulse peak
power was about 5 GW cm−2. Shortest pulses generated with this scheme
were 4.5 fs long [6.2382, 6.2389]. Pulses with durations below 1 fs (attosecond
pulses) are reported in [6.2399–6.2429].

6.14.2.2 Pulse compression of ns Pulses

Pulses of about 10 ns pulse duration can be compressed by a factor of about
10 using stimulated Brillouin or Raman scattering with good energy conser-
vation [6.2430–6.2449]. The scheme is shown in Fig. 6.102 (p. 524).

In this scheme the zone of large SBS reflectivity is moving towards the
entrance window of the cell. Thus the incident beam is reflected at different
positions of the counter propagating sound wave and finally a compression
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Fig. 6.102. Compres-
sion of ns pulses using
stimulated Brillouin scat-
tering in a long-focusing
geometry

similar to snow-shoving takes place. If the nonlinear conditions are suitable
chosen, which is not simple, perfect compression occurs with good energy
conservation in the pulse of much more than 50%. It turned out that acoustic
and thermal distortions of the SBS material which is several m long can
disturb this process. Therefore it may be thermally isolated.

6.14.2.3 Pulse Shortening by Nonlinear Effects

Each nonlinear effect such as harmonic generation or nonlinear absorption
will change the pulse duration of short pulses [e.g. 6.2450–6.2453]. If the non-
linear effect is not saturated the exponent of the nonlinear effect temporally
shortens Gaussian-shaped pulses by the square root of the exponent.

However, in addition nonlinear absorption causes losses of the pulse energy
and is therefore rarely used. Nevertheless, it keeps the original wavelength
of the light and thus is useful in the low-power section of the laser system
before power amplification.

6.14.2.4 Pulse Shortening with Gates

Slices of pulses can be obtained using optical shutters such as Pockels cells
or Kerr cells (see Sect. 4.5.2 (p. 209) and 6.14.1, p. 522) or via other effects
[6.2454–6.2459]. Electro-optic shutters are usually limited to widths larger
than 1 ns. If optically driven Kerr cells are used, very fast shutters can be
made and thus pulse durations of ps or even fs are possible. This method
can be used to observe the dynamics of processes such as e.g. fluorescence,
or to take photographs of the short pulses. efficiency decreases of course
proportional to the shortening or slicing ratio.

6.14.2.5 Optical Gating with Up-Conversion

Optical gating can also be achieved by up-conversion of the original light
via a nonlinear frequency transformation [e.g. 6.2460–6.2462]. The scheme is
given in Fig. 6.103 (p. 525).
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Fig. 6.103. Schematic of
an optical gate using up-
conversion in a nonlinear
material for spectroscopic
purposes

The sum frequency generation occurs during the presence of the short
pump pulse, only. Thus the decay of the probe signal can be obtained by
delaying the pump pulse. This method can be used for the investigation of
fast fluorescence decay times, e.g. of organic molecules. It has the additional
advantage of the possible amplification and wavelength transformation of the
probe light to be better adapted to the detector parameters (see Sects. 4.4.3,
p. 192 and 4.4.4, p. 193).

6.15 Frequency Transformation

Laser radiation can be transformed into the harmonic frequencies by doubling
and mixing processes and to other frequencies by parametric devices. Further,
Raman media can be used to shift the laser frequency. Nonlinear processes
in liquids, in bulk or fiber materials especially in micro structured fibers can
be applied for the generation of spectrally very broad light emission.

Physical details are described in Chap. 4 and technical details should be
extracted from catalogues. In all cases the beam quality plays a key role for
the efficiency of the transformation. High values of above 50% are possible.
Typical values are above 10% but in special cases, such as reaching the far
UV, efficiencies below 10−3 are possible.

Further crucial points are the long-term stability of the nonlinear ma-
terials especially for radiation below 300 nm and temperature control of the
crystals can be demanding. Moreover the design of these devices and the spot
sizes have to optimized for high efficiency on one hand and no damage on
the other. For material parameters see [6.2463–6.2483] and the references of
Sect. 4.4.1 (p. 181).

6.15.1 Harmonic Generation (SHG, THG, FHG, XHG)

The generation of the second (SHG) [6.2484–6.2629], third (THG) [6.2630–
6.2641] and fourth (FHG) [6.2642–6.2657] harmonics producing laser light
with λlaser/2, λlaser/3 and λlaser/4 is quite common for pulsed solid-state
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and dye lasers. SHG is also applied for high-power cw lasers. It is also used
increasingly for diode laser with a few W average output power. Further
harmonics (see [6.2658] and references in Sect. 4.6) show poor efficiency.

Materials and schemes for harmonic generation are discussed in
Sects. 4.4.1 (p. 181)–4.4.3 (p. 192) and 4.5.1 (p. 208). As an example the fre-
quency transformation of the light from a Q switched Nd:YAG laser with
a transverse fundamental mode and longitudinal single mode is shown in
Fig. 6.104–6.106 (p. 527). Figure 6.104 shows a typical parameter set for SHG.
An efficiency of to 50% was observed for this laser for stable operation. The
crystal was 7 mm long and 7 mm in wide.

KTP

Nd:YAG laser

1064 nm; 12 ns; 100 mJ

SHG-crystal 532 nm; 8.4 ns; 50 mJ

SHG

filter

Fig. 6.104. Frequency doubling (SHG generation) of Q switched Nd:YAG laser
light. The fundamental wave can be blocked with, e.g. a dielectric mirror as filter

For frequency conversion of low power laser light periodically poled crys-
tals typically Li:NbO3 (PPLN) with some codoping can be applied (see
Fig. 4.9, p. 191). Thus cw diode laser light at 976 nm with a power of 4 W
could be transformed to 0.6 W of 488 nm radiation [6.1460]. At smaller power
levels 30 mW of SHG at 488 nm with diffraction limited beam quality could
be obtained from 1 W pump with a tuning range of 1.5 nm and a band width
of 20 pm [6.1459]. PPLN crystals in waveguide geometry may allow about
100 mW of SHG or other parametric radiation in the visible with more than
30% efficiency without damage.

The configuration of Fig. 6.104 can be used for further third-harmonic
generation (THG) but with different optimization. The scheme is shown in
Fig. 6.105.

Nd:YAG laser

1064 nm; 12 ns;
100 mJ

SHG-crystal

355 nm; 7 ns;
30 mJ

THG

KD P* KD P*

THG-crystal

532 nm
50 mJ

1064 nm
1064 nm

50 mJ

532 nm

filter

Fig. 6.105. Frequency tripling (THG generation) of Q switched Nd:YAG laser
light by SHG and mixing of the second harmonics with the fundamental
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As mentioned in Sect. 4.5.1 (p. 208), stepwise transformation with SHG
and then mixing of the fundamental with the SHG light is much more efficient
than direct tripling. The second crystal was KD*P and the overall efficiency
for the third harmonics was 30%. Care has to be taken for the polarization
demands of the crystal. In the case shown the polarization of the fundamental
and the SHG are perpendicular. For example BBO crystals which are, e.g.
used for the tripling of Ti:sapphire laser radiation, demand parallel polariza-
tion of these lights. In this case an optical arrangement is necessary for the
rotation of tunable short light pulses from a fs laser.

Fourth-harmonic generation (FHG) is just twice the second harmonic gen-
eration as shown in Fig. 6.106.

Nd:YAG laser

1064 nm; 12 ns;
100 mJ

SHG-crystal

266 nm; 6 ns;
10 mJ

FHG
KTP BBO

FHG-crystal

532 nm
50 mJ

1064 nm
50 mJ

532 nm

filter filter

Fig. 6.106. Fourth-harmonic generation (FHG) as a series of two SHGs of Q
switched Nd:YAG laser light

The overall efficiency is 10% in this case. The efficiencies of the two SHGs
are different because the crystals for the different wavelength ranges have
different coefficients. The lifetime of the FHG crystal is crucial for average
output powers in the range of 1 W and above.

Higher harmonics can be produced, e.g. in atom vapors (see Sect. 4.6
and [6.2659–6.2674]). The efficiency of these conversions is usually small.
Other methods of frequency conversion including mixing and upconversion
are reported in [6.2675–6.2695].

6.15.2 OPOs and OPAs

Optical parametric oscillators (OPO) and amplifiers (OPA) were described
in Sect. 4.4.4 (p. 193) and in references [6.2696–6.2777]. Commercial devices
are available for use with pulsed lasers from ns to fs.

The achievement of good frequency stability can be difficult with these
devices. Further, narrow bandwidth and good beam quality are difficult to
obtain. Therefore different schemes have been developed to combine the OPO
with other sources such as e.g. with a dye laser (ns) or a broad band white
light source with narrow band width selection (ps-fs) as a seeder for the
required radiation.

The whole spectrum from UV to IR is covered continuously by OPOs
or OPAs in combination with SHG, THG and FHG. For a commercial
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Ti:sapphire laser the OPA is specified with following pulse energies in the
fs range covering the range from 300 nm to 3 µm (see Table 6.37, p. 528).

Table 6.37. Pulse energies of a commercial OPA in the fs range pumped by a
1 kHz Ti:sapphire laser of 80 fs pulse duration and 750 µJ pulse energy

Method Wavelength Pulse energy Pulse width Stability
(nm) (µJ) (fs) (%)

Idler 2080 ≥ 25 ≤ 100 ≤ 3
Signal 1300 ≥ 55 ≤ 100 ≤ 3
SHG-idler 900 ≥ 7 ≤ 100 ≤ 5
SHG-signal 650 ≥ 10 ≤ 100 ≤ 5
FHG-idler 450 ≥ 2 ≤ 170 ≤ 7.5
FHG-signal 330 ≥ 2 ≤ 170 ≤ 7.5

This OPA is pumped with a fs laser pulse of 80 fs duration with a pulse
energy of 0.75 mJ at a repetition rate of 1 kHz. Similar results are reached
with the same device in the ps range. Pumping with a 1 mJ pulse of 1 ps
duration at a repetition rate of 1 kHz again results in the values given in
Table 6.38.

Table 6.38. Pulse energies of a commercial OPA in the ps range pumped by a
1 kHz Ti:sapphire laser of 1 ps pulse duration and 1mJ pulse energy

Method Wavelength Pulse energy Pulse width Stability
(nm) (µJ) (ps) (%)

Idler 2080 ≥ 25 ≤ 1.25 ≤ 3
Signal 1300 ≥ 60 ≤ 1.25 ≤ 3
SHG-idler 900 ≥ 7 ≤ 1.25 ≤ 5
SHG-signal 650 ≥ 10 ≤ 1.25 ≤ 5
FHG-idler 450 ≥ 3 ≤ 1.25 ≤ 7
FHG-signal 330 ≥ 3 ≤ 1.25 ≤ 7.5

Similar good results are obtained with ns or longer ps pulses as reported.
Thus from a single Nd:YVO4 laser with 40 W average output power, a pulse
width of 7 ps, a repetition rate of 80 MHz and a beam quality of M2 < 1.2
three light beams with wavelengths of 446 nm, 532 nm and 639 nm could
be generated, simultaneously. The total power of all three beams together
resulting in white light as usable in laser television application was 19 W.

6.15.3 Raman Shifter

Raman scattering in gases, liquids or solids can shift the laser spectrum
[6.2778–6.2807] by the Raman frequency of the material (see Sects. 3.11.4



6.16 Laser Safety 529

(p. 165) and 4.5.12, p. 238) which is of the order of magnitude of 1000 cm−1

or 3 · 1013 Hz, resulting in a few nm shift in the visible. The beam quality is
usually decreased by these Raman shifters.

For high efficiencies gas cells with high pressures of about 50 bar have been
applied. The light has to be strongly focused for sufficiently high intensities
in the material.

Solid-state materials, such as e.g. Ba(NO3)2, allow for larger shifts with
still good efficiency. Thus with intracavity Raman conversion with this ma-
terial in a Q switched Nd:YAG laser the original wavelength of 1,064 nm was
shifted in the region between 1160 nm and 1198 nm with an efficiency of about
25%. Frequency doubling of this radiation leads to a wavelength range from
580 to 599 nm with an output energy of 0.6 mJ of the 5 ns pulse [6.2790].

With heavy hydrogen D2 a large shift of 2991 cm−1 is possible result-
ing in shifted wavelengths from a Nd:YAG laser with 1064 nm emission to
1561 nm for the Stokes and 807 nm for the anti-Stokes first lines. The second
harmonic with a wavelength of 532 nm would result in 632.7 nm and 459 nm.
Another material with good efficiency is KGdWO4 with the Raman shifts of
767.3 cm−1 and 901.5 cm−1.

For high efficiencies in the solid Raman materials the light can be “fo-
cused” with axicons which produce a beam filament of up to a few cm with
a thin and almost constant diameter.

Raman lasers are reported in [6.2808–6.2857]

6.16 Laser Safety

There are laws about the correct use of laser radiation to avoid any dam-
age [e.g. 6.2858–6.2862]. They are slightly different in different countries and
should be seriously recognized.

In addition some simple rules while using laser radiation can help to avoid
any eye or skin injury or damage. First, all laser radiation should stay in
restricted areas. Usually all optical beams should be on the optical table at a
certain height, the beam height. All unused laser reflexes have to be dumped
with beam catchers. Special care has to be taken for beams leaving the plane
of the optical axes as produced, e.g. by polarizers. It has to be noticed that
reflection from one glass surface contains about 4 W radiation of a 100 W
laser! Therefore, it helps if the operator does not wear rings or watches. Take
special care of visitors in the laser lab if high-power systems are working. All
beams which are not needed for direct access in the experiments should be
covered. This also increases the signal-to-noise ratio.

But the main rule is:

Never look into a laser beam!

As obvious as this may appear the violation of this simple rule is still one
of the main reasons for eye injury.
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In many cases a pair of glasses with suitable filters can be used to avoid
injury. Most dangerous are IR and UV laser radiation. IR laser radiation is not
visible and UV radiation is mostly underestimated by its weak fluorescence
appearance.

UV radiation can dull the eye lens after sufficient exposure. The damage
will accumulate over time even over years. Light with wavelengths between
400 and 1400 nm will reach the retina focused to a diameter of about 10 µm
resulting in a 100 000 times increased intensity.

The rules about laser safety are similar in Europe and the USA and can
be found in [6.2859, 6.2860]. The problem is difficult to describe in simple
rules because the different wavelengths, pulse durations, powers and pulse
energies, as well as mode structure, have different influences and thus many
kinds of combinations have to be considered. Lasers can be classified by the
possible damage to the eyes or the skin and for fire danger.

Fire danger is possible for lasers with average output powers of 500 mW
or more. Thus no papers should be placed at the beam height in the lab.

Skin damage can occur above average output powers of 10 mW cm−2 or
above pulse energies of 10 mJ cm−2.

Eye damage can occur even from laser pointers with output powers of
1 mW and if the eye does not blink, with even much lower powers. As rough
rules the values in Table 6.39 for the maximum permissible exposure (MPE)
of the eye may be used for choosing the optical density of protection goggles
at the laser wavelengths (without any guaranty).

Table 6.39. Maximum permissible exposure (MPE) power or pulse energy of the
eye as function of the pulse length and the wavelength of the laser radiation (without
guaranty)

pulse 200–620 nm 620–1050 nm 1050–1400 nm 1400 nm–1000 µm
length

≥ 0.5 s 1 µWcm−2 10 µWcm−2 1mWcm−2 100mWcm−2

≥ 1 ns 0.5 µJ cm−2 0.5 µJ cm−2 5 µJ cm−2 1mJ cm−2

< 1 ns 0.5 kWcm−2 0.5 kWcm−2 5 kWcm−2 1 MWcm−2

For comparison sunlight [6.2862] has a power density of about 0.12 W cm−2

in central Europe and would definitely damage the eye if someone looked di-
rectly into the sun. The spot diameter of the sun is about 160 µm at the
retina.

The necessary optical density ODgoggles or transmission Tgoggles of gog-
gles at the laser wavelength λlaser can be calculated from the MPE values
of Table 6.39 and the maximum laser power Plaser,maximum or pulse energy
Elaser,maximum as a function of the wavelength λlaser, pulse duration ∆tFWHM
and cross section of the beam Abeam by:

Ttoggles(λlaser) =
MPE(λlaser,∆tFWHM) ·Abeam

Plaser,maximum or Elaser,maxmimum
(6.175)
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and

ODgoggles(λlaser) = − lg10{Tgoggles(λlaser)}. (6.176)

The lasers are officially categorized into five safety classes, 1, 2, 3A, 3B
and 4, starting from nondangerous lasers in class 1 to most dangerous lasers
for eye, skin and fire danger in class 4. The laser classes can be characterized
as in the following description but all details have to be checked for legal
consequences.

Class 1 (safe) are safe devices under foreseeable conditions of operation,
including the use of optical instruments for intrabeam viewing. The device
may contain high power laser with higher classification, e.g. compact disc
player, laser printers, CD ROM players but it has to be in a closed box.

Class 2 (low power) has a maximum output below 1 mW and is declared
only for visible light from 400 nm to 700 nm. Because of the blink response of
the eye the resulting protection is realized even for use with optical instru-
ments. It is applied, e.g., in supermarket scanners, HeNe lasers in teaching
labs, laser diodes in teaching labs, laser pointers.

Class 3R (former 3A, low power) allows a maximum output power below
5 mW and an irradiance smaller 25 Wm−2 again in the visible range 302 nm to
700 nm, only. The blink response of the eye protects to some degree but direct
intrabeam viewing using optical aids (binoculars, telescopes, microscopes) is
hazardous. Lasers in the non-visible IR-range above 4 µm are treat as class 1.

Class 3B (moderate power) have maximum output powers of 0.5 W in the
visible and non-visible spectral region. Direct intrabeam viewing is always
hazardous. Viewing diffuse reflections is normally safe if the eye is not closer
than 13 cm to the diffusing surface and exposure duration is less than 10 s.

Class 4 (high power) is for higher output powers than 0.5 W. It is declared
as always hazardous. Viewing direct or reflected beams as well as diffuse
reflections results in injury. Environmental damage (fire), skin burns as well
as eye injuries are possible.



7. Nonlinear Optical Spectroscopy

The nonlinear optical effects described in Chaps. 4 and 5 have to be charac-
terized for a given material up to a certain level before they can be applied
in photonics.

Transparent materials always show some absorption and thus it is impor-
tant to determine its influence in the desired experiment or application. New
absorptions can occur at high intensities. The characteristic lifetimes of the
investigated or applied effects may be a function of the intensity and other
light parameters, such as, e.g., polarization, band width, coherence. Thus this
characterization of the used materials in view of the experimental details may
be essential for the necessary photonic effects. Because of the nonlinearity,
the applied intensities play a key role. Therefore the following basics of non-
linear spectroscopy are of interest – even for simple photonic applications –
to avoid severe mistakes.

The already wide range of applications in science, technology and medicine
contains analytic aspects, questions of the structure of matter, reaction mech-
anisms on all time scales and the production of new states, phases or even of
new matter. Thus three main questions are asked in nonlinear optics:

• Which nonlinear optical effect is, for a given material suitable for a new
laser analytic method (analytic tasks)?
• Which nonlinear optical effect is most suitable for a desired photonic ap-

plication (material and light modification tasks)?
• Which side effects can occur and how can they be suppressed?

The second question can be related to the problems:

• Which material is most suitable for a given nonlinear optical application
or which kind of light is most suitable for a given material?

And thus nonlinear optical spectroscopy deals finally with the questions:

• Which nonlinear optical properties does a given material have?
• What are the reasons for this nonlinear optical behavior and how can mate-

rials with more useful nonlinear optical properties, such as e.g. higher non-
linear coefficients at certain wavelengths and smaller losses, be designed?

• Which side effects can occur and how can they be suppressed?
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Therefore both aspects of better and new nonlinear optical methods, as
well as better and new nonlinear optical materials, can be investigated in
nonlinear optical spectroscopy.

With the wide variety of nonlinear optical effects and their applications
described in the previous chapters, there is also a wide variety of laser spec-
troscopic methods. A good overview is given e.g. in [M15]. For further reading
see also [M6, M14, M30, M32, M34–M35, M41, M52, M58–M65].

Because all kinds of nonlinear effects can appear in nonlinear optical appli-
cations and in nonlinear spectroscopy a systematic investigation may be nec-
essary. Unwanted side-effects such as excited state absorptions, induced grat-
ings, population of long-lived levels, photo-chemistry, damage, self-focusing,
wave mixing or scattering can be detected and avoided. The right strategy is
one key element in this field, as described in this chapter.

7.1 General Procedure

The material parameters characterizing the nonlinear optical behavior can
be determined with the methods of nonlinear spectroscopy described in this
chapter. Therefore cross sections, nonlinear refractive indices and decay times
are investigated as a function of the light and sample parameters.

The nonlinearity can be observed as a function of the time or/and as a
function of the applied pump intensities. Temporal measurements can reach
resolutions down to fs with low spectral resolution. From the modeling of
the nonlinear measurements as a function of the pump intensities the decay
times can be determined in favorable cases, also with sub-ps resolution. In
this case the spectral resolution is as good as it can be with respect to the
uncertainty condition between time and energy. Thus both methods can be
combined for a complete set of data.

In nonlinear optical spectroscopy each light parameter can be of crucial
importance for the results of investigations.

Nonlinear optical measurements almost always produce new and inter-
esting results. But for a detailed analysis of these experimental results a
well-defined procedure with careful characterization of all relevant experi-
mental parameters is necessary.

Whereas, e.g., in conventional absorption spectroscopy the polarization,
pulse width and intensity of the light can be changed in front of or behind
the sample and the sample transmission will always be the same, in non-
linear spectroscopy the sample transmission will usually be different if these
parameters are varied at different positions.
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7.1.1 Steps of Analysis

The nonlinear optical behavior of matter can be investigated step by step
starting from linear spectroscopy and changing to nonlinear measurements
while increasing the light intensity. Thus parameters such as cross-sections
and time constants, as well as the nonlinear refractive index, can be deter-
mined and finally modeling of the nonlinear optical behavior becomes possi-
ble. A useful sequence of experiments is given in Table 7.1 (p. 536).

In particular, if the experimental data are described with very simple
models such as, e.g., a two level scheme in order to be able to include coherent
and/or other quantum effects, the relevance of this simplification has to be
proven experimentally in advance for the applied intensities.

The determination of the absorption coefficients ai, the population den-
sities Ni, and the nonlinear refractive index n2 as a function of the light
parameters allow the modeling of the nonlinear behavior of the material as
a function of the excitation intensity, the wavelengths λi and the polariza-
tion. Finally the absorption and emission cross-sections σi, decay times τi
and nonlinear refractive indices n2 can be determined.

As described in the following sections all parameters of the sample and
the light beams have to be traced carefully. Thus the intensities of the pump
and the probe light have to be determined as a function of its spectral, tem-
poral, geometrical, polarization and coherence properties with respect to each
other and to the sample geometry. To exclude errors the setups should be
checked for linearity, and dynamics with linear filters such as wire nets or
optical filters, which have to be proven for not becoming nonlinear at the
applied intensity (see Sect. 7.1.7, p. 548). Noise and background light should
be measured for each detector while blocking the beam at the position of the
sample. All these problems are increased from the necessary high dynamics
of the nonlinear measurements.

7.1.2 Choice of Excitation Light Intensities

For evaluation of the different measurements the excitation intensities have
related optimal values as a function of the task. These optimal intensities
should be known and applied. They can be determined from the nonlinear
measurements. While varying the excitation intensity the smallest applied in-
tensities should be in the linear range and the result of this transmission mea-
surement should be identical with the results of conventional measurements.
Both absorption and emission measurements with varying excitation intensity
should be used because in bleaching measurements nonlinear behavior can be
hidden as a result of active excited state absorptions (see Fig. 5.20, p. 286).

If the excitation intensity is increased in absorption measurements the
ground state of the matter will be depopulated and excited transient states
will be occupied. A stepwise population of excited states can take place as
shown with the energy level scheme of Fig. 7.1 (p. 537).



536 7. Nonlinear Optical Spectroscopy

Table 7.1. Sequence of tasks in nonlinear optical spectroscopy to characterize the
nonlinear behavior of matter with their relevant parameters. (?) indicates that these
tasks are not always necessary. Not all measurement methods are possible for all
samples

Task Apparatus Parameter

1 ground state absorption spectrum UV-Vis absorption σGSA(λ)
(GSA) spectrometer Ntotal

2 Fluorescence spectrum fluorescence σFluo(λ)
spectrometer

3 Phosphorescence spectrum (?) fluorescence σPhos(λ)
spectrometer

4 Fluorescence decay time (?) decay apparatus τFluo

5 Phosphorescence decay time (?) decay apparatus τPhos

6 Quantum yield fluorescence τrad/τradless

spectrometer
7 Nonlinear absorption measurements single beam laser σESA(λlaser)

in GSA-bands spectrometer τrecovery

8 z-scan (?) z-scan laser n2

spectrometer
9 Nonlinear emission measurements (?) laser emission τrad

spectrometer σtwo−photon

10 First guess of population densities modeling ≈ NS1, NT1

11 Pump and probe experiments pump and probe a(Ilaser, λlaser,
laser apparatus λprobe, . . . )

12 Fractional bleaching (FB) and pump and probe inhomogeneous
nonlinear polarization spectroscopy spectrometer broadening
(NLP) (?) (with polarizer)

13 Determination of excited state pump and probe aESA(λ)
absorptions (ESA) spectrometer

14 Fluorescence intensity scaling nonlinear NS1

fluorescence
spectrometer

15 Determination of population densities modeling NS1, NT1

16 Determination of singlet-singlet modeling σS1(λ)
absorption cross-section

17 Determination of triplet-triplet modeling σT1(λ)
absorption cross-section

18 Measurement 1-14 with variation of see 1-14 influence of
the host material host interaction

19 Measurement 1-15 with temperature see 1-15 influence of
or pressure variation internal geometry

20 Specialized measurements as Raman, specialized laser vibrational
IR, high spectral resolution, spectral spectrometer coupling,
hole burning, coherent measurements, T2, n2,
SHG, two photon excitation, ... γ...
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Fig. 7.1. Energy level scheme for a system with three successive absorption tran-
sitions

If these excited states absorb at the exciting light wavelength the bleach-
ing effect will be decreased (see Sect. 5.3.3 (p. 272) and Figs. 5.8 (p. 273),
5.9, p. 273). The excited states 3 and 5 of Fig. 7.1 are activated by increasing
the excitation intensity. If e.g. the three absorption transitions of the given
system are assumed to have the same cross-section no bleaching will occur
initially. The resulting population of these levels as a function of the intensity
is shown Fig. 7.2.
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Fig. 7.2. Population densities of the energy levels of Fig. 7.1 as a function of the
excitation intensity I-- = I/hνLaser at the time of the maximum of the incident pulse.
The excitation pulse had a FWHM duration of 10 ns and the cell length was 1mm
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The observable bleaching curve for a material with the level scheme of
Fig. 7.1 (p. 537) and the parameters of Fig. 7.2 (p. 537) is given in Fig. 7.3.
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Fig. 7.3. Nonlinear transmission curve of the model of Fig. 7.1 (p. 537) as a function
of the excitation intensity measured in photons/cm2s

The transmission is almost not changed up to intensities of 1026 pho-
tons cm−2 s−1 although higher energy levels are already strongly populated
and the ground state is almost empty. Thus choosing an excitation intensity
above 3 · 1023 photons cm−2 s−1 would include these higher states in the non-
linear measurements in this example. The detection of signals which belong
to the first excited state such as e.g. fluorescence or excited state absorp-
tions from this state as a function of the excitation intensity can clarify these
processes as will be shown in Sects. 7.6, 7.7.8 (p. 596) and 7.9.3 (p. 619).

As a rule of thumb the excitation intensity should first be varied around
the value of the nonlinear intensity I--nl = Inl/hνLaser as given in Sect. 5.3:

rule of the thumb I--exc ≈ 1
2σmat(λexc)τmat,recovery

(7.1)

The cross-section σmat of the material can sometimes be difficult to de-
termine if e.g. aggregates occur in the matter. The absorption recovery time
τmat,recovery may also be unknown, but both may be estimable from similar
materials for this very first approach or they may have to be measured as
described below.

At very high intensities (> 1026 photons cm−2 s−1) all kinds of additional
non-resonant nonlinear effects and scattering may occur. Thus the detailed
(visual) inspection of the propagated light beams can be essential because
most of them influence the transverse beam shape via focusing or defocusing
and/or lead to spectrally new emissions (safety rules have to be recognized!).
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7.1.3 Choice of Probe Light Intensities

The probe light intensity has to be small enough not to change the sample
itself. On the other hand more probe light increases the signal-to-noise ratio
for the detectors and thus the tendency to increase it as much as possible has
to be limited at a certain extent.

A possible rule of the thumb is to choose the probe light intensity I--probe
at least ten times smaller than the expected nonlinear intensity I--nl:

rule of the thumb I--probe < 0.1
1

2σmat(λprobe)τmat,recovery
(7.2)

with the parameters as in (7.1).
In any case the probe light intensity should be decreased in the mea-

surement by a factor of 2–10 for checking its influence, and the result of the
measurement e.g. the transmission should be unchanged.

7.1.4 Pump and Probe Light Overlap

The probe light has to be well inside the spatial and temporal excitation in
the sample given by the excitation light volume and pulse duration, otherwise
the measured transmission change considers unchanged parts of the sample
leading to measuring errors.

7.1.4.1 Spatial Overlap

The spatial overlap can be achieved on one hand with collinear or longitudinal
excitation as depicted in Fig. 7.4.

probe beam detection beam

θ beams

excitation
beam

L sample

sample

Fig. 7.4. Collinear excita-
tion of the sample in pump
and probe measurements

This type of excitation allows higher intensities but demands short sam-
ples and therefore high optical densities. The possible size of the overlap
region is dependent on the angle between the two beam θbeams, the spot
diameters and the divergence of the beams.
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In ns measurements sample lengths are in the range of a few mm, typically
1–10 mm and only in special cases a few 10 µm. In ps and fs measurements
usually the lengths are below 2 mm to avoid dispersion effects. Typical angles
θbeams are 30◦ or a few degrees depending on the necessary focusing. Typical
spot diameters are 1 mm if enough excitation peak power is available and
down to 10 µm for low peak power lasers. Larger angles decrease the problem
of scattered excitation light in the detection system because more suitable
apertures can be applied. The contra-linear arrangement as in Fig. 7.4 (p. 539)
is useful for pulse lengths longer than the optical length of the sample with
the advantage of less scattered light in the direction of the detection system.
Collinear excitation should be used for short pulses where the excitation
and the probe pulses are traveling synchronously through the sample. The
geometry of the interaction zone should be carefully designed for the type of
material, the available laser radiation and the necessary accuracy.

On the other hand the sample can be transversally excited as shown in
Fig. 7.5.

sample

probe beam

L sample

excitation
beam

detection
beam

Fig. 7.5. Transversal excitation of the sample in pump and probe measurements

The excitation light is in this case usually focused with a cylinder lens
along the probe light beam in the sample. Typical sample lengths are 10 mm
and the excitation focus is about 1 mm to 50 µm high. Thus the probe light
has to be focused well inside the excited sample volume demanding a suffi-
ciently long Rayleigh length (see Sect. 2.4.3, p. 30). This type of excitation is
useful for excitation pulses longer than the optical sample length, and thus
the pulse duration should be larger than the sample divided by the probe light
velocity in the sample. Otherwise traveling wave excitations can be observed
as described in Sect. 6.10.4 (p. 472).

The polarization of the excitation beam should be linear and vertically
oriented in Fig. 7.5 because the other components are not directly “seen”
by the probe beam. The application of the magic angle (see next section) is
possible in transversal pumping in this way.
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7.1.4.2 Temporal Overlap

If the probe light pulse is not intentionally delayed, as for observing decay
processes, it should be temporarily well inside the excitation pulse. Thus the
probe light pulse length should be no longer than the excitation pulse length.
This has to be checked for probe light pulses generated separately in white
light or fluorescence materials or in other light sources such as flash lamps or
other lasers.

The temporal overlap region can be determined starting with negative
delays i.e. applying the probe light pulse before the excitation pulse. For
times longer than 0.1 ns electronic delay generators can be applied. Below
1 ns optical delay lines are usually used.

Care has to be taken for perfect and constant spatial overlap at all tem-
poral delays, e.g. while changing the length of the optical delay line.

7.1.5 Light Beam Parameters

In nonlinear spectroscopic experiments all properties of the applied light
beams have to be characterized carefully. For simplicity usually the assump-
tions of Sect. 2.1.3 (p. 17) can be used to reduce the four dimensions of the
light intensity as a function of space, wavelength, time and polarization to the
given (eight) parameters if Gaussian-shaped beams and pulses are applied.

Coherence properties of the light beams have to be checked separately.
Thus the question of which type of coherent interaction in the sense of Fig. 5.1
(p. 264) occur, has to be answered very carefully.

The following hints may be used for cross-checking the necessary details
in the characterization of the light beam parameters.

7.1.5.1 Polarization and Magic Angle

If samples are nonlinearly excited, the polarization i.e. the geometrical dis-
tribution of the induced dipole moments of the matter, will no longer be
isotropic [e.g. 7.1–7.17]. Even if the material is isotropic and the light is not
polarized the resulting distribution will have a disk shape with a cos2 func-
tion because there is almost no electrical field strength in the propagation
direction of the light.

Thus the interaction of the exciting and probe light with their different
polarization directions of the electric field vector with respect to the sample
may cause very complicated structures (see for example Figs. 2.34 (p. 81) and
2.35, p. 82).

Even with two linearly polarized beams the situation is still complicated
and in addition the induced dipole moments in the sample may change their
orientation, e.g. as they relax towards to the isotropic distribution. These
relaxation processes can occur in sub-ps to hours.
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Thus by choosing linearly polarized light for both pump and probe beam,
the orientation relaxation of the excitation can be investigated. In all other
measurements the orientation effects from the polarization of the light are
usually disturbing.

To avoid these disturbing effects from light polarization in pump and
probe measurements the application of the “magic angle” was proposed [7.9]
as shown in Fig. see Fig. 7.6.

Eprobe

Edetection

Eexcitation

detection beam

probe beam

excitation beam

θ       ≈ 54.7°mag

θ beam

Fig. 7.6. Magic angle configuration in pump and probe measurements

For this concept both beams have to be linearly polarized and the angle
θmag between the two electric field vectors E of the excitation and the probe
beam has to be:

magic angle θmag = arctan(
√

2) ≈ 54.7◦. (7.3)

This angle can easily be achieved e.g. if the excitation light is perpendic-
ularly polarized relative to the plane of the propagation directions of both
beams as in Fig. 7.6. It is then obviously independent of the angle between
the two beams θbeam. Thus also in transversal excitation configurations the
magic angle can be applied.

Using the magic angle setup the orientation relaxation of all dipole mo-
ments of the matter does not influence the transmission measurement of the
probe beam as along as only exponential decays are present. This is true
even if the transition dipole moment of the excitation and the probing are
not parallel. The magic angle configuration can also be applied for emission
measurements.

But the initial transmission change measured with probe light polarization
in the magic angle direction is slightly smaller than that compared to the
value from parallel polarization of probe and excitation. But in the parallel
case the measured decay of the signal is a mixture of energy and orientation
relaxations. Thus the evaluation of the data needs very complicated models
or substantial measuring errors can occur.

More details about considering light polarization in conventional absorp-
tion and fluorescence measurements are given in [7.1–7.17, M32, M34–M36].
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From the formulas given there the difficulties in considering polarization ef-
fects in nonlinear spectroscopy can be estimated.

7.1.5.2 Pulse Width, Delay and Jitter

Measurements with different excitation pulse durations allow the determi-
nation of decay times in different time domains. Furthermore e.g. from the
measurement of nonlinear bleaching as a function of the pulse width, some-
times the absolute cross-section of the material can be obtained. This is
possible if the decay time of the matter is longer than the pulse duration of
the excitation. In this case the number or density the excited particles are a
function of the pulse energy density and the cross-section of the matter, only.

Thus the determination of the pulse width is essential for the evaluation
of nonlinear measurements. For pulses longer than 1 ns the pulse duration
can be measured directly with electronic devices.

For pulses shorter <1 ns streak cameras can be used for measurements
with resolutions in the ps range. Shorter pulses can be measured using optical
delays and a nonlinear optical process for detection of the superimposed
shares of the delayed and nondelayed pulse [7.18–7.36]. Very sophisticated
methods are developed to measure not only the pulse duration and the shape
of the very short pulses but also the phase of the electric field relative to the
envelope of the pulse. In short fs-pulses only very few cycles of the electric field
may occur. An overview about different methods can be derived from [7.37–
7.56]. The nonlinear process can be e.g. a two-photon emission or absorption,
SHG generation or nonlinear bleaching as described in Chaps. 4 and 5 (see
especially Sect. 4.4.1 (p. 181) and Fig. 5.45, p. 324).

The bandwidth limit of the light pulses were given in Eqs. (6.152) and
(6.153). The product of the FWHM values of the pulse duration times the
spectral width resulted in 0.44 for Gaussian pulse shapes and to 0.31 for sech-

delay z

laser
pulse

lens

crystal
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CCD
poly-
chromator

lens

Fig. 7.7. Autocorrelation measurement setup for determining the pulse duration
of ultrashort laser pulses
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pulse shapes. The experimental set up for the autocorrelation measurement
using the second harmonic generation (SHG) is depicted in Fig. 7.7.

The resulting curve of the SHG signal as a function of the delay can be
unfolded using. The pulse duration can be determined from:

autocorrelation Gauss pulse ∆tFWHM,pulse =
1

c0
√

2
∆zFWHM,delay (7.4)

and

autocorrelation sech pulse ∆tFWHM,pulse =
1

1.5429c0
∆zFWHM,delay (7.5)

with ∆zFWHM,delay as the FWHM-width of the SHG intensity as a function
of the delay z which is the autocorrelation function CSHG:

autocorrelation function CSHG(τ) =
∫ ∞
−∞

Iinc(t)Iinc(t− τ) dt (7.6)

with τ = (z − z0)/c0 in which z0 represents temporal incidence.
Unfortunately, these techniques do not allow the determination of the

pulse shape and thus the evaluation of the nonlinear signal is slightly uncer-
tain (see Fig. 5.45, p. 324 and (5.150) and (5.151)). For bandwidth-limited
pulses the duration can be determined from the spectral measurement and
for all others the shortest limit of the duration can be calculated from this.

For a more detailed analysis especially of very short pulses in the fs-
or as-range the oscillations of the electric field relative to the pulse enve-
lope may be important and thus SPIDER (spectral phase interferometry for
direct electric field reconstruction) or FROG (frequency resolved optical gat-
ing) [7.57–7.106] measurements may be necessary. In FROG measurements
the autocorrelation signal behind the second harmonic generation (SHG) is
analyzed using a polychromator and thus the temporal development of the
different spectral shares of the pulse can be obtained. From this information
the possible chirp of the pulse can be identified. A simple setup providing
the FROG information is the GRENOUILLE technique which replaces the
beam splitting unit by a FRESNEL biprism and the spectrometer by using
a long SHG crystal. The time range of this technique is about one order
of magnitude, e.g. 10–100 fs. SPIDER allows the determination of the phase
of the electric field relative to the envelope of the pulse from single shot
measurements via the superposition of different shares of the pulse and the
subsequent spectral measurements.

The delay of the probe pulse allows the observation of the decay mech-
anisms in the sample after excitation, in combination with the other probe
light parameters, e.g. the orientation, spectral and spatial relaxation in the
matter.

Delay lines are usually used for delays smaller than 100 ns using retro-
reflector arrangements as triple mirrors or prisms with two passes. The re-
sulting delay in air is given in Table 7.2 (p. 545).
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Table 7.2. Time delay from a delay line in air passed back and forth

Length 10 m 1 m 0.1 m 10mm 1mm 0.1mm 10 µm 1 µm

Delay 67 ns 6.7 ns 670 ps 67 ps 6.7 ps 670 fs 67 fs 6.7 fs

Delay lines longer than 50 ns can be difficult to achieve because of the
necessary good beam quality of the probe light. Delay lines for fs pulses need
high accuracy and no dispersive elements should be used in delay lines for
pulses with duration below 100 ps.

The electronic triggering of lasers usually results in jitters around 1 ns or
longer and have to be measured if synchronization is important. In the worst
case, measurements with too high jitters can be suppressed in the evaluation
of the data if the jitter is measured, simultaneously.

7.1.5.3 Spectral Width

The spectral width of the laser light [e.g. 7.107, 7.108] has to be set in re-
lation to the absorption and emission bandwidth of the material. Spectral
hole burning can occur if the spectral bandwidth of the exciting laser is
smaller than the bandwidth of the matter. Thus in such measurements spec-
tral bleaching of the whole band has to be checked (see Sect. 7.4 and especially
Sect. 7.4.5 (p. 574) and 7.7.9, p. 602). The spectral width can be measured
with monochromators down to sub-nm and with Fabry-Perot-etalons (see
Sect. 2.9.6, p. 84) down to a few MHz which is pm and below.

7.1.5.4 Focus Size and Rayleigh Length

As described in Chap. 2 the intensity increases quadratically with decreasing
diameter of the excited volume in the sample but the Rayleigh length and
wave front curvature radius decreases as given for Gaussian beams in Ta-
bles 2.4 (p. 32) and 2.5 (p. 33). The latter may be important for experiments
with induced gratings. Thus, usually an optimum spot size is selected for a
certain measurement.

As described above the beam diameters also have to be chosen for optimal
overlap of the pump and probe beam in the material.

7.1.5.5 Coherence Lengths

It turns out that even in pump and probe experiments with quite incoherent
light, such as e.g. from broad-band lasers, the induced absorption or phase
gratings in the sample may disturb the absorption measurement. Thus the
coherence properties of the laser beams and their interaction with matter
should be checked carefully. As shown in Fig. 5.49 (p. 336) the pump light
can be exactly reflected at induced grating planes towards the direction of
the detection light.
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7.1.6 Sample Parameters

All sample parameters including the origin and the history should be noted.
Variation of temperature and pressure as well as the variation of the host
material may allow new insides about the nonlinear behavior.

7.1.6.1 Preparation, Host, Solvent

Optical densities typically between 0.5 and 3 are convenient for transmission
measurements of ground and transient states. For emission measurements
optical densities much below 0.1 may be sufficient or even favored for sup-
pressing side effects such as, e.g., secondary emission or aggregation. Thus
the thickness of the sample may be adapted. If the matter can be diluted
in solution or in a glass or polymer matrix or in a host crystal the concen-
tration may be adapted for good sensitivity of the measurement. In pump
and probe measurements the sample thickness may be limited for sufficient
spatial overlap.

The purity of solvents and other host materials is a key issue of non-
linear spectroscopic measurements. Two-photon or transient absorptions of
impurities in the host material cannot be checked with linear spectroscopic
methods. Besides chemical impurities, which are claimed on the label, small
particles from the purification process can disturb nonlinear measurements.
These particles are usually not specified.

Thus extensive fluorescence investigations of the solvent or host material,
if possible with strong laser radiation, may be used to check for chemical
impurities. Particles can be detected by scattering experiments in the visible
while inspecting the material e.g. via a microscope.

Cleaning for chemicals can be done by distillation or other chemical pro-
cedures. Particles can be removed with microfilters or by a cold distillation
using liquid nitrogen temperatures [e.g. 4.408].

Solvents may already have unwanted ingredients or may absorb chemi-
cals, e.g. from the air. Thus the alcohols may dissolve water which changes
polarity and viscosity, significantly. Glycerol can change its viscosity by or-
ders of magnitude by pollution. Gases such as oxygen may be dissolved in the
solvents by air contact. This can, e.g., shorten the triplet lifetime of molecular
systems by several orders of magnitude. Oxygen can be removed by bubbling
the solution with nitrogen at normal pressure or by pump and freeze tech-
niques. The samples so prepared have to be protected against air, e.g. by
using parafilm or teflon tape.

All properties of the host material should be noted. The use of different
types with e.g. different viscosities, dipole moments and geometrical struc-
tures allow the systematic study intra- and interparticle interaction of the
sample.
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7.1.6.2 Concentration, Aggregation

For high optical densities the concentration of the sample is often required
to be as high as possible, but e.g. in the case of organic molecules the for-
mation of aggregates [e.g. 7.109, 7.110] may appear and thus the sample
will show different properties. Therefore in molecular systems concentrations
above 10−3 mol l−1 may be checked for dimers. Sometimes even concentration
above 10−6 mol l−1 were observed to be crucial for dimerization.

The aggregation in the sample can usually be observed via the ground
state absorption and the fluorescence spectrum as well as the fluorescence
decay. Dimerization and other aggregation can lead to a red shift and change
in the structure of the long-wavelength absorption and emission bands and/or
in different decay times. Thus different dilutions should be compared. In
crystals the band or line structure may change for different concentrations of
the sample.

In any case the precise origin of all compounds should be given as well as
the concentration of the sample.

7.1.6.3 Temperature

Temperature variation of the sample (see Sect. 7.12.1, p. 627) changes the
probability of energy activated processes such as e.g. conformation or orien-
tation relaxations. Thus varying the temperature usually allows Arrhenius
plots of the observed spectroscopically detected decay rates km of the sample
as a function of the temperature T in a semilogarithmic plot and thus the
determination of the energetic barriers Ebarrier:

km = km,0 e−Ebarrier/kBoltzT (7.7)

in which kBoltz is Boltzmann’s constant kBoltz = 1.381 · 10−23 J K−1.
In addition different temperature result in a change of the geometrical

distances of the particles which may also strongly influence the nonlinear
optical properties of the matter. Thus sometimes the comparison of results
from low temperature with high pressure measurements may be helpful.

7.1.6.4 Pressure

In highly pressurized samples (see Sect. 7.12.2, p. 628) the distances between
different sample particles are changed. Length changes of about 10% are
possible with pressures in the kbar range. Thus all kinds of energy transfer
mechanisms are changed in this way (see Sect. 3.3.4, p. 109). The resulting
time constants can vary by orders of magnitude. Thus pressure variation can
help to understand the mechanisms.
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7.1.7 Possible Measuring Errors

Besides commonly known possible measuring errors caused by the limited
linearity range of the detection system and calibration problems additional
difficulties result from the application of very high intensities and strong
nonlinearities of the samples.

Thus beam attenuation can be difficult because optical filters may show
nonlinear bleaching. All other optical layers such as the mirror coatings may
show new properties under illumination with high intensities. Thus these
devices should be used at positions with large cross-sections of the light beams
to decrease the intensities by some orders of magnitude. In crucial cases these
elements have to be explicitly checked for their potentially nonlinear optical
behavior.

In the laser setups long optical paths are often applied and thus small
wedges, as are obtained by some filters or other “plane” optical elements, can
disturb the measurement if they are changed during the experiment. Filters
can be ordered with high and thus sufficient planarity.

On the other hand back reflexes from planar surfaces can crucially influ-
ence lasers by additional feedback. Thus small angles can be used for aligning
these optical components in the beam.

The nonlinear refractive index change, e.g. in filters, may cause focusing
or defocusing of the light beams. If the detector or interaction area such as,
e.g., the monochromator slit is too small this effect may cause changes of
the obtained intensities. Again large beam areas should be applied at these
elements.

Another possible problem is stimulated emission in highly excited samples.
This emission may not even be noticed because of its nonvisible wavelength.
Superradiation can also be blocked by black mechanical holders or other
elements and thus the reflexes are not visible. Therefore highly excited sam-
ples should not be used with planar surfaces perpendicular to the excitation
path to avoid additional resonator effects. In any case the samples should be
checked for stimulated emission. It can change the lifetimes and population
densities of the sample as well as their spectral features (see Fig. 5.10, p. 275)
by orders of magnitude.

In experiments with more than one beam, e.g. pump and probe mea-
surements, perfect spatial and temporal overlap of all light pulses has to be
insured.

The importance of light polarization is often underestimated in nonlinear
optical experiments. On the one hand the light polarization can be changed
unintentional by not estimated Fresnel reflections at optical surfaces and
thus the experiment is done with other than the expected light polarizations.
In this case the measured light beams may also not be representative for
the applied light because the applied beam splitters may extract the wrong
polarization direction. Thus beam splitters should be used almost at 90◦ to
avoid polarization changes. On the other hand the light with high intensities
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will always change the spatial distribution of the electric dipoles as described
in Sect. 7.1.5 (p. 541). Thus magic angle setups or other precautions are
necessary.

Because of the long coherence length of the applied laser light interference
effects may occur. Thus transmission or refractive index gratings may be
induced in the experiments. Scattering or wave mixing can occur at these
gratings and the transmission measurements may be disturbed.

Spatial, spectral and temporal background light may occur and the total
light power can in the worst case be dominated by this unwanted and possibly
undetected light. Ten times more background power or energy means e.g. a
1% background in a 300 µm area for a 10 µm beam spot diameter or during
a 10 ns period including the 10 ps pulse or over a wavelength range of 10 nm
for a 0.01 nm spectrally broad measuring light.

In addition to the investigated nonlinear optical effect unwanted side ef-
fects may occur as described in Chaps. 4 and 5. for example, optical break-
down, self-focusing, self-phase modulation, damage, photo-chemistry or all
kinds of nonlinear scattering may occur and have to be excluded separately.
This may be a difficult task because most of these effects are, e.g., third order
and cannot be distinguished by intensity variations. Thus carefully developed
strategies may be necessary to identify the different influences.

In general, measurements with high enough intensities for nonlinear opti-
cal investigations almost always show new and interesting effects. The careful
interpretation of the results is one of the main difficulties but also one of the
main benefits of photonics.

7.2 Conventional Absorption Measurements

Absorption spectra measured with conventional light sources providing in-
tensities in the linear range of the matter (see Sect. 3.4) are the basis of any
nonlinear optical experiment [e.g. 7.111–7.123]. Based on these measurements
the applied laser wavelengths for the nonlinear experiments are determined
and the required intensities are estimated.

7.2.1 Determination of the Cross-Section

Conventional spectra allow the determination of the ground state absorption
(GSA) cross-section σGSA from the ground state transmission TGSA as a
function of the light wavelength λ as described in Sect. 3.4:

σGSA(λ) = − ln[TGSA(λ)]
NpartLsample

(7.8)

if the density of the absorbing particles Npart is known. Lsample is the geomet-
rical length of the sample [e.g. 7.124–7.127]. Often homogeneous broadening
is assumed because of the lack of more detailed investigations. It should be
noticed that even if the sample is homogeneously broadened the cross sec-
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tion so determined is an average spread over the possibly differently aligned
transition dipole moments of the particles (see Sect. 7.2.3, p. 551). Thus the
“true” cross section of the single particle can be larger than this average
but ensemble measurements will show the value of Eq. (7.8). If all particles
are oriented in the same way, e.g. linear molecules in a stretched foil, the
true cross section can be obtained with linearly polarized light parallel to the
transition dipole moments.

In the case of inhomogeneous broadening (see Sect. 5.2) or aggregation
(see above) the density of the absorbing particles is not identical to the total
density of particles in the sample. It can be smaller by orders of magnitude
and then the cross section is larger by this factor. This can be checked with
nonlinear measurements as described below.

If the cross-section is once determined with sufficient accuracy from sev-
eral independent sample preparations the further determination of the sample
concentration and/or thickness can be based on transmission measurements,
which is very convenient.

Again, the conventional spectra of molecular samples should be measured
for different concentrations to exclude aggregation.

After nonlinear optical experiments the (conventional) ground state spec-
tra should be measured again, to check for photo-reactions or other degre-
gation of the sample as a consequence of the applied high light intensities.
In these measurements it should be remembered that the measuring area in
conventional spectrometers is in the range of several mm2 whereas nonlinear
measurements usually have areas of less than one mm2 and thus the disturbed
volume may be much smaller than that obtained conventionally.

7.2.2 Reference Beam Method

For all linear and nonlinear absorption measurements the two-beam or refer-
ence beam method as shown in Fig. 7.8 improves the quality considerably.

λprobe

Idetect

monochromatormonochromator
sample

λdetect

I reference

Pol
BS

lamp

Polreference

Fig. 7.8. Absorption measurement using sample and reference path for improved
quality
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With this method all variations from the light source such as fluctuations
or spectral dependencies of the detectors can be excluded. Thus the accuracy
of the absorption measurement is a function of the precision of the measuring
devices only, and therefore can be enhanced by a factor of 10 to 1000.

In conventional measurements a reference sample can be applied in the
reference path. Thus absorption effects from e.g. the solvent or other host
materials can be suppressed. But care has to be taken for the limited lin-
earity range of the detectors. For highly absorbing reference samples the
measurement may become faulty. Therefore the additional measurement of
the sample and/or the reference alone is helpful.

The second monochromator for λdetect is necessary to filter for possible
emission light from the sample, which usually has other wavelengths than the
absorption. This light can also be suppressed by small apertures in case of
good collimated probe light beams. The first monochromator can be saved
resulting in a higher illumination of the sample with the whole spectrum of
the lamp. However, in particular, UV light can cause photochemical reactions
in the sample.

The polarizer Pol in both beams of Fig. 7.8 (p. 550) allow the absorption
measurement of anisotropic effects in the sample e.g. in stretched polymer
foils or crystals.

As described in Sect. 3.4 it should be checked which value is shown by
commercial devices to characterize the absorption. Only the transmission or
transmittance is unambiguous. Absorption or extinction can mean different
values.

7.2.3 Cross-Section of Anisotropic Particles

For a detailed analysis it should be noticed that in absorption measurements,
the light has no polarization component in its propagation direction. Thus
these measurements do not consider absorption dipole moments of the parti-
cles aligned in the propagation direction of the light. If the particles show an
anisotropic absorption (transition) dipole moment which is not independent
of the orientation of the particle, as e.g. in long stretched molecules, the mea-
sured cross-section has to be corrected for the single molecule (see Fig. 7.9,
p. 552).

If the light propagates in the z direction and the light is linearly polarized
in the y direction the absorption probability for the single molecule follows
from:

σmeasurement =
∫ π

0

∫ 2π

0
σsingle

N(ϕpart, θpart)
Nall

cos2(θpart) dϕpart dθpart

(7.9)

with the density N(ϕpart, θpart) of particles with the transition dipole mo-
ment in the direction ϕpart, θpart and σsingle as cross-section of the single
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x

y

z
θpart

µpart

ϕ partE Fig. 7.9. Electric field vector and
direction of the transition dipole
moment of a single particle in the
sample during absorption mea-
surement

particle. For an isotropic distribution of linear transition dipole moments the
integration results in:

isotropic distribution σmeasurement,lin-pol =
1
3
σsingle (7.10)

if linearly polarized light is used. If nonpolarized light is applied the measured
cross-section is twice as large (2/3·σsingle). These results have to be combined
with Eq. (7.8) for the evaluation of absorption measurements.

7.2.4 Further Evaluation of Absorption Spectra

Below wavelengths of 1000 nm (UV-Vis spectra) absorption is usually caused
by electronic transitions in the sample. In addition vibrational, rotational or
host transitions may occur and cause broadening. This often leads to band
structures in the spectra.

In the case of short spectral cross-relaxation times homogeneous or inho-
mogeneous broadening cannot be distinguished from the conventional spectra
except when very low temperatures are applied (remember Sect. 5.2). Non-
linear measurements are necessary to answer this question (see Sect. 7.8.1
(p. 602) and 7.8.2, p. 605). Nevertheless band shape analysis of the conven-
tional spectra may indicate inhomogeneous broadening.

Further, from the structure of the spectra some rough estimates about the
nonlinear properties of the samples may be possible as described in Sect. 5.10.
Thus broad unstructured spectra may indicate flexible structures, e.g. flexible
molecules, which often results in fast relaxation’s.

7.2.4.1 Estimation of Excited State Absorptions (ESA)

In many cases several absorption bands can be detected indicating different
optical transitions from the electronic ground state to different electronic
excited states. The energetic difference between these ground state absorption
(GSA) transitions can give a first hint of the energetic position of excited state
absorptions (ESA). The wavelengths λESA of the mth ESA band can thus
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be estimated from the wavelengths of the GSA transitions λGSA to the first
λGSA,1 and the mth band λGSA,m:

λESA,m ≈
[

1
λGSA,m

− 1
λGSA,1

]−1

(7.11)

As an example in Fig. 7.10 the ground state spectrum of cryptocyanine
in ethanol is shown.
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Fig. 7.10. Ground state absorp-
tion spectrum of cryptocyanine
dissolved in ethanol

In molecular systems the selection rules allow transitions with an even–
odd and odd–even parity change only, and thus transitions between strong
GSA bands should not appear as ESA bands. But in large electronic systems
these rules are usually not strongly valid and thus these ESA-bands can
usually be detected, too.

For the given example of cryptocyanine the difference of the ground state
absorptions around 700 nm, 310 nm and 270 nm would lead to ESA bands at
550 nm and 430 nm. These bands were experimentally detected around these
wavelengths [5.37, 5.46].

7.2.4.2 Band Shape Analysis

Substructures such as e.g. shoulders in UV-Vis absorption spectra may in-
dicate different electronic transitions which may even have different polar-
izations. In molecular systems the shoulders are often caused by vibrational
substructures. Both can be important for photonic applications.

Thus a band shape analysis of the GSA can help to understand the ex-
perimental results of nonlinear measurements [e.g. 7.128–7.136]. The single
bands of the absorption spectrum is often a superposition of many transitions
which may be statistically arranged. In this case the resulting spectrum can
often be described by a single (or the sum) of Gaussian subbands and thus
the measured spectrum is fitted using the least square method by:
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Gaussian bands analysis

σfit(ν) =
n∑

m=1

σmax,m exp

[
−4 ln 2

(
νpeak,m − ν
∆νFWHM,m

)2
]

(7.12)

with the parameters σmax,m as the maximum cross-section of the mth band,
νpeak,m as its position and ∆νFWHM,m as its bandwidth. The integral over a
single Gaussian band is given by:∫ ∞

−∞
σmax exp

[
−4 ln 2

(
νpeak − ν
∆νFWHM

)2
]

dν =
√

π

4 ln 2
σmax∆νFWHM.

(7.13)

Single transitions should show a Lorentzian shape and thus such spectra
can be modeled with:

Lorentzian bands analysis

σfit,L(ν) =
n∑

m=1

σmax,m
∆ν2

FWHM,m/4
(νpeak,m − ν)2 + ∆ν2

FWHM,m/4
(7.14)

with the same parameters as given above. The integral over a single Lorentzian
band is:∫ ∞

−∞
σmax

∆ν2
FWHM/4

(νpeak − ν)2 + ∆ν2
FWHM/4

dν = πσmax∆νFWHM. (7.15)

For mixed cases Voigt profiles [7.131] were sometimes applied for the
description of transition bands. These describe the superposition of a large
number of single Lorentzian bands weighted with a Gaussian probability
distribution. The profile can be given as the integral:

Voigt profile analysis

σfit,V(ν) = σmax
√

ln 2
∆νL

∆νG

·
∫ ∞
−∞

e−ν̂
2(√

ln 2
∆νL

∆νG

)2

+
(

2 ln 2
ν − νpeak

∆νG
− ν̂

)2 dν̂ (7.16)

with the selectable values of the full width half maximum band (FWHM)
widths of a Gaussian shaped subfunction ∆νG and a Lorentzian shaped sub
function ∆νL. The integral over this band is:∫ ∞

−∞
σfit,V dν =

√
π3 ln 2σmax

∆νL

∆νG
. (7.17)

The Voigt profile reduces to a Gaussian or Lorentzian profile if the op-
posite half-width is zero. The center part of the profile is dominated by the
Gaussian function and the wings by the Lorentzian profile.
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As an example Fig. 7.11 shows the band shape analysis using Gaussian-
shaped curves of a GSA spectrum similar to that of crystal violet or malachite
green in alcohol with a shoulder indicating two subbands.
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Fig. 7.11. Band shape analysis of a GSA spectrum with a shoulder indicating two
subbands positioned at 570 and 600 nm with bandwidths of 84 and 34 nm and peak
cross-sections of 7.0 · 10−17 cm2 and 7.3 · 10−17 cm2

If these two subbands belong to different electronic transitions they can
be addressed by choosing a suitable excitation wavelength, but as shown
in this example longer wavelengths above 650 nm would activate the short-
wavelength transition peaking at 570 nm much more than the long-wavelength
transition with its maximum absorption at 600 nm.

This example also shows the possible illusion while estimating such super-
imposed bands without a detailed calculation. The total spectrum would sug-
gest a very strong band around 600 nm with a small shoulder below 570 nm.
However, the band shape analysis shows unambiguously that the oscillator
strength of the band centered at 570 nm is much stronger than that of the
absorption around 600 nm and the maximum cross sections are about equal.

Surprisingly, many of the UV-Vis absorption bands of organic molecules
especially in solution can be well described assuming Gaussain band shapes
for the subbands as in the given example, although the single transition
should show a Lorentzian shape as it is quantum theoretically predicted. This
may be a consequence of the very high density of vibrational states which
reaches values of 1012 states per cm−1. These vibrational states can at least
partly couple to the electronic transition and thus cause a large statistical
superposition of the transition probabilities.

Some examples of very narrow linewidths measured with high resolution
are given in [7.137–7.139].

For a clear understanding of the spectral properties of such widely broad-
ened absorption spectra the detailed analysis of the substructures may be
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necessary. Especially the changes of the spectrum caused by different sol-
vents or solvent parameters may be produced mostly by spectral shifts and
variations of the amplitude but not so much by changes of the band width
of the subbands. However, for this type of discussion a band shape analysis
is indispensable. It can be easily done on PCs.

7.2.5 Using Polarized Light

In conventional absorption measurements different polarization conditions
will show different results for rigid or otherwise organized, nonisotropic sam-
ples, only. These can be solids such as crystals, polymer hosts or cooled
samples. In gases or liquids at room temperature the reorientation is usually
much faster than the measuring time.

If the sample is not isotropic the different components of the absorption
cross-section can be determined with two measurements of perpendicular
light polarization.

Molecules can be orientated in thin films, liquid crystals or in polymers.
These polymers can be stretched and thus linear molecules were aligned along
the stretch direction.

7.3 Conventional Emission Measurements

Conventional emission spectra [M34–M36, 7.140–7.143], in combination with
conventional absorption spectra, allow the determination of some properties
of the first excited electronic states. Thus the emission cross-sections, the
emission quantum yield and the emission lifetimes can be obtained. In con-
ventional emission spectra measurements the excitation wavelength is fixed
and the detection wavelength is varied. However, in excitation spectra mea-
surements the emission wavelength is fixed and the excitation wavelength is
varied. Both may lead to different insights. In addition temporal measure-
ments are applied.

7.3.1 Geometry

Emission spectra are usually measured with optical excitation of the sample
in a small excitation wavelength range around λexc and the observation of the
emission intensity spectrum as a function of the wavelength Iemission(λdetect)
as shown in Fig. 7.12 (p. 557).

The excitation is provided by a lamp and the monochromator for select-
ing the excitation wavelength λexc. The emission of the sample is collected
by an optical system under the angle θemission and detected behind the sec-
ond monochromator selecting the detection wavelength λdetect. The angle is
usually chosen as 30◦ but sometimes 90◦ is applied, too. Polarizer in the exci-
tation and detection beam can be applied. The detection path, including all
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Fig. 7.12. Schematic of emis-
sion measurement with excitation–
emission angle θemission

optics, the monochromator and the detector with the measuring system, has
to be calibrated for flat spectral sensitivity. Thus the dynamic range, noise
and accuracy of the measuring device may be much different at different
wavelengths.

Measuring errors from reabsorption in the sample can be avoided by using
optically thin samples in the range of the emission spectrum (OD < 0.1).

If polarizers are applied in the excitation and detection path, anisotropy
effects can be obtained. If a rigid sample is used it may be possible to deter-
mine the angle between the absorption and the emission transition moments
of the particle. For a detailed analysis see [7.140–7.142, M32].

7.3.2 Emission Spectra

Emission or luminescence spectra can be obtained from the singlet system
of the sample resulting in fluorescence spectrum whereas the triplet sys-
tem shows phosphorescence. The latter electronic transition from the excited
triplet state to the singlet ground state is spin-forbidden. Thus it shows com-
paratively long lifetimes and often low intensities.

7.3.2.1 Fluorescence Spectrum

The fluorescence spectrum [e.g. 7.144–7.154] often shows a mirror symmetry
of the longest wavelength absorption spectrum (see Fig. 7.13, p. 558).

This symmetry is theoretically best if the cross-section divided by the
light frequency is plotted on one side and the fluorescence intensity divided
by the third power of light frequency on the other [7.140]:

mirror plot absorption
σabsorption(νlight)

νlight
= fabsorption(νlight) (7.18)

and

mirror plot emission
Iemission(νlight)

ν3
light

= femission(νlight) (7.19)
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Fig. 7.13. Emission and absorption spectra of anthracene dissolved in cyclohexane
showing typical mirror symmetry (spectra corrected as described in text)

where the emission intensity is measured with a small frequency bandwidth
∆νmeasure � ∆νband.

The energetic difference of the applied absorption light as e.g. at the lowest
energy absorption peak and the detected emission light as e.g. at the highest
energy emission peak gives the quantum defect energy.

In molecular systems this energetic difference is called the Stokes shift.
The Stokes shift is caused by contributions of vibrations and the environment
of the molecule as e.g. solvent reorganization. The particle environment may
change as a consequence of different electronic charge distributions in the
ground and the excited state of the particle. Especially in polar solvents this
effect can cause a large decrease of the first excited state energy for molecules
with a large and changing dipole moment. Thus the Stokes shift can be much
more than 100 nm in extreme cases. Thus the pure electronic transition can
be estimated as the absorption transition energy minus half the Stokes shift
energy.

If this symmetry between absorption and emission bands is strongly dis-
turbed a large difference between the electronic configurations of the ground
and the excited state can be supposed as e.g. conformational changes of
molecules.

7.3.2.2 Phosphorescence Spectrum: Triplet Quenching

Emission from the lowest triplet level back to the singlet ground state is
spin forbidden and therefore usually shows weak intensity and much longer
lifetimes than fluorescence.

For better observation the parallel radiationless intersystem crossing tran-
sition – the triplet quenching – leading to a fast depopulation of the triplet
levels should be suppressed.
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Thus the extraction of oxygen from liquid samples by bubbling the solu-
tion e.g. with nitrogen can decrease this radiationless channel by orders of
magnitude. Solvents with heavy atoms quench also triplet states of the sam-
ple. In both cases the resulting spin momentum from switching one electron
from +h/4π to −h/4π or vice versa is overtaken by the environment.

From the triplet emission spectrum the energetic position of the lowest
triplet level can be determined and its possible influence in photonic ap-
plications estimated. On the other hand, in many applications the triplet
populations are unwanted, because of the long storage time of these levels.
Therefore e.g. in dye lasers the active material, e.g. as solution or in a solid
polymer matrix is moved to take the molecules in the triplet state out of the
beam.

7.3.3 Excitation Spectrum: Kasha’s Rule

The excitation spectrum is recorded if the emission intensity at a certain
wavelength, e.g. at the maximum, is plotted as a function of the wavelength
of the exciting light. It is usually identical to the absorption spectrum be-
cause the particles usually decay rapidly from any higher excited state to the
first excited state, e.g. of molecular systems [7.155–7.160], which is known
as Kasha’s rule [7.160]. This is of course not observed in laser measurements
with short pulses in the sub-ns or fs range. Other exceptions are e.g. azulene
molecules which emit from the S2 state [7.159].

If in conventional measurements the excitation spectrum shows deviations
from the absorption spectrum an inhomogeneity of the spectral behavior may
be indicated. Then a systematic investigation of the excitation spectra as a
function of the applied emission wavelength can allow the clarification of the
sample structure. Inhomogeneous broadening or impurities can cause this
effect.

Measurements with different polarization of excitation and emission light
as well as temperature variations can be useful. The different polarizations
of the two light beams may allow for the distinguishing of the directions of
the absorption and emission dipole moments relative to each other if the ori-
entation relaxation time is not too short compared to the measuring time in
linear measurements and compared to the pump rate σexcIexc in nonlinear
experiments. Lower temperatures usually slow down this orientation relax-
ation of the molecules up to many orders of magnitude if the molecule is
almost fixed by the surrounding matrix. For small molecules temperatures
below 10 K may be necessary to establish this effect sufficiently.

7.3.4 Emission Decay Times, Quantum Yield, Cross-Section

Fluorescence and phosphorescence decay is a consequence of the limited life-
time of all excited states. These are given by radiative and radiationless
transitions [e.g. 7.161]. Thus all the decay times of all involved excited states
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are important for the understanding and modeling the nonlinear behavior of
the material. Therefore some effort may be necessary to obtain these decay
times as far as possible experimentally. The other decay rates may be de-
termined from modeling the results of suitable nonlinear measurements with
rate equations or density matrix calculations.

7.3.4.1 Fluorescence Decay Time

The fluorescence decay time can vary from sub-ps to hundreds of µs. Only
the longer lifetimes can be measured with conventional spectrometers while
laser measurements allow determination in the whole range as described in
Sect. 7.9.2 (p. 618).

The fluorescence decay time is identical with the lifetime of the emit-
ting state and can thus also be determined via time-resolved excited state
observations from pump and probe measurements.

The fluorescence decay time τfluorescence is given by the natural lifetime
τnat of the transition in combination with the resulting decay time τradiationless
from all radiationless processes (see also Sect. 3.3.4, p. 109):

fluorescence decay time
1

τfluorescence
=

1
τnat

+
1

τradiationless
. (7.20)

The natural lifetime is shortened by these parallel radiationless transitions
leading to the observable fluorescence decay time. Examples are given in
[7.162–7.187] and in the references of Sect. 7.7.9 (p. 602).

7.3.4.2 Natural Lifetime

The natural fluorescence lifetime τnat of the excited state is directly con-
nected with the natural spectral width ∆νnat of the transition as described
in Sect. 3.3.3 (p. 107):

natural lifetime τnat =
1

2π∆νnat
. (7.21)

Because of the additional broadening of the electronic transitions the
lifetimes can mostly not be determined from spectral measurements and thus
time-resolved laser measurements are required (see Sect. 7.9.2, p. 618).

7.3.4.3 Quantum Yield

The quantum yield Φyield is the ratio of the spontaneous emitted pho-
tons Nphotons,spontaneous divided by the total number of absorbed photons
Nphotons,absorbed:
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Φyield =
Nphotons,spontaneous

Nphotons,absorbed
(7.22)

which can be calculated from the decay times as:

quantum yield Φyield =
τradiationless

τradiationless + τnat
=
τfluorescence

τnat
. (7.23)

Thus the measurement of the quantum yield allows the differentiation of
radiationless and radiative transitions from the excited state. (Under laser
conditions, i.e. with stimulated emission, this value is equal to the quantum
efficiency as given in (6.7).) The natural lifetime is usually determined from
the fluorescence decay time and the quantum yield.

The absolute measurement of the quantum yield is difficult because of
the geometry of the emission and reabsorption. Thus it is usually measured
in conventional fluorescence spectrometers in direct comparison to samples
with known quantum yields [7.188–7.190, 5.831] as e.g. given in Table 7.3.

Table 7.3. Quantum yields Φyield, excitation and emission wavelengths λexc and
λfluorescence and the fluorescence lifetime τfluorescence of some materials

Material λexc λfluorescence τfluorescence Φyield

(nm) (nm) (ns)

p-terphenyl in cyclohexane 275 340 0.95 0.93
Anthracence in cyclohexane 340 400 4.9 0.27
Perylene in cyclohexane 410 470 6.4 0.94
Acridine yellow in ethanol 480 500 5.1 0.86
Acridine red in ethanol 550 590 3.8 0.33

Further examples are given in [7.191–7.197]. Care has to be taken in these
relative measurements for the absorption of the exciting light and the reab-
sorption of the fluorescence light. Thus low optical densities should be applied
which have to be identical for the test and known material at the excitation
wavelength.

7.3.4.4 Phosphorescence Decay Time

If the phosphorescence is measurable its decay time can usually be measured
with conventional spectrometers, which have choppers for the time-resolved
investigations, or the decay can be observed after excitation with a short
pulse by a fast detector and an oscilloscope. The decay times have values in
the range from hundreds of ns up to ms.

If phosphorescence is too weak for safe evaluation the decay time can be
determined from the decay of the triplet excited state absorption as illus-
trated in Fig. 5.7 (p. 272). In short pulse experiments with molecular systems
the population of the triplet state may be too small if fs or ps pulse dura-
tions are applied as a consequence of the slow intersystem crossing. However,
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if high repetition rates in the MHz range are used an accumulation from pulse
to pulse may occur and high population densities in the triplet may become
possible.

7.3.4.5 Determination of the Emission Cross Section

The emission cross-section can be determined from the emission spectra us-
ing the relation between the lifetime of the emitting state and its bandwidth.
Therefore it has to be assumed that only one electronic transition is respon-
sible for the band. A band shape analysis may be necessary to determine
the single transition band. The emission cross-section spectrum σemission as
a function of the wavelength λ follows from:

cross-section σemission(λ) =
λ4

8πc0n2

Φyield

τfluorescence

· Iemission(λ)∫
band Iemission(λ′) dλ′

(7.24)

with the velocity of light c0, refractive index n, quantum yield Φyield of the
transition, fluorescence lifetime τfluorescence and the emission intensity spec-
trum Iemission(λ).

Especially in molecular systems the emission cross section can be very
different compared to the observed absorption cross section because the in-
volved energy levels are different. If broadening mechanisms are not known
precisely enough the emission cross section has to be determined experimen-
tally by nonlinear measurements. Amplification measurements with light of
wavelengths in the emission band as a function of the excitation parameters
may result in graphs which can be approximated with rate equations and
the emission cross section as parameter. These are pump and probe experi-
ments as described in Sect. 7.7. For the evaluation of the nonlinear behavior
of photonic materials the emission cross section may be important.

7.3.5 Calibration of Spectral Sensitivity of Detection

The spectral curves of the emission and detection systems of commercial
spectrometers are mostly calibrated with stored transmission and sensitivity
curves including all optical elements and detectors.

Noncalibrated emission measurement systems can be calibrated based on
known emission curves. In the simplest case a material with known fluores-
cence spectrum can be used in a reference measurement for determining the
sensitivity spectrum. This calibration spectrum is then used for the correction
of further emission measurements.

Another possibility is the application of blackbody radiation from a source
of a known temperature. The intensity spectrum Ibb of the blackbody radia-
tion as a function of the wavelength λ and the temperature of the blackbody
T follows from:
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blackbody radiation Ibb(λ, T ) = Ibb,0
2hc20
λ5

1
ehc0/λkT − 1

(7.25)

with Planck’s constant h, light velocity c0 and maximum intensity Ibb,0 which
is a function of the observation geometry.

As an example the emission spectra for two typical temperatures of 5600 K
(daylight) and 3500 K (lamplight) are given in Fig. 7.14. Increasing temper-
ature leads to an increase of the absolute intensity, which is about a factor
of 10 in the figure. Therefore spectral insensitive attenuator setups may be
necessary in the measurements.
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Fig. 7.14. Emission spectra of black body light source for two temperatures
of 5600K (daylight) and 3500K (lamplight). The maximum emission signal was
2.5 · 106 Jm−4 for 5600K and 2.4 · 105 Jm−4 for 3500K

Calibrated tungsten band lamps are available as such blackbody light
source with calibrated temperature curves as a function of the applied cur-
rent.

Although light detectors are available in almost any form it may be diffi-
cult to reach the desired signal to noise ratio, sensitivity and dynamic range,
especially in the spectral ranges outside the visible. For the spectral range
between 400 nm and about 1.000 nm (extended to 120–1.700 nm) all kinds
of photodiodes, photomultiplier, CCD- and pyroelectric detectors exist with
high sensitivity and large, “flat” spectral ranges using the outer or inner
photo effect of the surface material which is, e.g., Si or Cs, Te, Sb, In, Ga
or other alkali element combinations. If necessary the light signal can be am-
plified by microchannel plates. In the infrared region, especially above 4 µm,
cooled detectors usually have to be applied with, e.g. PbSe, Ge:Hg (4.2 K),
Si:Ga (4.2 K) or HgCdTe (77 K) sensors. They are about 10 to 100 times more
sensitive than bolometers.
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7.4 Nonlinear Transmission Measurements
(Bleaching Curves)

Using high light intensities in absorption measurements leads to nonlinear
changes of the sample transmission as illustrated in Sect. 5.3.3 (p. 272) and
in Figs. 5.15 (p. 282), 5.19 (p. 285), 5.20 (p. 286) and 5.22 (p. 290) (see e.g.
[7.198–7.212] and references of Sect. 5.3.3, p. 272). This simple one-beam
method offers much important information about the nonlinear behavior of
the material and allows the determination of several material parameters (see
also Sect. 5.3.1 (p. 269) and Sect. 5.3.3, p. 272).

7.4.1 Experimental Method

As described in Sect. 5.3.1 (p. 269) the sample is excited by the incident light
beam with variable intensity and the transmitted light is measured. A typical
experimental setup is shown in Fig. 7.15.

I inc

sampleBSD1 ED1 F1 L F2 F3 D2 ED2

Iout

Fig. 7.15. Setup for measurements of the nonlinear transmission

For achieving the necessary high light intensities short laser pulses of ns
to fs durations are usually used. With the beam splitter BS, part of the
laser light is out-coupled for monitoring the incident intensity during the
measurement. This beam splitter should be arranged under a small angle so
as not to change the light polarization too much (see Fresnel’s formulas in
Sect. 3.5).

The beam is focused with lens L typically with focal lengths of 50 to
200 mm for sufficiently small changes of the beam diameter in the sample
region, i.e. the Rayleigh length should be sufficiently larger than the sample
length. Spot diameters above 100 µm are usually easier to handle than much
smaller values for problems of self-diffraction and damage.

The diaphragm D1 suppresses possible spatial background radiation and
can be used for beam clean up. Diaphragm D2 is necessary to suppress back-
ground radiation and to decrease the share of emission light from the sample
in detection. In measurements in the UV the emission light intensities can
be especially pronounced by the higher spectral sensitivity of the detector
at longer wavelengths. A larger distance between the detection system and
the sample may also help. In the worst case the emission light has to be
suppressed by additional spectral filters F3 or a monochromator.
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The filters at position F1 are used to change the light intensity at the
sample without changing any other parameter. All filters taken out at position
F1 can be placed in position F2 and thus the dynamic range of the detector
ED2 can be small. It then only has to cover the nonlinearity of the sample.

The higher the sample absorption the larger the sensitivity of the mea-
surement. But transmissions smaller than 0.1% are difficult to calibrate with
sufficient accuracy with conventional absorption spectrometers. The trans-
mission at low intensities has to be checked to be the same as in the conven-
tional measurement.

The transmission can be calculated from the intensities of the transmitted
beam Iout and the incident beam Iinc at a certain time, e.g. the time of pulse
maximum tm:

transmission T (Iinc(tm)) =
Iout(tm)
Iinc(tm)

. (7.26)

This transmission determination is commonly used in nonlinear experiments
with not too short pulse duration typically in the ns range or longer. It is
especially useful if steady state conditions are realized.

In the case of peak detectors the peak intensities are used for determining
the transmission:

peak transmission Tpeak =
Iout(tpeak)
Iinc(tpeak)

. (7.27)

In experiments with ps or fs pulses the temporal pulse shape cannot be
measured electronically and thus temporally integrated intensities, the pulse
energies, are used:

energy transmission Tenergy =

∫
pulse Iout(t) dt∫
pulse Iinc(t) dt

. (7.28)

In any case the calculated transmission from the experiment has to be
the same as that used in modeling the experiments. The difference of the
transmission values can be seen from Fig. 7.16 (p. 566).

For the measurement the exciting light beam has to be characterized in all
parameters (see especially Sect. 2.7.1 (p. 54) but also the complete Sect. 2.7)
and they have to be constant during the measurement. The sample should
be carefully inspected for optical breakdown, bubbles or other damage (see
Sect. 7.1.7, p. 548).

As discussed in the following sections some of the pump light parameters
such as the pulse duration or the spectral width can be varied systematically
from measurement to measurement for further evaluation of the sample.
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Fig. 7.16. Calculated bleaching curve as a function of the excitation intensity
shown as peak or time integrated transmission of para-terphenyl in cyclohexane
using a three-level model. The concentration was 1.85 · 1017 cm−3 in a 1mm cell
and the pulse length of the laser was 10 ns

7.4.2 Evaluation of the Nonlinear Absorption Measurement

Important parameters of the sample such as the ground state recovery time,
which can be identical with the fluorescence lifetime, or the cross-sections, can
be determined from the modeling of the nonlinear absorption as a function of
the applied intensity of the incident light. Further, from the slope and other
features of this curve possible excited state absorptions and other nonlinear
processes can be discovered.

7.4.2.1 Modeling

Bleaching measurements are mostly obtained as incoherent interaction of the
light wave with the matter (see Sect. 5.1) and can therefore be modeled
with rate equations (see Sect. 5.3.6, p. 277). With very short pulses in rare
cases coherent interaction may occur (see Sect. 5.4) and the density matrix
formalism may be necessary (see Sect. 5.4.2 (p. 301) and following).

In any case the modeling concerns the balance between the excitation
(or other induced processes) of the sample with pump rate σI-- (or similar
values depending on the cross-sections σ and powers of intensity I--) on one
hand and the spontaneous processes described by characteristic decay times
τ or decay rates k on the other. Several pump or decay processes can occur
simultaneously or sequentially. In this case for detailed analysis further in-
formation from other measurements are required. Then the decay times and
the cross-sections can be determined even for higher excited states as will be
shown in the following sections.
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Modeling is most simple if rate equations can be applied and in addition
all involved decay times of the matter are (much) shorter than the exciting
light pulse duration. In this case steady state solutions can be used.

Examples are given in Sect. 5.3 especially the figures in Sect. 5.3.3 (p. 272)
showing nonlinear transmission curves.

7.4.2.2 Bleaching or Darkening

The illumination of samples with high intensities reaching the nonlinear range
usually leads to an increase of the transmission of the sample: it bleaches.
This bleaching occurs if the matter does not strongly absorb in the occupied
excited states. Thus bleaching occurs if the cross-sections of the excited states
which are populated by the pump intensity are smaller than in the ground
state at the wavelength of the laser light.

If the absorption cross-section of the excited state is accidentally equal
to the cross-section of the ground state no transmission change will be ob-
served although the particle has changed its quantum state and excited states
are populated (see Sect. 7.1.2 (p. 535) especially Figs. 7.3 (p. 538) and 5.20
(p. 286) and the next section).

If the excited state absorption has a larger cross-section σII as the ground
state absorption with the cross-section σI at the applied laser wavelength the
material will darken under strong light illumination (see Figs. 5.8 and 5.20).
As a function of the ratio σII/σI this can be a strong effect, but increasing
the intensity will lead to a bleaching of the sample finally in any case.

7.4.2.3 Start of Nonlinearity: Ground State Recovery Time

Although the nonlinear transmission has no threshold the change of the trans-
mission compared to the conventional or low signal transmission becomes
obvious as a function of the excitation intensity I-- plotted in a logarithmic
scale.

Thus the “start” of the nonlinearity in the case of bleaching can be defined
as the intensity I--εnl = Iεnl/hνLaser for which the transmission Tεnl is given
by:

Tεnl(I--εnl) = εnlT0 with εnl ≤ 1
T0

(7.29)

with the low signal transmission T0. εnl should be chosen as a function of
T0 and the quality of the measurement. Smaller values are more useful for
avoiding higher nonlinear absorptions in this evaluation. Higher values result
in better signal to noise ratios. Unfortunately, this intensity I--εnl is a function
of T0 and does not only depend on εnl.

In the case of a stationary two level system τ � ∆tpulse the cross-section
σ and the (fluorescence) lifetime τ of the upper (excited) state which is also
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the recovery time of the ground state absorption can be related to a selected
intensity I--εnl in the nonlinear range by the factor Cεnl,stat:

stationary bleaching στ = Cεnl,stat(εnl, T0)
1
I--εnl

. (7.30)

Some values of the factor Cεnl,stat which are calculated for a stationary
two-level system are given in Table 7.4 for different values of εnl.

Table 7.4. Values of the factor Cεnl,stat as a function of εnl and T0 for a stationary
two-level system

εnl\T0 0.1% 1% 5% 10% 30%

1.1 0.067 0.068 0.071 0.075 0.101
1.5 0.279 0.283 0.303 0.331 0.532
2 0.468 0.477 0.526 0.601 1.327
5 1.038 1.106 1.498 2.462 –

10 1.459 1.676 3.577 – –

These values can be used for a first rough estimate of the sample param-
eters reading a pair Tεnl and I--εnl directly from the experimental graph. The
earlier given nonlinear intensity I--nl follows from I--εnl for a factor Cεnl = 0.5.

As an example a sample with a small signal transmission of 1% shows
a bleaching transmission of 2% at an excitation intensity of 1024 photons
cm−2 s−1. The Cεnl,stat value is 0.477 and the στ product results in
4.77 · 10−25 cm2s. If this sample has a cross-section of 4.77 · 10−16 cm2 the
decay time can be determined from this experiment to be 1 ns.

In the case of strong nonstationary behavior of the sample applying, e.g.
fs or ps excitation pulses, meaning that the characteristic decay time is much
longer than the pulse duration τ � ∆tpulse, storage of the excited particles
takes place and then the cross-section σ of the sample can be determined
from the start of the nonlinear absorption, directly, but not the decay time
τ . In this case the cross-section follows from a selected light pulse energy
density Eεnl = I--εnl∆tFWHM in the nonlinear range:

nonstationary bleaching σ = Cεnl,nonst(εnl, T0)
1

I--εnl∆tFWHM
. (7.31)

Some values of the factor Cεnl,nonst calculated for a two-level system are given
in Table 7.5 (p. 569).

As an example a sample with a small signal transmission of 1% again
shows a bleaching transmission of 2% while it is excited with a ps pulse of
1 ps duration and an intensity of 1027 photons cm−2 s−1. The lifetime of the
sample is known to be in the range of ns and thus strong nonstationary
bleaching is obtained. The pulse energy density is 1015 photons cm−2. The
Cεnl,nonst value is 0.6 in this case resulting in a cross-section of 6 · 10−16 cm2.

If the matter shows a level scheme with almost empty upper state of the
absorption transition, as e.g. a three-level system, the C values have to be
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Table 7.5. Values of the factor Cεnl,nonst as a function of εnl and T0 for an inte-
grating two-level system

εnl\T0 0.1% 1% 5% 10% 30%

1.1 0.088 0.089 0.093 0.099 0.130
1.5 0.358 0.362 0.383 0.413 0.601
2 0.591 0.600 0.642 0.709 1.231
5 1.252 1.292 1.535 2.073 –

10 1.690 1.819 2.777 – –

multiplied by 2 in both cases of stationary and nonstationary bleaching. The
values from the table can also be used to estimate the necessary intensity for
a required bleaching effect if the material parameters are known.

In the case of an intermediate relation of lifetime to pulse duration
τ ≈ ∆tpulse the explicit modeling of the experimental results is necessary
to determine στ .

The σ in these formulas is the conventional ground state absorption cross-
section at the applied wavelength which can be determined from conventional
absorption measurement. But possible inhomogeneous broadening or aggre-
gation of the sample should be considered.

The decay time τ is the ground state absorption recovery time which is
not always identical to the fluorescence lifetime as shown in Fig. 7.17.
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Fig. 7.17. Energy level scheme with a long-lived level X producing a long ground
state absorption recovery time. The resulting ground state recovery time can be
approximated by 8.1 ns if the bleaching is produced with a 10 ns laser pulse as will
be shown below

The energy level X is populated from the first excited singlet state and
shows a long lifetime. The nonlinear absorption of this model is calculated for
a total population density of 2.3 · 1017 cm−3 and 1 mm cell length as shown
in Fig. 7.18 (p. 570).
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Fig. 7.18. Nonlinear transmission as a function of the incident intensity for the
model of Fig. 7.17 (p. 569) and parameters as given in the text

The evaluation of this graph after the equation given above using the C
values results in a recovery time of 8.1 ns which is longer than the fluores-
cence decay time of 0.5 ns which results from the parallel channels from S1,0
to S0,ν and X. The two-level bleaching curve using this decay time for the
ground state absorption recovery is also depicted in Fig. 7.18. The two differ-
ent models can be distinguished from this measurement at higher excitation
intensities(one order of magnitude higher than the start of the nonlinearity),
only.

For further illustration the population densities of the levels S0,0, S1,0 and
X are given in Fig. 7.19.
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Fig. 7.19. Normalized population densities of the levels S0,0, S1,0 and X as a
function of the incident intensity for the model of Fig. 7.17 (p. 569)



7.4 Nonlinear Transmission Measurements (Bleaching Curves) 571

As described earlier, additional excited state absorptions can distort the
start of the nonlinear bleaching. In the case of darkening of the sample this
is obvious, but in the case of bleaching the measurement of the nonlinear
fluorescence or of excited state absorption may be necessary to prove. The
evaluation of the slope of the nonlinear transmission may give a further hint
of additional processes.

7.4.2.4 Slope, Plateaus, Minima and Maxima

For stationary two-level systems the shape of the complete nonlinear trans-
mission graph is fixed for a given low signal transmission and only the start of
the nonlinearity is varied by different στ products. A detailed insight is avail-
able from Figs. 5.15 (p. 282) and 5.16 (p. 282). Higher στ products shift the
bleaching curve proportionally towards lower intensities. The single values σ
and τ cannot be distinguished from the stationary bleaching. The precision of
the intensity determination (usually from the energy, duration and spot size
of the incident laser light pulse) determines the error of the so determined
στ product. As described above (see Eq. (7.31)) the cross section σ can be
determined by a separate non-stationary measurement and the decay time
from time dependent measurements (see Sect. 7.3.4, p. 559). If σ and τ are
known then the deviation of the sample reaction from the stationary two level
model can be obtained by comparing the measured nonlinear transmission
graph with the stationary two level calculation. For nonstationary two-level
systems the slope and shape of the graph is also determined in narrow limits.

Thus slower slopes usually indicate additional excited state absorptions
“switched on” by the population of higher excited states via the pumping
process.

Plateaus, minima and maxima in the nonlinear transmission curve are
strong indicators of additional transitions of the material (see Figs. 5.19
(p. 285) and 5.20, p. 286). Plateaus demand at least two transitions and max-
ima demand three transitions at the applied laser wavelength. These transi-
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Fig. 7.20. Energy level
scheme with six levels and
three absorption transitions
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tions occur between excited states in addition to the ground state absorption.
As an example a six-level scheme with three absorptions at the laser wave-
length is shown in Fig. 7.20 (p. 571).

The resulting nonlinear transmission curve is depicted in Fig. 7.21 for a
sample with a total particle density of 5.76 · 1016 cm3 resulting in a linear
transmission of 10% for a sample thickness of 1 mm calculated for a pulse
duration of 10 ns (FWHM).
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Fig. 7.21. Nonlinear trans-
mission for the model after
Fig. 7.20 (p. 571)

As can be seen from this graph the nonlinear transmission shows a maxi-
mum and a minimum as a function of the excitation intensity. The population
densities of the different states are shown in Fig. 7.22.
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Fig. 7.22. Normalized pop-
ulation densities of levels 1,
3, 4 and 5 of the scheme of
Fig. 7.20 (p. 571) as a func-
tion of the excitation inten-
sity resulting in the nonlinear
transmission of Fig. 7.21

The different levels are sequentially populated as a function of the ex-
citation intensity and thus as a consequence of the different cross-sections
of these excited state absorptions the transmission is modulated as shown
above.
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Nevertheless, with the complex model the simple evaluation of the start
of the bleaching using Eq. (7.30) can be carried out, e.g., at a transmission
value of 0.2. The related intensity is about 5·1023 photons/cm2s and the value
of Cεnl,stat(ε = 2, T0 = 0.1) = 0.601 · 2 = 1.202 can be taken from Table 7.4
(p. 568) by considering the empty upper absorption state. This leads to an
average of ground state recovery time of about 6 ns which can be used as a
first guess for the modeling of the decay time of level 3 (which is 10 ns). This
estimation also shows that the stationary assumption is not well fulfilled.

7.4.3 Variation of Excitation Wavelength

By varying the applied laser wavelength across the ground state absorption
spectrum of the matter in the nonlinear absorption measurements the inho-
mogeneous broadening of this spectrum or the detection of other nonlinear
processes as such e.g. transient absorptions with other than the ground state
absorption spectrum can be observed.

For homogeneous broadened samples with only one active absorption
transition the evaluation of the nonlinear absorption curve should result in
the same spectrum of the ground state absorption cross-section as measured
with conventional spectrometers.

Thus deviations of these two spectra indicate additional spectral features
which can be investigated in detail with pump and probe measurements using
different wavelengths as described in Sect. 7.7.2 (p. 586).

7.4.4 Variation of Excitation Pulse Width

As described in Sect. 7.4.2 (p. 566) the use of excitation pulses with different
duration in nonlinear transition measurements may allow the separate deter-
mination of σ and then τ from the στ product. For this purpose the pulse
duration has to be varied between values comparable to (or longer than) τ
and values much shorter than τ (see Fig. 7.23, p. 574).

As can be seen from this figure bleaching with pulse durations of one order
of magnitude larger or smaller than τ leads to well-defined stationary or non-
stationary behavior. Thus the transition from stationary to non-stationary
bleaching is spread over about two orders of magnitude of pulse durations.
In nonstationary bleaching the transmission is as expected a function of the
pulse energy and thus the bleaching curve is shifted inversely proportionally
to the pulse length towards higher intensities. In stationary bleaching the
(peak) intensity is important and thus the curves with 1 ns, 10 ns and 100 ns
pulse duration are almost identical and the slope is slightly smaller than in
nonstationary bleaching.

Measurement with an excitation pulse duration comparable to τ or longer
allows the determination of the στ product. Measurement with very short
pulses typically in the fs range allows the determination of the absorption
cross-section σ, alone. From this value a comparison with the conventional
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value of σ allows e.g. the determination of inhomogeneous broadening or
aggregation. From the known στ product and σ the ground state recovery
time τ can be determined and compared with the fluorescence decay time.
Additional levels can be detected which are radiationless in the decay path
from the excited level involved [e.g. 7.201].

7.4.5 Variation of Spectral Width of Excitation Pulse

Nonlinear transmission measurements with different spectral widths of the
applied laser light may allow the observation of inhomogeneously broadened
ground state absorption bands [7.213]. In this case the transmission curve
will show bleaching for smaller integral intensities for spectrally narrower
pulses. As an example in Fig. 7.24 (p. 575) the bleaching curve of a two-
level band scheme consisting of 10 homogeneous subbands is assumed. The
spectral width of the laser covers in one case just one band and in the other
broad band case five of these subbands.

As can be seen from this example the measurement shows a significant
difference in the nonlinear bleaching for the two spectral widths of the laser.
The broader laser has to saturate five transitions whereas the narrow laser
saturates just one. Thus less intensity of the narrow laser results in higher
bleaching.

A precondition for this result is a spectral relaxation time not much
shorter than the characteristic decay time of the nonlinear absorption mea-
surement. Otherwise the spectral cross-relaxation would simulate homoge-
neous broadening.
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Fig. 7.24. Nonlinear transmission of an inhomogeneously broadened two-level band
system with a laser beam of spectral width of one times (narrow) and five times
(broad) the spectral width of the homogeneous subband of the matter

7.5 z -Scan Measurements

In z-scan measurements the sample is moved along the beam propagation
direction through the waist area of an intensive Gaussian beam resulting in
a variation of the intensity over the beam cross section which is also differ-
ent while moving the sample. Thus the matter shows a lensing effect as a
consequence of the nonlinear refractive index profile transversal to the beam
propagation direction similar to that discussed in Sects. 4.5.5 (p. 217) and
4.5.6 (p. 218). From the resulting self-diffraction and nonlinear absorption in
the sample the real and imaginary parts of the nonlinear material susceptibil-
ity of third order χ(3) can be determined from this measurement. Examples of
the application of this method are described in [7.214–7.254]. Other methods
which allow the determination of the third-order nonlinearities are given in
[7.255–7.275] in addition to the four-wave mixing measurements described in
Sect. 5.9.2 (p. 335).

7.5.1 Experimental Method

An experimental setup for z-scan measurements to determine the real and
imaginary parts of the nonlinear refractive index in third order is shown in
Fig. 7.25 (p. 576).

The incident beam with transversal Gaussian profile and perfect beam
quality is focused by the lens L1. The resulting intensity I in the sample as
a function of the position z is given by:

I(z) =
Epulse

∆tFWHM

1[
πw2

0 +
z2λ2

πw2
0

] (7.32)
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Fig. 7.25. Setup for z-
scan measurements

with the original light pulse energy Epulse, the pulse duration ∆tFWHM, the
beam radius w0 at the waist and the light wavelength λ. The sample which
is usually shorter than the Rayleigh length of the focusing zR = πw2

0/λ is
moved through the waist region of the beam along z. The light pulse energy
is detected behind the sample through a small aperture of diameter d in the
range of less than 1 mm with the detector Ecl and in an equivalent refer-
ence channel with another detector Eref . The normalized z-scan transmission
Tz-scan can then be calculated from:

Tz-scan(z) =
Ecl(z)
Eref

[
Eref-withoutsample

Ecl-withoutsample

]
(7.33)

where the measurement of the reference energy in an identical reference beam
path decreases the measuring error for pointing instabilities and other fluctu-
ations of the laser light substantially. Therefore both lenses L1 and L2 as well
as both apertures D1 and D2 and the energy detectors should be identical.

This z-scan transmission of CS2 is plotted as a function of the position z of
the sample in the beam describing measurements with different intensities as
shown in Fig. 7.26 (p. 577). The CS2 cell is transparent at the applied wave-
length of 532 nm. Thus without nonlinear interaction the low-signal trans-
mission is 1 and so is the normalized z-scan transmission. Moving the cell
towards the focus of the excitation beam leads to a defocusing at the detector
Ecl and the signal is smaller than 1. Behind the beam waist, focusing from
the nonlinear refractive index distribution across the beam occurs and the
normalized transmission becomes larger than 1.

The third-order nonlinear susceptibility of the sample can be described in
a simple approach as:

not absorbing Reχ(3) = 2ε0c0n
2
0γz-sc (7.34)

with

n(I) = n0 + ∆nnl(I) = n0 + γz-scI (7.35)

where n0 is the conventional, linear refractive index, ∆nnl the earlier men-
tioned nonlinear refractive index and the coefficient γz-sc has to be determined
from the z-scan measurement.
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The share of the nonlinear interaction resulting from the absorption of
the sample can be described in third-order nonlinearity by:

absorbing Imχ(3) =
1

2π
ε0λexcn

2
0βz-sc (7.36)

with the absorption coefficient a:

a(I) = alow signal + βz-scI (7.37)

as a very simple approximation for the nonlinear absorption of weakly ab-
sorbing samples. The coefficient βz-sc will usually be negative resulting in
bleaching of the sample. This approximation has to be checked separately as
described in the following sections.

The simple evaluation of the measured curve as a very useful first ap-
proach results from the valley-to-peak ratio of the z-scan measuring curve.
For almost nonabsorbing samples the nonlinear refractive index at the beam
axis in the focus ∆nnl,0 follows from:

nonlinear refractive index:

∆nnl,0 = 0.392
λexc

Lsample
[Tz-scan(zpeak)− Tz-scan(zvalley)] (7.38)

with laser wavelength λexc length of the sample Lsample and the transmissions
from the scan curve Tz−scan. The difference is the peak-to-valley difference
of the curve. This relation holds with an accuracy of about 0.5% for small
nonlinear refractive index values, negligible absorption and small detection
aperture D1 [7.279 and 7.280–7.284]. The length of the sample has to be small
compared to the Rayleigh length of the focused beam and the observation
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distance between the sample and the aperture has to be large compared to
it.

Small but nonnegligible absorption can be considered by replacing the
sample length by an effective sample length given by Lsample,effective = (1 −
exp(−aLsample))/a. Larger diameters of the diaphragm D1 can be considered
by dividing this result by (1 − S)0.25 with S = 1 − exp(−2r2

a/w
2
a) with ra

as aperture radius and wa as beam radius at the aperture in the linear case.
S is almost zero for very small diameters and it should not be much larger
than 0.01. On the other hand the signal-to-noise ratio has to be sufficiently
good. For excitation pulses short compared to the decay time of the sample
the result has to be divided by 0.707.

The value of γz-sc can be calculated from ∆nnl,0 by:

γz-sc =
∆nnl,0

I(z = 0)
(7.39)

which results for the above example of CS2 to γz−sz = 1.2 esu or
1.7 · 10−8 m2 V−2.

The whole z-scan curve as given in Fig. 7.26 (p. 577) can be modeled with
the fit function:

Tz-scan(z,∆Φ0) � 1− 4(z/z0)
((z/z0)2 + 9)((z/z0)2 + 1)

∆Φ0 (7.40)

where ∆Φ0 is the phase shift which is described below. From this value the
peak-to-valley difference follows:

[Tz-scan(zpeak)− Tz-scan(zvalley)] � 0.406|∆Φ0| (7.41)

which can be used for further evaluation. Additional absorption has to be
considered separately. It results in a symmetric increase of the transmission
if the sample is bleached. The absorption effect should be subtracted before
the z-scan curve is evaluated for the determination of γz-sc.

7.5.2 Theoretical Description

The theoretical description of the z-scan interaction signal was given e.g.
in [7.276–7.279]. The measuring signal behind the aperture D1 of Fig. 7.25
(p. 576) can be calculated from a superposition of Gaussian beams which
are decomposed from the signal directly behind the sample and then prop-
agated through free space over the distance Lsample−D1 from the sample to
the aperture D1. The electric field pattern at the aperture is then given by:

ED1(r, t) = ED1(r = 0, t)e−
aLsample

2

·
∞∑
m=0

[i∆Φ0(t)]m

m!
wm0

wm
exp

(
− r2

w2
m

− iπr2

λexcRm
+ iθm

)
(7.42)

with the following abbreviations:
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w2
m0 =

w2

2m+ 1
, dm =

πw2
m0

λexc

w2
m = w2

m0

[
g2 +

d2

d2
m

]
, Rm = d

[
1− g

g2d2/d2
m

]−1

(7.43)

θm = tan−1
[
d

dmg

]
, g = 1 +

d

R

with the phase front radius R, the beam radius w, and d as the distance
between the sample and the aperture D1.

∆Φ0 is the phase shift on the axis at the focus of the beam which is
defined as:

∆Φ0(t) =
2π
λexc

∆nnl(t)Lsample (7.44)

resulting in the phase shift across the beam in the direction r and along the
z-direction of the focusing:

∆Φ(z, r, t) = ∆Φ0(t)
1

1 + z2/z2
0

e−2r2/w2(z) (7.45)

With this formula the transmitted power through the aperture D1 to the
detector Ecl can be calculated:

transmitted power Ptrans(∆Φ0(t)) = ε0c0n0π

∫ ra

0
|Ea(r, t)|2r dr (7.46)

and thus the time integrated transmission as shown in the measured curve of
Fig. 7.26 (p. 577) can be modeled with the expression:

Tz-scan =

∫∞
−∞ Ptrans(∆Φ0(t)) dt

S
∫∞
−∞ Pinc(t) dt

(7.47)

with S accounting for the diameter of the aperture D1 as given above. The
incident power follows from:

Pinc(t) =
π

2
w2

0I0(t) (7.48)

This set of formulas given provides a description of cubic and higher-
order nonlinear behavior. Usually only a few terms of the sum are necessary
for sufficient accuracy.

For small nonlinear effects of |∆Φ0| < 1 the maxima and minima of the
transmission occur for cubic nonlinear behavior at about 0.86zRayleigh and for
fifth-order nonlinearity at 0.6zRayleigh. For fifth-order nonlinearity the peak
and valley transmission difference follows for the given assumptions from the
phase shift by [Tz-scan(zpeak) − Tz-scan(zvalley)] � 0.21|∆Φ0| as discussed in
[7.279].

The sensitivity of the z-scan method decreases slowly with aperture size
as discussed above and vanishes of course completely for very large apertures.
For sufficiently high light intensities short pulses in the ns, ps or even fs range
are useful. For avoiding damage and thermal effects shorter pulses are more
suitable.
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7.5.3 z -Scan with Absorbing Samples

For samples with strong absorption at the applied wavelength the z-scan
measurement [e.g. 7.285, 7.286] can be extended by a parallel measurement
of the bleaching behavior. Therefore the energy detectors Einc and Eout are
positioned around the sample in Fig. 7.25 (p. 576). The transmission follows
from:

Tenergy(I) =
Eout(I(z))

Einc
(7.49)

and can be plotted as a function of the intensity which is calculated from the
position of the sample using (7.32). The same measurement can be carried
out by removing the diaphragm D1.

This bleaching behavior can be evaluated as described in the previous
section with all variations of the parameters of the exciting light. In the
z-scan measurement the nonlinear absorption will cause a superposition of
an absorption around the waist of the excitation beam. In the first-order
approach the peak-to-valley ratio of transmission should remain constant
and can be evaluated as described above.

7.6 Nonlinear Emission Measurements

Using laser beams for excitation in emission measurements allows investiga-
tions, e.g. of weakly fluorescing samples, which are not conventionally pos-
sible. But in this case nonlinear effects may have to be considered. On the
other side the detailed investigation of the spontaneous and stimulated emis-
sion as a function of the excitation intensity enables investigations of the par-
ticipating excited states. This information is in some cases complementary
to the data from absorption measurements. With the fluorescence intensity
scaling method the population density of the emitting excited state can be
determined with high accuracy as described in Sect. 7.9.3 (p. 619). Different
nonlinear emission measurements will be described in this chapter. In any
case special care has to be taken for possible unwanted stimulated emission
and for the polarization conditions of the exciting and emitted light.

7.6.1 Excitation Intensity Variation

In the low-signal intensity range the emission signal, e.g. the fluorescence,
is directly proportional to the excitation intensity, because the population
density of the emitting energy level increases proportionally to the pump
intensity.
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At higher intensities remarkable depopulation of the ground state occurs
and the population of the excited state saturates. As an example in Fig. 7.27
the emission intensity of the energy level scheme of Fig. 7.1 (p. 537) with the
parameter of Fig. 7.2 (p. 537) as the transition from level 3 to level 1 is shown
as a function of the excitation intensity.
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Fig. 7.27. Fluorescence intensity of the energy level scheme of the model of Fig. 7.1
(p. 537) as a function of the excitation intensity. Parameters as for Fig. 7.2 (p. 537).
Compare nonlinear transmission curve of Fig. 7.3 (p. 538)

The emission intensity curve can be directly compared to the nonlinear
absorption graph of Fig. 7.3 (p. 538) which describes the same excitation
condition. It can be seen that the fluorescence intensity saturates at excita-
tion intensities of 1025 photons cm−2 s−1 whereas the nonlinear transmission
is still constant. Thus strong excited state absorption can be supposed from
this result. Further the fluorescence intensity decreases for excitation intensi-
ties larger 1026 photons cm−2 s−1. This is another strong indicator for further
excited state absorption at the pump laser wavelength.

Thus from the excitation intensity dependent measurements of the emis-
sion intensities important information about possible population densities of
excited states can be determined [e.g. 7.287–7.289]. In particular, the possible
incorrect interpretation from bleaching curves which do not show changes as
a consequence of excited state absorptions can be avoided.

Therefore nonlinear emission measurements are an important complement
of nonlinear absorption measurements. If the matter does not show sufficient
emission intensity for such measurements this information has to be obtained
from pump and probe measurements of the excited state absorptions.
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7.6.2 Time-Resolved Measurements

The decay of the spontaneously emitted light intensity Iemiss of one transition
should follow the exponential law for the emission intensity:

spontaneous emission Iemiss(t) = Iemiss,maxe−t/τemiss (7.50)

with the decay time τemiss. But time-resolved measurements of the emission
decay as a function of the excitation intensity can show deviations from this
simple exponential law (see e.g. [7.290–7.294] and Sect. 7.7.9, p. 602). This
can be caused by additional energy levels populated with high excitation
intensities or other processes in the matter. Thus the superposition of re-
laxation chains from higher excited states to the emitting state can produce
multi-exponential decays [e.g. 7.296, 7.297]. Additional relaxation processes
such as orientation relaxation of the transition dipole moment or reorganiza-
tion of the environment, e.g. the solvent, around the emitting particle may
cause further complications.

Detailed laser measurements with a wide range of detectable decay times
usually show a wide spectrum of different decay times from fs to ms indi-
cating a large number of involved processes. Sometimes the best fit of the
experimental data was reached with stretched exponential functions as:

stretched exponential decay Iemiss(t) = Iemiss,max e−(t/τemiss)β (7.51)

with β as the stretching exponent with values between 0, or realistically 0.2,
and 1. Values smaller than 1 lead to faster decay at the beginning and show
a slower decay at long times. Thus a mixture of fast and slow relaxation
processes is described.

The description with a stretched exponential function can be transformed
to a multi-exponential decay expression which is:

multi-exponential decay Iemiss(t) =
p∑

m=1

Iemiss,max,m e−t/τemiss,m (7.52)

with amplitude factors Iemiss,max,m and the decay times τemiss,m of the con-
tributing emission transitions m. Two exponential decay times (with p = 2)
can often be fitted with high reliability. An unambiguous mathematical anal-
ysis of an experimentally observed multi-exponential decay is usually possible
only with additional assumptions about the decay times.

7.6.3 Detection of Two-Photon Absorption via Fluorescence

Because of the small cross-sections for two-photon absorption (see Sect. 5.5
and references there) it is difficult to detect it in absorption measurements. If
the fluorescence is observed while the excitation light is spectrally tuned over
the region of twice the wavelength of the conventional absorption spectrum
the simultaneous two-photon absorption can be proven much more easily [e.g.
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7.301–7.302]. In this case only a few fluorescence photons have to be detected
and not the difference between the transmissions of 100% and 99.999. . . %.

Thus the cross-section spectrum for two- or multi-photon absorption can
be measured. These two-photon absorptions in the transparent part of the
spectrum of the matter can be of great importance in laser measurements if
at this wavelength a possible strong excited state transition occurs as shown
in Fig. 7.28. Via this excited state absorption the laser light can be much
more absorbed than via the two-photon absorption process.

Sx,

S1,

S1,0

S1,

S0,0

exc

exc

em

exc

Fig. 7.28. Level scheme illustrating
two-photon absorption at the wave-
length λexc and conventional fluores-
cence with wavelength λem. In addi-
tion a possible excited state absorption
at the wavelength λexc is shown

Most important are two photon excited emission measurements in biology
and medicine, today (see Sect. 1.5). They allow the sensitive detection of
relevant molecules with high spatial resolution in scanning microscopes. The
nonlinear excitation allows for the selection of small emission spots in the
focus of the exciting laser beam with dimensions of a few µm as discussed in
Sect. 5.5.

This type of two-photon absorption shows an emission intensity propor-
tional to the square of the excitation intensity:

Iemission,2-photon ∝ I2
exc (7.53)

This two-photon excited fluorescence can be used for the determination
of the duration of short pulses as described in Sect. 5.5 in Fig. 5.45 (p. 324).

7.6.4 “Blue” Fluorescence

The appearance of fluorescence with much shorter wavelength than the wave-
length of the exciting laser light is a safe indicator of two-photon absorption
[e.g. 7.303–7.316]. This two-photon absorption can take place simultaneously
as described in the previous section and in Sect. 5.5 or stepwise.

Stepwise absorption occurs via the population of excited states in the mat-
ter which absorb at the same wavelength as the ground state (see Fig. 7.29,
p. 584).
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Fig. 7.29. Level scheme for stepwise
absorption of two-photons leading to
“blue” fluorescence with λem2

Because of the stepwise saturation of the absorption transitions in this
scheme the emission intensity increases usually more slowly than the square
of the excitation intensity.

This stepwise absorption can be quite efficient and thus an up-conversion
of the laser light is possible (see Sect. 6.2 and references there). Thus this
type of level scheme is applied in up-conversion solid-state lasers with an
emission in the visible or blue spectral range.

7.7 Pump and Probe Measurements

Nonlinear absorption measurements with one or several excitation light
beams and a separate probe light allow an almost indefinite variation of
measuring methods for the determination of the various material properties.
Some examples are given in [7.317–7.344]. The basic concepts of these mea-
surements are described in this section. One of the main problems is the
determination of the population densities of the participating excited matter
states and the differentiation of superimposed absorptions. Thus the evalu-
ation of the data can be very difficult and systematic errors are sometimes
difficult to exclude. Therefore the optimal choice of the parameters of the
measurements is one of the key issues as will be described in detail below.

7.7.1 Experimental Method

The sample is excited by at least one intensive light beam Iexc reaching the
nonlinear range of the matter as shown in the experimental setup of Fig. 7.30
(p. 585).

Therefore the excitation light is focused to a not too small spot diameter
typically of a few 100 µm for good spatial overlap as described in Sect. 7.1.4
(p. 539). Spatial background of the excitation light is filtered by the aperture
D3. The excitation intensity can be varied by filters F3 or by changing the
spot size in the sample with L3. The excitation intensity is monitored during
the measurement by the energy detector ED1. For a suitable choice of the
excitation parameters see the next section.
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Fig. 7.30. Setup for pump and probe measure-
ments with one excitation beam Iexc and detec-
tion of the probe spectrum intensity Idetect

With the energy detector ED2 behind the filters F4 and the aperture D4
the transmitted excitation energy can be measured and thus the nonlinear
transmission of the sample can be obtained during the measurement as de-
scribed with the important experimental details in Sect. 7.4. For avoiding
measuring errors remember the details of Sect. 7.1.7 (p. 548).

The probe light beam can be generated from any light source providing
enough light for a good signal-to-noise ratio in the detection system for the
desired wavelengths. A more detailed description is given below in Sect. 7.7.5
(p. 588).

The probe light beam is spatially filtered for background radiation by the
diaphragm D1. The intensity can be varied for adaptation to the measuring
system and for checking its influence with the filters in position F1. For
ensuring probe light intensities in the linear range filters of at least 50%
absorption should be moved between position F1 and F2 and no change in
probe light signal should occur. For checking the dynamic range and the
linearity of the detection system filters in position F1 and/or F2 can be
varied. For both measurements the excitation light can be switched off first.
Possible disturbing emission light can be identified by moving filters between
positions F1 and F2 with excitation light on. Lens L1 focuses the probe light
beam well through the excited volume of the sample. Collinear, anticollinear
and transversal geometries are possible between the pump and the probe
beam (see Sect. 7.1.4, p. 539).

The divergent beam is collimated with lens L2 and the diaphragm D2
spatially filters the emission light from the sample out of the detection beam
path. With the filters at F2 the light can be adapted to the measuring system
which has to be chosen in combination with F1. The polarizer Pol achieves
the magic angle between the polarizations of the pump and the probe light
(see Sect. 7.1.5, p. 541).
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The measuring system can be a polychromator in combination with a
CCD camera as shown in the figure for measuring a transient spectrum with
each excitation pulse. The measurement of the detection light can also be
applied by simple (one-channel) detectors, e.g. in combination with login
amplifiers for high resolution for the decay measurements of transient ab-
sorptions.

In any case the timing between the pump and the probe pulse has to be
controlled with electrical (sub-ns to seconds) or optical (fs to 100 ns) delay
lines to guarantee the temporal overlap of these pulses and to achieve the
desired delays.

7.7.2 Measurements of Transient Spectra

With lens LM1 the light is focused for the detection system which can be
e.g. a polychromator with an optical multichannel analyzer (OMA) system
which is based on a CCD camera. These cameras show spatial resolutions of
e.g. 1000× 500 pixel, a useful dynamic range of 1:10 000 and a sensitivity of
about one count per less than 10 photons.

With the beam splitter BS1 a reference light beam is out-coupled and
via the lenses LR1, LR2 and LM2 also focused into the detection system.
Both the probe light spectrum and the reference spectrum can be depicted
as lines of illumination at different areas of the CCD camera, so they can
simultaneously be detected and separately evaluated.

The polychromator and the CCD camera can of course be replaced by a
monochromator and other light detectors such as PIN diodes, microchannel
plates, photomultipliers, pyroelectric detectors or any other light detection
system.

The focusing optics LM1 and LM2 have to be chosen to produce beam
divergences which are adapted to the aperture of the polychromator which is
of the size of e.g. 1:8. With the lenses LR1 and LR2 the probe beam divergence
is compensated for the longer reference beam path. Between these two lenses
a reference sample could be positioned.

The unexcited sample is usually used as reference. Thus shutters 1 and
2 are placed in the pump and probe beam and the detection light can be
measured for different light conditions, e.g. in the following cycles:

(a) Eboth pump and probe light are switched on
(contains the transient absorption signal)

(b) Epump pump light is on, probe light is off
(contains the background signal including emission from the
sample and noise)

(c) Eprobe pump light is off, probe light is on
(contains the ground state absorption of the sample)

(d) Enoise pump and probe light are off
(contains the room light and noise).
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If the reference beam is installed each light pulse results in the spectra
of the detection pulse energy Edetect and the reference pulse energy Eref if
a time integrating detector, e.g. a CCD camera, is applied. If time resolving
detectors are used the sequence may be the same but then the temporal light
powers are measured. Thus the energy transmission of the transient spectrum
is calculated from:

Tenergy(λdetect) =
Eboth(λdetect)− Epump(λdetect)
Eprobe(λdetect)− Enoise(λdetect)

. (7.54)

For comparison of fluctuations of the probe light spectrum the values of
the reference spectra can be applied by calculating the transmission of the
reference in the same way and dividing the sample transmission by this value.

This transient transmission spectrum is in general a function of all the
parameters of the pump light and the probe light and the relation between
them. Thus the measurement has to be characterized by the timing, polar-
ization, intensities and the geometrical as well as the and sample conditions.

7.7.3 Coherence Effects in Pump and Probe Measurements

As described in Chap. 5 two types of coherence effects can influence the
measurement. First the two light beams of the pump and probe are coherent
and secondly the sample interacts coherently with the light waves.

The coherent sample interaction can occur if very short light pulses are ap-
plied because the sample polarization will dephase in time T2 (see Sect. 5.4.1,
p. 300). Thus the pulse duration has to be shorter than this T2 time of the
matter which is e.g. in the range of several 10 fs for molecular systems. The
possible measuring effects are described in Sect. 5.4. The detailed analysis of
these measurements demands an extensive quantum theoretical description
and provides information about quantum correlation of the matter states.
Some more information is given in [7.345–7.347].

Coherent light fields produce interference gratings which can result in ab-
sorption or refractive index gratings in the sample (see Sect. 5.3.8, p. 295).
Four-wave mixing at these gratings allows specialized pump, probe and detec-
tion beam geometry with high sensitivity as described in Sect. 7.8.3 (p. 609).

Unfortunately, induced gratings can occur in pump and probe measure-
ments as unwanted side-effects. Reflection at these gratings guides the strong
pump light perfectly into the direction of the detection light as shown in
Fig. 7.31 (p. 588).

This happens independently of the angle θpp even for transversal pumping
or anticollinear schemes. Because of the much higher intensity of the pump
beam this signal can dominate the detection beam.

Therefore whenever pump and probe beam have wavelength components
of the same value the result of the measurement has to be checked for in-
duced grating effects. The spectral width of the scattered FWM signal is
approximately of the size of the reciprocal lifetime of the grating divided by
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Fig. 7.31. Induced gratings and four-wave mixing in the sample from coherent
pump and probe light beams. The four-wave mixing signal from the strong pump
beam propagates always exactly towards the detection beam

2π (see Sect. 7.8.3, p. 609). This FWM signal may be important, even if the
two light beams are generated separately without any phase coupling, if the
interaction time is short and the spectral resolution is high. Short interaction
times are not only produced by short laser pulses but can also be generated
by fast decay mechanisms in the sample.

7.7.4 Choice of the Excitation Light

The excitation laser light beam has to be carefully designed for valuable
results of the transient pump and probe measurements. The excitation in-
tensity has to be chosen as described in Sect. 7.1.2 (p. 535) for a well-defined
population of the selected transient matter state which is being investigated.

Care has to be taken for spatial, spectral or temporal background radia-
tion as mentioned in Sect. 7.1.7 (p. 548) e.g. using diaphragms and spectral
filters as far as possible.

The variation of the excitation intensity can be obtained with filters in
the same way as in measurements of the nonlinear transmission (Sect. 7.4.1,
p. 564). They have to be proven to be linear in the intensity range used
(see Sect. 7.1.7, p. 548). Dielectric mirrors with different reflectivities are also
useful and the combination of two polarizers can be calibrated for defined
attenuation. In any case it has to be proven that attenuation does not change
other parameters of the excitation light as, e.g., its spot size and/or position
or its polarization.

7.7.5 Probe Light Sources and Detection

The probe light source has to provide synchronized pulses of shorter duration
as the pump light pulse, with sufficient spectral width and intensity with good
beam quality.
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As the pump light beam the probe light has to be checked for spectral,
spatial and especially for temporal background radiation. Temporal back-
ground can cause large and unnoticed errors as the probe light is detected
with energy measurement devices such as e.g. CCD cameras. The probe light
pulses can be much longer than the excitation pulses if sufficiently fast shut-
ters or gates are applied in front of the detector. cw probe light sources are
usually not powerful enough for fast gated detectors.

7.7.5.1 Probe Light Pulse Energy

For the necessary spatial overlap the beam diameter of the probe light usually
has to be smaller than 0.2 mm focused by a lens with more than 80 mm focal
length for enough Rayleigh length and working distance. Thus the beam
quality has to be better than about M2 < 20 in the visible spectrum. This
is easy to achieve with laser radiation but often causes strong losses from
spatial filtering of other, especially of conventional light sources.

The necessary intensity can be estimated from the sensitivity of the ap-
plied detection system and the losses in the probe light beam path. As an
example the sensitivity of a good CCD detector is about 10 photons count−1.
Thus for a dynamic range of 1:1000 at least 104 photons are required. Typ-
ical minimal losses are about a factor of 10 from the polychromator, 1000
from the spectral spread, about 10 from the sample absorption and about
10 for all other optical components. Thus about 1010 photons are at least
needed from the probe light source with this good beam quality in the short
pulse. At 500 nm this corresponds to a pulse energy of about 0.01 µJ. High
accuracy of the measurement, polarizer, filters and a reference channel cause
further demands. With laser radiation this pulse energy can usually be eas-
ily achieved. All other types of light sources have to be checked in detail.
Much less probe light energy is needed per pulse if single photon counting
techniques are applied. However, the repetition rate has to be high enough
(usually MHz) to reach the demanded accuracy. Finally the average power
demands are about comparable.

On the other hand the probe light intensity at the sample should be small
enough not to cause nonlinear effects by itself (see Sect. 7.1.3, p. 539) and
the total probe light energy density should be small enough to avoid thermal
problems in the sample. Thus the excitation and probe light spots at the
sample should be increased as much as possible for the given excitation light
power to reach a good signal-to-noise ratio in detection and low probe light
intensity at the sample.

7.7.5.2 Synchronized Lasers and Frequency Transformations

Laser radiation can be converted to almost all wavelengths as described in
Chap. 6, but broad-band laser radiation of several nm bandwidth is not as
easy to achieve for all desired wavelengths and thus for measurements of the
transient spectrum other sources are often more useful.
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Nevertheless, because of the good beam quality, very short pulse durations
and high pulse energy laser radiation as probe light allows very sensitive mea-
surements at certain selected wavelengths with very small pump diameters,
high signal-to-noise ratios and very small apertures [e.g. 7.348–7.349].

In particular, pump and probe measurements with the same wavelength
for excitation and detection are very easy to achieve using a simple beam
splitter for probe light generation and an optical delay line. Only the magic
angle configuration may be difficult in this case.

Electronic synchronization of the lasers can be applied in the ns range.
Thus e.g. thyratron-switched excimer or nitrogen lasers have jitters of about
2 ns and pulse durations of more than 10 ns which allows sufficient overlap.
Active Q-switched solid state lasers or diode lasers can be applied in the
same way. Thus time delays of almost up to infinity (ns to minutes) can be
achieved electronically with this combination.

In the sub-ns to fs time domain the delay can be achieved only by optical
delay lines (see Sect. 7.1.5, p. 541). Thus the lasers have to be synchronized
by optical coupling (see Sect. 6.14.2 and references there). As described in
Sects. 6.10.3 (p. 460) and 6.10.4 (p. 472) dye lasers can be synchronized by
synchronously pumping by another ps laser.

In the ps range but especially in the fs range the use of optical parametric
amplifiers (OPAs) allows the synchronous generation of very short pulses. In
combination with frequency transformation they emit at wavelengths from
the UV to the far IR. This radiation is especially useful as probe light because
it can easily be tuned over wide spectral ranges.

With special frequency conversion setups even the XUV to X-ray range
with wavelengths below 10 nm can be covered. In this spectral range syn-
chrotron radiation can also be applied as probe light (see Sects 1.5 and 6.13.5
and references there).

7.7.5.3 White Light Generation with fs Duration

Very broad probe light spectra can be generated by nonlinear processes using
focused fs laser pulses [7.350–7.365]. A typical scheme is shown in Fig. 7.32.

excitation light probe light

L1 sapphire L2 MHR D

800 nm, 100 fs, 2 ... 20 µJ ≤ 400 nm ... > 1800 nm, 100 fs

(f = 50 mm) (2 mm) (f = 30 ... 50 mm) (at 800 nm)

Fig. 7.32. Schematic of an experimental setup for “white light” generation using
fs laser pulses. The sapphire plate can be replaced by other bulk materials and all
kinds of fibers (see also next subsection and references above)
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The excitation light, as e.g. from a Ti:sapphire laser, is focused with lens
L1 into a sapphire plate below the damage threshold. This plate has to be
short enough not to increase the pulse duration by dispersion which leads
for 100 fs pulses to less than 1 mm. In this material all kinds of nonlinear
optical processes take place as described in Chaps. 4 and 5 and thus frequency
conversion takes place. As a result a broad spectrum ranging from about 400
to 1800 nm is produced. Choosing the SHG of the exciting laser light the
lower wavelength limit can be further decreased.

The excitation light should be filtered out of the probe light beam as much
as possible. Therefore dielectric mirrors or (inversely applied) interference
filters with narrow spectral bandwidth at the laser wavelength maybe used.
With the lens L2 the probe light beam can be collimated and in combination
with the aperture D spatially filtered for the required beam quality.

This setup usually produces light pulses not much longer than the ex-
citation pulse. In special setups even shorter pulses can be obtained. The
calibration can be applied with the pump and probe measurement using a
known sample. The measured temporal slope of the transient absorption or
bleaching as a function of the delay between the two pulses can be fitted with
a variable pulse duration of the probe pulse and known parameters, else.

7.7.5.4 White Light Generation with ps Duration

In pump and probe measurements with laser pulses of ps duration up to
about 100 ps the generation of a spectrally broad probe light can be obtained
in a similar way as described for fs pulses (see previous section) but the non-
linear material and its geometry may be different [7.366–7.379]. An example
is sketched in Fig. 7.33.

white light cell

L1
( f = 100 mm)

L2
( f = 100 mm)

MHR
(1064 nm)

D

excitation light

> 20 mJ, 30 ps,
 1064 nm (532 nm)

≤ 30 ps, 
500 - 1.300 nm

(400 - 1.100 nm)

probe light

Fig. 7.33. Schematic of an experimental setup for “white light” generation using
ps laser pulses

The optical elements have the same function as described for Fig. 7.32
(p. 590). Using ps pulses instead of fs pulses the interaction length can be
longer. To avoid damaging the surfaces of the cell windows the “white light
cell” should be about 100 mm long.

Liquids can be used as nonlinear matter which “repair” possible opti-
cal breakdowns by convection. Water (H2O) and heavy water (D2O) were
used e.g. in combination with mode-locked Nd:YAG lasers. A broad and flat
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spectrum was observed using a mixture of CCl4 and CHCl3 in the ratio 9:1
[7.377]. The intensity of this material is smaller and thus for alignment the
water cell may be used. The liquids have to be changed typically once every
two weeks.

As described in [7.364] this type of “white light” generation is a mixture of
several kinds of Raman scattering, self-focusing and other frequency transfor-
mation processes. Thus the exciting laser pulses should not show fluctuations
above 5% for useful probe light. In any case a reference beam should be set
up to reach sufficient accuracy of the measurements.

Very broad spectra and high conversion efficiencies were realized using mi-
crostructured optical fibers (MSF) also called photonic crystal fibers (PCF).
Very long interaction lengths of several m can be obtained in the fiber and
the dispersion management allows for phase matching. Thus the necessary
peak intensities for remarkable nonlinear effects are a few 100 W, only. As
a consequence, self phase modulation, four wave mixing, stimulated Raman
scattering and finally soliton effects occur and spectra of more than 900 nm
band width from 900 nm to 1.500 nm were observed while pumping the fiber
with a ps pulse of 10 ps duration. The conversion efficiency can be as high as
50% and average output powers of more than 1 W are possible for repetition
rates in the MHz range (see references above, especially [7.370]).

7.7.5.5 Fluorescence as Probe Light in the ns Range

For longer pulses in the ns time domain fluorescence light of selected organic
materials can be used as a very useful probe light source [e.g. 7.380] as shown
in Fig. 7.34.

fluorescence
cell

microscope
objektive

D1

UV - excitation

probe
light

D2
lens ( f = 50 mm)

Fig. 7.34. Probe light gener-
ation for ns pump and probe
experiments using the fluo-
rescence of selected organic
molecules

The fluorescence is pumped by a UV laser, e.g. an excimer or nitrogen
laser in a cell of 10 mm by 10 mm. Above about 30 Hz the solution in this
cell should be circulated. The excitation spot is as small as possible and
the concentration of the dye solution is chosen as high as possible. Thus a
“point” light source is produced. The light is 20–100 nm broad if only one dye
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is used. Mixtures of selected dyes allow spectral widths of up to 250 nm. The
fluorescence is then collimated for high brightness and low imaging errors by
a microscope lens. The resulting beam is spatially filtered with aperture D2
for the necessary beam quality of the probe light.

The dyes have to be chosen for high stability, short fluorescence lifetime
and high fluorescence quantum efficiency. Useful candidates are e.g. para-
terphenyl, stilbene 1, coumarin 102, coumarin 153, DCM, pyridine 1, styryl
9 and other laser dyes as shown in Fig. 6.99 (p. 518).

The fluorescence lifetime can be shortened if necessary if superradiation
in the dye cell is obtained. Therefore the excitation light power has to be
carefully tuned by the variable diaphragm D1. In this way the lifetime can
be shortened by a factor of 10 but the spectral width of this radiation is then
narrowed, too (see Fig. 5.10, p. 275).

7.7.5.6 Flash Lamps

Several flash lamps [e.g. 7.381] with a pulse duration from ns to µs can be
applied as probe light sources in pump and probe measurements, but it has
to be checked whether the necessary beam quality of the setup and thus the
necessary probe pulse energy in the desired spectral range can be achieved.
In addition these lamps often show sharp emission lines which demand a
high dynamic range and accuracy of the detection system. Thus flash lamps
may in general be useful for investigations with a pulse duration of more
than 100 ns. In pump and probe setups these lamps can be combined with
gated CCD cameras or direct temporal measurements using PIN diodes or
multipliers and fast oscilloscopes reaching ns resolution.

7.7.5.7 Superluminescence laser diodes

If one facet of the diode laser is antireflection coated for a rest reflectivity
smaller than 10−3 to 10−5 the laser emission is suppressed and only superra-
diation occurs. This radiation can have a bandwidth of several 10 nm and an
average output power of several 10 mW. The radiation usually has no good
beam quality but can be spatially cleaned with apertures. These sources may
be well suited for several applications such as, e.g., white light interferometry
as optical coherence tomography (OCT) or coherence radar measurement as
well as for certain spectroscopic applications. Such diode laser structures are
in principle available in the same spectral region as the diode lasers itself and
can be pulsed with durations down to the ps-region.

7.7.5.8 Spectral Calibration of Detection Systems

If the detector such as e.g. the CCD camera, is adapted to the polychromator
the wavelength calibration has to be checked. The emission lines of atoms
[e.g. 7.382–7.384] in spectral lamps are useful for this purpose. The resulting
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Fig. 7.35. Emission spectrum of a HgCd lamp measured with a CCD camera and
a 0.5m polychromator (grating of 147 lines mm−1)

spectrum of a HgCd lamp measured with a CCD camera behind a 0.5 m
polychromator with a grating of 147 lines mm−1 is shown as an example in
Fig. 7.35.

The wavelengths of some emission lines are given in Table 7.6.

Table 7.6. Wavelengths of some high-intensity atomic and Fraunhofer (named and
with color) absorption and emission lines for the calibration of detection systems

Atom Wavelength Atom Wavelength Atom Wavelength
(nm) (nm) (nm)

Hg 296.7278 Ca (K) UV 393.3666 Hg 546.0753
Hg 302.3476 Ca (H) UV 396.8468 Hg 576.959
Hg 312.5663 Hg 404.6561 Hg 578.966
Cd 325.2525 Hg 408.120 He (D3) yellow 587.5618
Cd 326.1057 Fe (G) blue 430.7905 Na (D2) yellow 588.9953
Hg 334.1478 Hg 435.835 Na (D1) yellow 589.5923
Cd 340.3653 Cd 467.8156 Cd 643.8470
Cd 346.6201 Cd 479.9918 H (C) red 656.273
Cd 361.0510 H (F) blue-green 486.1327 O (B) red 686.72
Hg 365.4833 Cd 508.5824 O (A) IR 760.82
Hg 366.3276 Fe (E) green 527.0360 K (A’) IR 766.491

The intensity of these lines is a function of the construction of the spectral
lamp and therefore some lines may be difficult to find in a certain measured
spectrum. For a fast check the line of a He-Ne laser at 632.8 nm can be used.
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7.7.6 Steady-State Measurement

Steady state measurements with pulse durations longer than the longest in-
volved decay time of the matter have the advantage of much easier evaluation
of the data using much simpler mathematical models (see Sect. 5.3.6, p. 277),
but it has to be verified experimentally that the steady state assumptions are
fulfilled under the conditions of the measurement.

Therefore the temporal shapes of the incident and transmitted pump
pulses have to be compared. Asymmetrically changed transmitted pulses in-
dicate in any case nonstationary behavior, but even symmetrical pulses are
no guarantee of stationary interaction as shown in Fig. 7.36.
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Fig. 7.36. Pulse shapes of incident and transmitted pulses in nonlinear bleaching
using a nonstationary two-level model. The transmitted pulse shows a symmetrical
shape as in stationary interactions but is delayed by 2.2 ns as a proof of nonsta-
tionary interaction

The calculation was applied using a nonstationary two-level model with
a 103 times longer decay time than the pulse duration. The intensity was
1.5·1024 photons cm−2 s−1. The transmitted pulse shows a symmetrical Gaus-
sian shape but it is delayed compared to the incident pulse by about 2.2 ns.
This delay does not result from the optical path but is a consequence of the
nonstationary bleaching of the matter. The “delay” of the transmitted pulse
(2.2 ns in the example) may be difficult to detect because signal cables of dif-
ferent lengths and the measuring devices may add some additional unnoticed
delays. As in stationary bleaching the duration of the transmitted pulse of
8.4 ns is shorter than the duration of the incident pulse of 10 ns.

Only a symmetrical change of the transmitted pulses around the time of the
incident pulse maximum indicates steady state behavior of the material.
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For pulses much shorter than 1 ns the pulse shape can not usually be deter-
mined with sufficient accuracy for this purpose. Thus delayed measurements
are necessary to indicate stationary or nonstationary behavior by determin-
ing the decay times directly. For pulses shorter than 10 ps stationary behavior
becomes more and more unlikely.

7.7.7 Polarization Conditions

If pump and probe experiments are not particularly aimed at orientation
relaxation effects [e.g. 7.385–7.393] the magic angle configuration should be
applied (see Sect. 7.1.5, p. 541). Although this polarization geometry is no
guarantee of avoiding orientation effects in the measurement, especially if
higher-order nonlinearity is involved, it solves the problem to first order.

For the detailed investigation of orientation effects such as the relative
direction of the different absorption and emission dipole moments in the
sample or the different intra- and interparticle orientation relaxation pro-
cesses a large number of possible geometries of the pump and probe light
polarizations exist. In these cases usually linearly polarized light is preferred.
These measurements are often combined with solid samples of different ori-
entation, low temperatures and high pressures for hindering the orientation
relaxation in a definite way. The evaluation of these measurements may be
demanding because all projections of the electric field vectors onto the inter-
acting dipole moments have to be considered and the resulting integrals may
be cumbersome.

In particular, in experiments with short pulses in the ps or sub-ps range
the orientation relaxation can be much longer than the measurement and thus
a “frozen” distribution is measured. A typical orientation relaxation time of
a large molecule such as e.g. rhodamine 6G in alcohol, is in the range of a
few 10 ps; in highly viscous solvents this can be increased by several orders
of magnitude. Small molecules such as e.g. CS2 can shown relaxation times
in the range of 1 ps or below.

7.7.8 Excited State Absorption (ESA) Measurements

Whereas in common pump and probe measurements the transient absorption
is measured as the superposition of all contributing transitions, excited state
absorption (ESA) measurements are applied to extract the spectra belonging
to a defined excited state in the same way as the ground state absorption
spectra. Examples are given in [7.394–7.469].

7.7.8.1 Method

The spectrum of the cross-section σX(λ) of a transition from the excited
state X to higher excited states is calculated from the measured absorption
spectrum from this state TX(λ) and its population density NX.
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ESA spectrum σX(λ) = − lnTX(λ)
LmatNX

(7.55)

with the length of the matter Lmat. These states X are often the first excited
singlet S1 or triplet T1 state of the matter.

Thus the problem is the differentiation of the usually superimposed ab-
sorption spectra from the ground and all populated excited states and the
determination of the population densities for a given excitation intensity.
These population densities are functions of time and space as the excita-
tion intensity is spatially distributed in the sample and may have a temporal
shape. In addition all kinds of relaxations take place in the sample. Thus the
relevant population densities which are responsible for the absorption of the
probe light are usually difficult to determine.

Therefore measurements as a function of the excitation intensity and the
delay time are used to differentiate the different transitions such as e.g. from
the S1,0 or T1,0 states of organic molecules. In addition the polarization may
be different for different transitions. Levels with different lifetimes may be
separable by using different durations of the exciting pulses from the µs to fs
range and delays (see Fig. 5.7, p. 272).

As an example the level scheme of an organic molecule as shown in
Fig. 7.37 is excited by pulses with pulse durations of 10 ns and 10 ps.

10  cm-16 2

10   s12 -1

10   s12 -1

10  s6 -1

ESAS1 ESAT1

S1,ν

S0,0

S0,ν

T1,0

S1,0

S2,ν

T2,ν

8⋅10  s7 -1

2⋅10  s
10 -1 Fig. 7.37. Level scheme of

an organic molecule with
excited singlet and triplet
state showing excited state
absorptions

The resulting bleaching as a function of the excitation intensity of the
pump pulses with two pulse durations is shown in Fig. 7.38 (p. 598).

The different curves in this graph for the two pulse durations indicate
nonstationary behavior of the sample (compare Sect. 7.4.4, p. 573). The spa-
tially averaged normalized population densities of the excited singlet S1,0 and
triplet T1,0 levels relative to the total population density in the material of
2.30 · 1017 cm−3 are shown for the cell length of 1 mm as a function of the
excitation density for a FWHM Gaussian pulse duration of 10 ns in Fig. 7.39
(p. 598).
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In this case the triplet population density is of the same order of magni-
tude as the population of the singlet level. Thus the measured ESA spectrum
will show transitions in the singlet as well as in the triplet system as demon-
strated in Sect. 5.3.2 (p. 271). Both can be measured in this time domain as
will be shown below over a wide range of excitation intensities.

The superpositioned spectra can thus be separated mathematically un-
der the assumption of the population density of the occupied states. This
modeling using e.g. rate equations has to be covered by measurements of the
nonlinear absorption and emission as already described.

For excitation with a much shorter pump pulse duration of 10 ps the same
spatially averaged normalized population densities of the excited singlet S1,0
and triplet T1,0 are shown as a function of the excitation density in Fig. 7.40
(p. 599).

As can be seen from this figure the population of the triplet state can
be neglected using a ps excitation pulse for the given level scheme and time
constants and the maximum population of the singlet level is much higher as
compared to the ns excitation.
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7.7.8.2 Estimate of the Population Densities

For small excitation intensities at the beginning of the bleaching and thus
at small depopulation of the ground state the population density in the first
excited state may by estimated using the two-level scheme. The share of the
population density in the excited state multiplied by the negative logarithm
of the ground state transmission gives a value which is named Nεnl. It is is
proportional to the measurable absorption probability from this state. For a
rough estimate this value is given in Table 7.7 as Nεnl for stationary behavior
of the system under the conditions of the measurement using temporally
Gaussian shaped probe pulse of the same duration as the pump pulse.

Table 7.7. Population density factor Nεnl of the first excited state of a stationary
two-level scheme as a function of the bleaching parameters averaged along the
excitation beam

εnl\T0 0.1% 1% 5% 10% 30%

1.1 0.0476 0.0474 0.0473 0.0473 0.0473
1.5 0.197 0.197 0.197 0.197 0.198
2 0.331 0.331 0.331 0.332 0.338
5 0.729 0.735 0.753 0.773 –

10 1.018 1.042 1.102 1.1513 –

These values Nεnl are calculated for the same bleaching values εnl as
described in Table 7.4 (p. 568) for a two-level scheme. The population density
averaged along the pump pulse in the first exited state Nupper as measurable
with a probe pulse of the same duration as the pump pulse follows from:

Nupper = Nεnl
1

σLmat
. (7.56)
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As an example a sample with a small signal transmission of 1% and a length
of 0.1 cm may be bleached to 2%. The resulting εnl is 2 and Nεnl is 0.331 and
thus a sample cross-section of 10−16 cm2 leads to a averaged population in
the excited state of 0.331 · 1017 cm−3.

For strong nonstationary behavior with a characteristic decay time of
the matter much larger than the pulse duration τ � ∆tpulse the population
densities of the first excited state of the two-level scheme are a function of
the pulse energy and not of the duration or intensity and can be obtained
from Table 7.8.

Table 7.8. Population density factor Nεnl of the first excited state of a non-
stationary two-level scheme as a function of the bleaching parameters averaged
along the excitation beam

εnl\T0 0.1% 1% 5% 10% 30%

1.1 0.0460 0.0458 0.0457 0.0457 0.0457
1.5 0.186 0.186 0.186 0.186 0.188
2 0.307 0.306 0.306 0.308 0.318
5 0.648 0.649 0.670 0.699 –

10 0.872 0.894 0.980 1.151 –

These values are again averaged over the sample along the longitudinal
excitation and over the pump pulse duration as for Table 7.5 (p. 569). The
absolute population densities in the excited state follow again from (7.56).

Thus from the nonlinear transmission curves in both cases of stationary
and strongly nonstationary behavior the transmission in the bleached region
can be read for the associated intensity. Using the values from Tables 7.7
(p. 599) and 7.8 a first rough estimate of the absolute population in the
excited state can be executed using (7.56). Again both values have to be
multiplied by 2 if no resonance emission occurs, as e.g. in a three-level scheme.
As can be seen from these tables the difference between the stationary and
nonstationary values is not large, as expected.

7.7.8.3 Differentiation of Singlet and Triplet Spectra

As described above the population densities of the singlet and triplet levels
can be adjusted using e.g. different excitation intensities as shown in Fig. 7.39
(p. 598), but even more relevant are the durations of the excitation pulses.
Because of the different lifetimes of the two electronic systems the singlet
can be measured with short pulses and the triplet better with long ones (see
Fig. 5.7, p. 272). The temporal evolution of the population densities is shown
in Figs. 7.41 (p. 601) and 7.42 (p. 601).

Using ns excitation pulses the population of both the singlet and the
triplet level can be large enough for easy measurement of both excited state
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level scheme of Fig. 7.37 (p. 597) as a function of time for an excitation pulse
duration of 10 ns and an intensity of 7.2 ·1026 photons cm−2 s−1 (compare Fig. 7.39,
p. 598)
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Fig. 7.42. Population densities of the first excited singlet and triplet level of the
level scheme of Fig. 7.37 (p. 597) as a function of time for an excitation pulse
duration of 10 ps and an intensity of 4.5 ·1027 photons cm−2 s−1 (compare Fig. 7.39,
p. 598)

absorptions. The population of the singlet level decays fast enough for a sep-
arate measurement of the spectra from the triplet level, alone after about
30 ns. Thus the possible superposition of the triplet absorption in the singlet
spectrum can be deconvoluted by measuring the triplet decay separately with
delay times longer than the singlet lifetime and pulse duration and determin-
ing in this way the triplet population at short times (compare Fig. 5.7, p. 272).

The measurement of the transient absorption with very short pulses can
lead to negligible populations of long-lived levels such as the triplet level if
the intersystem crossing rate is small compared to the direct decay rate as
shown in Fig. 7.42.
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7.7.9 Decay Time Measurements

Most information is available from the measurement of the whole transient
spectra as a function of the delay time between pump and probe pulse. In ad-
dition using sufficiently long negative delays a very useful baseline correction
including e.g. all scattered light is possible for the transient spectra, too.

From the change of the spectrum as a function of the delay time the
different superimposed components from different transitions can usually be
distinguished. Therefore this type of measurement is often the precondition
for all other decay measurements. For realizing delayed measurements with
optical delay lines or electronically see Sect. 7.10.2 (p. 623).

But for very high dynamic and accuracy of decay measurements, detection
at one probe wavelength can be more useful [7.454–7.469]. The detection
system can be designed using e.g. login amplifiers or other high-precision
techniques to measure the decay of transient absorptions over many orders
of magnitude with errors smaller than 3%.

If in these measurements no mono-exponential decay curves are obtained
the spectra have to be measured. Then other wavelengths of the excitation
and probe beam can be used to check the decay mechanism. Again care has
to be taken for the polarization of the beams.

7.8 Special Pump and Probe Techniques

The optical nonlinear behavior of absorbing matter can be very complex and
thus several special techniques have been developed. Thus the inhomoge-
neous broadening can be obtained from fractional bleaching (FB), nonlinear
polarization (NLP) and hole burning (HB) measurements. Induced gratings
allow very high sensitivity of the measurement. Two-photon absorption and
multiphoton excitation allow the study of states with high energies or with
high spatial resolution.

7.8.1 Fractional Bleaching (FB) and Difference Spectra

The investigation of the spectral behavior of the bleaching of absorption
bands allows the determination of the homogeneous or inhomogeneous char-
acter of the observed bands as a function of the realized temporal resolution
of the measurement (see Sect. 5.2).

In particular, the plot of the fractional bleaching FB [7.470] as a function
of the wavelength or frequency of the probe light across the absorption band
easily shows inhomogeneous broadening under the conditions of the measure-
ment. Thus this investigation is especially useful for the characterization of
the ground state absorption.

The fractional bleaching FB is defined as the relative change of the ab-
sorption, i.e. the difference of absorption during excitation divided by the
unexcited absorption:
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fractional bleaching (FB)

FB(λprobe) =
aexc(λprobe)− anot-exc(λprobe)

anot-exc(λprobe)
(7.57)

with the absorption coefficients of the sample as aexc measured for the simul-
taneous excitation and anot-exc for unexciting this transition. The excitation
intensity has to be high enough to achieve remarkable bleaching.

For the evaluation of the experimentally determined transmission curves
of the sample with excitation resulting in Texc and without excitation result-
ing in Tnot-exc both as a function of the wavelength of the probe light the
fractional bleaching is calculated from:

fractional bleaching (FB)

FB(λprobe) = 1− ln(Texc(λprobe))
ln(Tnot-exc(λprobe))

(7.58)

As can be seen from these formulas the fractional bleaching is constant as
a function of the wavelength if the absorption bands of the excited particle
and the unexcited particles show the same spectrum as shown in Fig. 7.43.
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Fig. 7.43. Absorption spectra of a homogeneous transition and the result of a
bleaching experiment in this band using a laser with wavelength λexc resulting in
a constant fractional bleaching (FB) of 0.4

In the case of homogeneous broadening the decrease of the absorption
coefficient to 60% results in a value of 40% for the fractional bleaching (FB).
This gives the share of excited particles and thus the FB value of 40% from
Fig. 7.43 means 40% of all particles were excited and all have the same
absorption spectrum. If resonance emission occurs at this wavelength this
number has to be divided by 2 and thus 20% of the particles would be excited
for such a sample.
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In experimental data the signal to noise ratio will be decreased at the
wings of the absorption curves and thus the FB line will show increasingly
fluctuations in this spectral region. However, in homogeneous bands the av-
erage of the FB is still the same constant value.

In the case when the absorption band is inhomogeneously broadened as
shown as an example in Fig. 7.44 and the spectral diffusion time (see Sect. 5.2)
is longer than the characteristic time of the experiment the different homo-
geneous absorption bands will be bleached differently.
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Fig. 7.44. Absorption spectra of an inhomogeneous transition consisting of three
subbands positioned at 480, 500 and 520 nm with relative amplitudes of 0.355,
0.5325 and 0.355 and a width of 50 nm. As a result of a bleaching experiment these
bands are decreased using a laser with wavelength λexc = 550 nm

As can be seen from this figure bleaching at the long-wavelength edge of
the whole band decreases the absorption of band 3 more than band 2. Band
1 is almost unbleached by this excitation wavelength. The resulting bleaching
is observable at the long wavelength side. The fractional bleaching shows this
result clearly as given in Fig. 7.45 (p. 605). The fractional bleaching reaches
in this case its maximum at long wavelengths.

If inhomogeneous bleaching is detected the spectral shape of the bleaching
can also be given as the difference spectrum ∆a:

difference spectrum
∆a(λprobe) = aexc(λprobe)− anot-exc(λprobe) (7.59)

which is shown in Fig. 7.46 (p. 605) for the parameters of Figs. 7.44 and 7.45
(p. 605).

It has to be noticed that the difference spectrum is not identical with one
of the subbands in the case of inhomogeneous broadening. Only for homoge-
neous transitions is this spectral shape identical with the shape of the total
absorption band.

Additional transient absorptions occur in the fractional bleaching spec-
trum as negative values and in the difference spectrum as positive values.
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Fig. 7.45. Absorption spectra of an inhomogeneous transition as shown in Fig. 7.44
(p. 604) and the result of a bleaching experiment in this band using a laser with the
wavelength λexc = 550 nm plotted as fractional bleaching (FB). This figure should
be compared with Fig. 7.43 (p. 603)
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Fig. 7.46. Difference spectrum for bleaching after Fig. 7.44 (p. 604) and 7.45. For
comparison the three subbands of the inhomogeneous absorption band are also
shown

7.8.2 Hole Burning (HB) Measurements

Using excitation light which is spectrally narrow compared to the spectral
width of the absorption band bleaching can produce narrow spectral dips
in the absorption band if the absorption band is strongly inhomogeneous
(see Sect. 5.2). This hole burning [7.471–7.543] allows the observation of the
different subspecies in the sample as sketched in Fig. 7.47 (p. 606) if the
excitation pulse duration is shorter than the spectral cross-relaxation time
T3 and the energy relaxation time T1. Hole burning may also be observable
if the inverse pump rate 1/(σIexc) is shorter than T3 on the one hand and
on the other T1 is short enough to refill the spectrally broad ground state
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absorption band after excitation to some degree. Thus hole burning can then
be obtained under steady state conditions using long pulse durations.

spectral cross relaxation time T3

spectral cross relaxation time T3

relaxation T1
probe
light

pump
light

excited
state

ground
state

E

Fig. 7.47. Term scheme of a sample with many levels forming the ground and
excited state which leads to inhomogeneous broadening of the absorption band

By the detailed investigation of these burned holes as a function of ex-
ternal parameters such as temperature or pressure the internal and external
particle interactions can be studied. As a spectrally narrow nonlinear fea-
ture hole burning may find applications in communication technologies using
spectral multiplexing or in analytics. Molecular systems allow in principle the
spectral coding of more than 10.000 bits per absorption band but up to now
this was only possible at very low temperatures of about one Kelvin.

7.8.2.1 Method

Spectral hole burning is investigated with pump and probe setups as shown
in Fig. 7.30 (p. 585) but with special attention for suppression of scattered
light from excitation out of the detection system. The probe light spectrum
usually covers the wavelength of the excitation. Thus anticollinear setups may
be used and small apertures are placed in the detection channel.

The spectral resolution of the detection system and the bandwidth of
the laser have to be narrow enough to resolve the hole burning effect. Its
bandwidth is given by the inverse lifetime multiplied by 2π of the subspecies
(see Sect. 2.1.2, p. 15). The lifetime can be as small as 10 fs, e.g. for molec-
ular systems at room temperature resulting in spectral widths of more than
10 nm. For low temperatures or other solid systems lifetimes of several µs or
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even much longer times are possible. Spectral resolutions as high as 10−7 nm
or better are then required and more than 10 000 subspecies with different
absorption bands can be present as already mentioned.

The general nonlinear spectroscopic features can be discussed using a
simple model with an inhomogeneous absorption band consisting of nine sub-
bands as shown in Fig. 7.48.
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Fig. 7.48. Absorption coefficient of an inhomogeneously broadened transition con-
sisting of nine homogeneous subbands of equal bandwidth (40 nm) equidistant
around 500 nm in steps of 15 nm with amplitude ratios of 1.5

If this transition is bleached with an excitation wavelength of 530 nm the
total absorption will be decreased more in the vincinity of this wavelength.
The bleaching is assumed to be proportional to the absorption coefficient
at the excitation wavelength. The resulting absorption is shown in Fig. 7.49
(p. 608).

As can be seen from the figure the bleaching leads to a “hole” in the
absorption around 530 nm. The difference spectrum is shown in Fig. 7.50
(p. 608).

In this example the difference spectrum shows the maximal effect at a
wavelength of 516 nm which is shifted from excitation towards the maximum
of the whole band. The fractional bleaching has its maximum at approxi-
mately 530 nm. Both spectra are wider than the bandwidths of the subbands.
Thus the fractional bleaching represents the physics behind the bleaching ef-
fect more obviously than the difference spectrum.

If the spectral cross-relaxation times are very long almost permanent hole
burning can occur. This can be achieved in molecular systems, e.g. if the ex-
cited species undergoes a chemical reaction and is thus permanently changed.
This is called photochemical hole burning. To avoid fast spectral cross relax-
ation usually very low temperatures are applied. Photophysical hole burning
does not involve any chemical reaction. Different molecular species are built
by different influences of the arrangement of the surrounding environment
and slightly different molecular conformations.
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Fig. 7.49. Inhomogeneously bleached absorption coefficient of the inhomogeneous
broadened transition of Fig. 7.48 (p. 607). The resulting absorption coefficients of
the subbands are reduced proportionally to their value at 530 nm
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Fig. 7.50. Evaluation of the hole burning effect with excitation at 530 nm: frac-
tional bleaching (FB), the difference of the absorption ∆a, and the absorption
coefficient a of subband 7 which is centered at the excitation. The physics behind
the hole burning effect is more obvious in the FB-curve

7.8.2.2 Low Temperature Hole Burning Measurements

Both photophysical and photochemical hole burning can be obtained at low
temperatures. For molecular systems remarkable HB effects occur at temper-
atures below 10 K. Typical temperatures are 1 K or below. Burned holes of
dissolved molecules showed wavelength bandwidths of the order of magnitude
of 10 pm. This high spectral resolution can be achieved by using very narrow
pump and probe lasers. The shape of the hole can be measured by tuning
the wavelength of the probe laser.

At these temperatures the spectral cross-relaxation is in the range of
seconds to minutes. Thus single-mode cw lasers with average output powers
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below 1 W can be used to burn the holes. The probe light can than be detected
with the login technique for high dynamics. Details are described in [7.471–
7.534].

7.8.2.3 Hole Burning Measurements at Room Temperature

At room temperature the spectral cross-relaxation time is in the range of fs to
ps. The effect can be measured with very short pulses only. Thus it would be
necessary to adapt the bandwidth and the pulse duration of the laser to the
lifetime of the hole. This is difficult for new samples without knowing spectral
cross-relaxation times in advance. The measured hole cannot be narrower
than the spectral width of the laser pulse. Thus these experiments need very
careful design [e.g. 7.535–7.543].

7.8.3 Measurement with Induced Gratings: Four-Wave Mixing

Absorption gratings can be induced via the nonlinear transmission of the
sample if two coherent light beams are applied. Thus if the pump and probe
beam have the same wavelength these gratings can occur and four-wave mix-
ing can be obtained. The coherence demands can easily be fulfilled if laser
light is applied. Scattering of the probe light at the induced grating allows
very sensitive measurements because almost no background light is present
in the selected directions.

These induced and transient gratings can be used for a detailed analysis of
the sample properties. Therefore in these experiments the process of grating
production with the excitation light and the scattering of the probe light at
the induced grating is usually executed, separately, as described in Sect. 5.3.11
(p. 298) (see especially Fig. 5.30, p. 299).

If the wavelength of the probe light is in the range of the ground state
absorption the measurement aims at the investigation of nonlinear bleaching
of the sample as e.g. in fractional bleaching measurements. If the probe light
has a different wavelength as the excitation beams new transient absorptions
can be detected as e.g. in measurements of excited state absorption (ESA)
spectra.

As shown in the example of Fig. 7.51 (p. 610) the grating of the excited
state population and bleaching of the ground state absorption is obtained
with two excitation beams. With a probe beam of e.g. a different wavelength
the transient absorption or ESA can be measured with high sensitivity.

If a spectrally broad probe beam is applied the scattering angle will be
different for the different wavelengths and thus the spectrum can be detected
with a CCD camera or array, directly, behind the sample without polychroma-
tor. Special care has to be taken for background light from diffuse scattering
of the sample. Thus the filter F2 should block the excitation wavelength.
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Fig. 7.51. Schematic of the experimental setup for measuring transient absorption
spectra via induced grating structures of excited state population

The detected signal is broadened by ∆νdetect,grating, as a consequence of
the limited lifetime of the grating τgrating. The resulting minimal spectral
width of the scattered signal follows from:

∆νdetect,grating =
1

2πτgrating
(7.60)

Thus the different gratings can be differentiated by using a spectrally very
narrow probe light and measuring the spectral width of the scattered signal.
A rough classification is given in Table 7.9 for molecular systems.

Table 7.9. Rough classification of grating lifetimes for different decay mechanisms
and the resulting spectral widths of the broadening for molecular systems

Process lifetime Frequency bandwidth at
bandwidth 500 nm

Dephasing T2 10 fs–1 ps 16THz–160GHz 13 nm–0.13 nm
Spectral T3 10 fs–100 ps 16THz–1.6GHz 13 nm–1.3 pm

cross-relaxation
Internal T1 1 ps–10 ns 160GHz–16MHz 0.13 nm–13 fm

conversion
Intersystem Tisc 1 ns–1ms 160MHz–160Hz 130 fm–

crossing 1.3 · 10−10 nm
Orientational Torient 1 ps–100 ps 160GHz–1.6GHz 0.13 nm–1.3 pm

relaxation
Thermal Tthermal 1 µs–10 s 160Hz–16mHz 1.3 · 10−7 nm–

1.3 · 10−14 nm

These value ranges are rough estimates and can differ for special systems
by many orders of magnitude. In particular the values may be changed at
low temperatures or high pressures.
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7.8.4 Nonlinear Polarization (NLP) Spectroscopy

In nonlinear polarization spectroscopy [7.544–7.550] the induced dipole mo-
ments from the excitation are measured between crossed polarizer Pol1 and
Pol2 for the probe light beam as shown in Fig. 7.52.

dye
laser 2

dye

laser 1

detection

probe beam detection beam

excitation beam

Pol1 D1 L1 Pol1D2L2

L3
F1

Fig. 7.52. Experimental setup for nonlinear polarization (NLP) spectroscopy. The
excitation of the sample can be achieved under small angles but also transversal.
The probe wavelength is usually fixed and the excitation wavelength tuned within
the ground state absorption band of the sample

The linearly polarized excitation light beam has a polarization direction
of 45◦ relative to the probe light polarizer. Thus no probe light will be de-
tected for small excitation intensities in the linear case. Therefore a very
good polarizer should be used with extinction ratios of better than 10−5 and
up to 10−8. In the detection beam path a monochromator can be used for
suppressing scattered light.

The observed signal is a result of the third-order nonisotropic nonlinear
polarization in the sample. This type of four-wave mixing process is espe-
cially useful to distinguish homogeneous and inhomogeneous broadening of
absorption bands. Because of the limited spectral resolution only spectral
cross-relaxation times shorter than about 100 ps can be obtained.

The detection signal at a certain wavelength within the absorption band
is usually measured as a function of the wavelength and intensity of the exci-
tation light which is scanned over the band. This spectrum Idetect(λexc,NLP)
can be modeled and the material parameters such as the line widths and thus
the relaxation times can be determined.

The theoretical description is based on four-wave mixing (FWM) in the
matter based on third-order nonlinearity as given e.g. in [7.548]:

∂Eprobe

∂z
+
a(νdetect)

2
Eprobe = i

4π2νdetect

c0
P

(3)
nl (7.61)

using the slowly varying amplitude approximation. The sample absorption
is given by the absorption coefficient a(νdetect) with the frequency of the
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detected signal νdetect. The third-order nonlinear polarization P
(3)
nl results

from:

P
(3)
nl =

ε0

2
χ(3)(νexc, νdetect)|Eexc|2Eprobe (7.62)

with the electric fields Eexc of the excitation beam with frequency νexc and
Eprobe of the probe beam. χ(3) represents the third-order nonlinear sus-
ceptibility. The detected NLP signal intensity INLP is proportional to the
square of the excitation intensity Iexc. It is also proportional to the square
of χ(3) and thus to the square of the line shape function FNLP of χ(3) with
χ(3) ∝ FNLP(νexc, νdetect):

INLP(νexc, νdetect) ∝ I2
excIprobeF

2
NLP(νexc, νdetect) (7.63)

as long as no nonlinear absorption a �= f(Iexc) occurs. The line shape function
has to be calculated as given in Sect. 5.9.2 (p. 335). For simple cases the line
shape function is given as [7.550]:

two-level model with homogeneous broadening:

FNLP(∆νe-d,∆νr-d) =
i

k2 + i2π∆r-d

[
1
k1

(
1

k2 + i2π(∆νr-d −∆νe-d)
+ c.c.

)

+
1

k1 + i2π∆νe-d

(
1

k2 + i2π∆νr-d
+

1
k2 − i2π(∆νr-d −∆νe-d)

)]
(7.64)

two-level model with inhomogeneous broadening with distribution function g:

FNLP,total(∆νe-d,∆νr-d) =
∫ ∞
−∞

g(ν̃r)FNLP(∆νe-d,∆ν̃r-d) dν̃r. (7.65)

With a Lorentzian line shape function g with FWHM width 1/kL and the
maximum at νL the NLP line shape function is given as:

FNLP(∆νe-d,∆νL-e) =
i

k2 + kL + i2π∆νL-d

[
1
k1

(
1

k2 + kL + i2π(∆νL-d + ∆νe-d)

)
+

1
(k1 + i2π∆νe-d)(k2 + kL + i2π∆νL-d)

+
(

1
k1

+
1

k1 + i2π∆νe-d

)

·
(

2k2 + 2kL + i2π∆νed
k2 + kL − i2π(∆νL-d + ∆νe-d)(2k2 + i2π∆νe-d)

)]
. (7.66)

heterogeneous broadening from m subbands:

FNLP,total(∆νe-d,∆νr-d,p) =
m∑
p=1

cpFNLP(∆νe-d,∆νr-d,p) (7.67)

with frequency differences:
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∆νe-d = νexc − νdetect and ∆νr-d = νresonance − νdetect (7.68)

where νresonance is the resonance frequency of the transition. In the case of
heterogeneous broadening the resonance frequency of the pth transition has
to be used.

As examples the normalized NLP signal as a function of the difference
frequency ∆νe-d is shown in Fig. 7.53 for a homogeneously broadened tran-
sition of a two-level scheme and an extreme inhomogeneous transition of the
same conventional spectral width and peak position of a Gaussian shaped
band.
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Fig. 7.53. Normalized NLP signal for a homogeneously broadened transition of
a two-level scheme (left) and an extreme inhomogeneous transition (right) for the
same spectral width and position of the conventionally observed Gaussian band

The conventional absorption band has a width of 60 nm and the param-
eters T1 = 1/k1 = 1 ps and T2 = 1/k2 = 30 fs. In Fig. 7.54 (p. 614) the NLP
signal is shown for a heterogeneous band consisting of two subband transi-
tions. The amplitude ratio of these two bands is 1:3. The bandwidths were
chosen as 8.8 nm.

From these figures the decay times T1 and T2 can be determined from fit-
ting the spectral shape of the curves. Further the inhomogeneous broadening
can be detected as in hole burning or fractional bleaching measurements.

7.8.5 Measurements with Multiple Excitation

Using a second strong light beam with wavelength λexc2 in resonance with
excited state absorption as shown in Fig. 7.55 (p. 614) allows the bleaching of
this transition between excited states |3〉 and |5〉 in addition to the bleaching
of the ground state absorption between |1〉 and |2〉 with the wavelength λexc1.

If the excitation intensity I2(λexc2) is varied while the excitation inten-
sity I1(λexc1) is kept constant the nonlinear transmission of this transition
between |3〉 and |5〉 can be evaluated and thus the decay time τ53 can be
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Fig. 7.54. Normalized NLP signals for a heterogeneous band consisting of two
transitions as a function of the wavelength of the excitation pulse for different probe
or detection pulse wavelengths as given in the figures. The lower right spectrum is
the conventional absorption spectrum for comparison
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Fig. 7.55. Energy level scheme with
successive excitation by absorption
of two-photons with different wave-
lengths and thus population of a
highly excited state |5〉 which can be
probed for further transitions to even
higher states
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determined. The modeling can be carried out as described in Sect. 7.4. One
example is given in [5.23]. If the population of level |3〉 is larger than about
10% the change of the population densities of levels 1–4 by the influence
of the strong excited state absorption should be considered. Therefore the
whole system should be taken into account for the modeling while exposing
the sample to both excitation beams.

In this scheme level 5 is populated via stepwise excitation and thus the
absorption from this state to even higher states can be investigated with an
additional probe light beam as in pump and probe spectroscopy [5.23].

This stepwise excitation allows very specific preparation of new matter
states. Thus different components in a mixture of matter with almost equal
ground state absorption bands at the long-wavelength side can be distin-
guished with this technique e.g. for analytical purposes.

More than two excitations can be applied in the same way and much
higher states can be populated and investigated in this way, but care has to
be taken for not reaching finally excited states above the dissociation limit
of the sample.

7.8.6 Detection of Two-Photon Absorption via ESA

Excited state absorptions (ESA) can occur at half of the wavelength of the
ground state absorption for particular samples [e.g. 5.24]. Thus simultaneous
two-photon absorption can be achieved followed by an excited state absorp-
tion of the pump light as sketched in Fig. 7.56.

|2>

|1>

|3>

|4>

|5>

λexc

τ53

τ34

λexc

λexc

Fig. 7.56. Energy level scheme
showing excited state absorption at
the same wavelength as two-photon
ground state absorption

In this case the cross-section for the excitation of the excited state is usu-
ally much higher than the two-photon absorption cross-section of the ground
state absorption (GSA). Thus the laser light will be absorbed more strongly
by the ESA than from the two photon GSA. In this case the depopulation
of the excited state |3〉 can be remarkable. This would populate the higher
excited state |5〉.
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This effect can disturb photonic applications designed in the nonabsorb-
ing, transparent wavelength range of the sample regarding the one photon
interaction based on the nonlinear refractive index n2 as described in Chap. 4.
Therefore the absorption losses shall be checked in nonresonant nonlinear in-
teractions, separately, under the applied intensity conditions.

7.9 Determination of Population Density
and Material Parameters

From the transmission T obtained in pump and probe experiments as a func-
tion of the excitation intensity Iexc and the wavelength λprobe and delay time
∆tprobe of the probe light the absorption coefficient a follows:

a(λprobe,∆tprobe, Iexc) = − 1
Lsample

ln[T (λprobe,∆tprobe, Iexc)] (7.69)

with the geometrical length of the sample Lsample in the direction of the probe
light.

The cross-sections σm(λprobe) of the excited state absorptions can be cal-
culated from these experimentally determined absorption coefficients a(λprobe,
∆tprobe, Iexc) if the population densities of the involved excited states
Nm(Iexc,∆tprobe) are known:

a(λprobe,∆tprobe, Iexc) =
∑
m

σm(λprobe)N(Iexc,∆tprobe). (7.70)

Differentiation of superposing spectra from different states can usually be
obtained by varying the excitation intensity and the delay time between the
pump and probe light pulses. In addition the polarization and other light
parameters can also be changed for this differentiation.

Thus the determination of the population densities of the involved matter
states is essential for the evaluation of the pump and probe measurements
and for the determination of the cross-sections of the excited states. Unfor-
tunately, this task is difficult and therefore different methods have usually to
be combined.

7.9.1 Model Calculations

Model calculations of the population densities of all populated states of the
sample are in the end the best way for checking the different experimen-
tal results from different experimental conditions for the consistency of all
assumptions.

In most cases rate equations are sufficient for the description discussed
in Sects. 5.1–5.4, but even this simple description can be difficult because
the necessary model parameters are often not known. Therefore additional
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measurements are necessary to determine at least some of these parameters
directly.

But on the other hand not all involved model parameter values are cru-
cially important for the result of the modeling with respect to the determina-
tion of certain cross-sections. This can be demonstrated with a simple level
scheme as used for modeling the excitation of organic molecules containing
singlet and triplet levels as shown in Fig. 7.57.

σS1 σS2 τfluorescence τradiationless,
singulet

τradiationless,
triplet

τphosphor-
escence

τic

τic

τisc
T1,0

S1,ν

S0,ν

S0,0

S1,0

Fig. 7.57. Typical level scheme for the modeling of the excitation of organic
molecules

The excitation occurs from the electronic and vibrational ground state
S0,0 to the electronic and vibrational excited state S1,ν . Fast relaxation fol-
lows with the internal conversion decay time τic and the electronic first excited
and vibrationally relaxed singlet state S1,0 is populated. From this state the
decay to the electronic ground state which is vibrational excited occurs via
fluorescence and radiationless transitions. Again internal conversion follows
with τic and the electronic and vibrational ground state S0,0 is reached. A
second transition from the S1,0 state leads to the first excited singlet state
T1,0 via intersystem crossing with decay time τisc. This state decays to the
common ground state via phosphorescence and radiationless transitions.

The decay times can be compared to each other, to the pulse duration and
to the inverse pump rate [σS1I--exc]−1. Long decay times lead to integration
and short decay times to rapid emptying of the levels. Thus the level scheme
can be further simplified for the evaluation of a particular experiment without
losing accuracy in the evaluation.

Mostly, differentiation of the emission decay time and the radiationless
parallel decay time is not necessary: the upper level decays by the sum effect
of these transitions resulting in the fluorescence life time.

Using e.g. very short pulses the population of the triplet system can be
neglected but the internal conversion time and resonance emission may be
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important. Using ns pulses the internal conversion may be fast compared to
the pulse duration and the pump rate. Thus the population of the S1,ν level
may be negligible and the resonance emission transition, too. In this case
the value of τic can be varied between 10 fs and 10 ps without changing the
population of the levels S1,0 and T1,0.

All these assumptions can be checked by carrying out model calcula-
tions for the desired sample and varying the unknown parameters in realistic
ranges.

7.9.2 Determination of Time Constants for Modeling

As far as the decay times of the material can be determined experimentally
the modeling of the nonlinear behavior of the sample becomes more valid.

7.9.2.1 Fluorescence Lifetime

As described above in Sect. 7.3.4 (p. 559) the fluorescence decay time is built
by the natural lifetime and the decay time via radiationless transitions. For
nonlinear bleaching behavior and the resulting population densities of the
excited states the differentiation of the two times is mostly not important.
Thus the fluorescence decay should be measured for the same conditions used
in the nonlinear experiment. If the decay time is too short and the fluorescence
too weak the decay of the population density of the fluorescing level may be
detectable via the decay of the associated exited state absorption from this
level.

Very fast decaying fluorescence in the ps or fs range can be detected by
optical delay techniques using fast Kerr shutters or up-conversion techniques
(see Sect. 6.14.2, p. 523). In any case, especially in laser excitation of fluo-
rescence, possible stimulated emission should be avoided. It can shorten the
fluorescence lifetime by orders of magnitude. This shortening can also happen
under the conditions of the pump and probe measurement and then it has to
be considered explicitely for evaluation of the data.

7.9.2.2 Triplet Life Time

Phosphorescence lifetime can usually be measured with conventional spec-
trometers as described above in Sect. 7.3.4 (p. 559). If no radiation is de-
tectable the triplet lifetime has to be measured via the triplet–triplet excited
state absorption. Because of the long lifetimes of the triplet states these mea-
surements are usually not difficult.

Care has to be taken about the sample conditions. The triplet population
can be disturbed much more than the singlet population by environmental
effects. In solutions the share of oxygen can change the triplet lifetime by
orders of magnitude. Thus the sample should be exactly the same for all
measurements or other precautions have to be taken.
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The sample could be “washed” with slow running nitrogen gas bubbles
for an hour and thus the oxygen can be reduced. More sophisticated is the
pump and freeze technique for taking the oxygen out. In this case the vacuum
sealed sample is cooled down to the temperature of liquid nitrogen and then
evacuated. During the slow warming up cycle the sample is evacuated and
thus the oxygen is removed. This process can be repeated several times if
necessary. As experimental criteria the triplet lifetime is measured from cycle
to cycle. It stays constant if all oxygen is removed.

7.9.2.3 Ground State Absorption Recovery Time

As mentioned in Sect. 7.4.2 (p. 566) the ground state recovery time can be
different from the fluorescence lifetime. Thus it has to be determined sepa-
rately to validate the model assumptions. The necessary steps and methods
are described in Sect. 7.4.2 (p. 566).

7.9.3 Fluorescence Intensity Scaling
for Determining Population

If the sample shows fluorescence the population density of the associated
excited state e.g. the S1,0 state can be determined with high accuracy using
the “fluorescence intensity scaling” method [7.380].

Because the fluorescence intensity Ifluoresc is always proportional to the
population density of the emitting state Nfluores this method works even with
very complicated nonlinear behavior of the sample. The population density
of the fluorescing state follows from:

Nfluores(I--exc, t) = CfscalingIfluores(I--exc, t). (7.71)

For this method the following conditions have to be fulfilled:

• The fluorescence has to be obtained exactly from the same sample volume
which is transmitted by the probe beam and during the same time interval
which is obtained in the pump and probe measurement.

• The reabsorption of the fluorescence by transitions from the ground state
and all excited states should be negligibly small.

The experimental arrangement for the spatial overlap of the sample vol-
umes from which the fluorescence is observed and which is transmitted by
the probe light is shown in Fig. 7.58 (p. 620).

The fluorescence light is collimated in the same way as the probe light
with lens L1 into the following detection system. The apertures D1 and D2
filter the fluorescence light from the excited volume spatially before the de-
tection with ED. With the filters F2 the excitation intensity is varied over
many orders of magnitude from the low-signal value to the values used in
the pump and probe measurements. For decreasing the linearity demands of
the detector ED the filters taken out from position F2 can be placed in the
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Fig. 7.58. Experimen-
tal setup for “fluores-
cence intensity scaling”

detection path at position F1 if they show a flat spectral profile. For this
purpose the filter transmissions have to be not much different and must be
known at the two wavelengths of the excitation and fluorescence light.

For very low excitation intensities in the linear range the population den-
sity of the fluorescing state can be calculated with very high accuracy if the
fluorescence lifetime τfluores is known. A simple two-level scheme is sufficient
and the population density Nfluores at the time tm is given by:

low intensities Nfluores = σexcτfluoresNtotal〈I--exc,max〉f(tm) (7.72)

with the total particle density of the sample Ntotal, the spatially averaged
intensity maximum 〈I--exc,max〉 = 〈Iexc,max〉/hνLaser, along the excitation beam
and a temporal function f(tm) which has to be determined differently for
stationary and nonstationary excitation from:

steady state excitation f(tm) =
1

I--exc,max
I--(tm) (7.73)

and

nonsteady state excitation

f(tm) =
1

I--exc,maxτfluores

∫ tm

0
I--(t) e−tm−t/τfluores dt (7.74)

accounting for the storage effect of the fluorescing level in the nonsteady state
case.

The spatial averaging results in:

〈I--exc,max〉 = I--exc,max
(1− Tsample)

σexcNtotalLsample
(7.75)

with the sample transmission Tsample for the excitation light and the length
of the sample Lsample. With these equations the population density of the
fluorescing state can be calculated for low excitation intensities from:

Nfluores =
τfluores(1− Tsample)

Lsample
f(tm)I--exc,max. (7.76)
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Thus the factor Cfscaling can be determined for low excitation intensities
by dividing the calculated population density by the measured fluorescence
intensity for given excitation intensities. With this scaling factor the popula-
tion density can be directly calculated from the observed emission intensity
and the graphs as e.g. given in Fig. 7.27 (p. 581). These graphs can be directly
scaled in the population density of the S1,0 state in this example, resulting
in Fig. 7.59.

24 25 26 27 2810 10 10 10 10 1029
1014

1015

1016

1017

Intensity (cm   s  )-2 -1

Po
pu

la
tio

n 
de

ns
ity

 (
cm

  )-3

10ns-pulse 10ps-pulse

Fig. 7.59. Population density of the S1,0 level of the model of Fig. 7.37 (p. 597) as
a function of the excitation intensity for two pulse durations of 10 ns and 10 ps as
it results from “fluorescence intensity scaling”

The result of “fluorescence intensity scaling” can be compared with the
direct calculation of the nonlinear population density of this state. Deviations
of the results from the two methods indicate incompleteness of the rate equa-
tions model. Thus this method is one of the few useful proofs of the modeling
procedures. A detailed example is given in [7.380].

7.10 Practical Hints for Determination
of Experimental Parameters

Because of the nonlinear behavior errors in the experimental parameters may
have a more than linear influence on the evaluation of the data in laser
spectroscopy. The influence of possible errors should be checked by systematic
variations during the measurement and in the model calculations.

7.10.1 Excitation Light Intensities

The correct and absolute determination of the light intensities at the sample
can be a difficult task. Finally the errors of the spatial and temporal distribu-
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tion measurements as well as the absolute determination of the pulse energy
can add up to 5–20% total error. This error influences the modeling of the
measurement and the determined material parameter such as the decay times
and cross-section carry at least part of this error.

Usually in modeling, the spatial and temporal profile of the light beam
cannot be considered as measured functions. Often the intensity can only be
considered in the calculation as an average value Iaverage across the transversal
beam profile and during the pulse as discussed in Sect. 2.1.3 (p. 17). In this
case an area Abeam and pulse duration ∆tpulse is defined for determining this
average intensity by:

intensity Iaverage =
Epulse

Abeam∆tpulse
(7.77)

This approximation of rectangular intensity distributions in time and
space offers the possibility of choosing the values Abeam and ∆tpulse for a
given experimental distribution to describe a certain nonlinearity with small-
est error. For the temporal profile these values are given in Sect. 2.7.2 (p. 54),
especially in Table 2.11 (p. 56) and for the spatial distribution in Sect. 2.7.3
(p. 57), especially in Table 2.12 (p. 59).

The pulse energy can be measured with calibrated energy detectors, which
are typically blackbody thermal sensors based e.g. on the pyroelectric effect.
These detectors are heated by 10−5 K or even much less with a single pulse
of a few mJ energy. The maximum repetition rate of these measuring devices
is often limited to less than 100 Hz. Higher repetition rates can be measured
as average power with power meters. The energy of the single pulses then
follows from the duty cycle of the radiation. In this case the pulse-to-pulse
fluctuations should be measured with photodetectors and oscilloscopes. If the
input resistor Rosci of the oscilloscope is enlarged, e.g. to several kΩ instead of
the usual 50Ω (or 75Ω), the RosciCosci time can be chosen much larger than
the excitation pulse duration but still smaller than the inverse repetition rate
and thus the scope shows the pulse energy as the peak value of the signal:

energy display Rosci ≥ Fosci
∆tpulse

Cosci
with Fosci = 10–103 (7.78)

where Cosci is the input capacity of the oscilloscope which is typically in the
range of a few ten pF.

The absolute calibration of energy measurement devices is very difficult.
One possibility is the investigation of the yield of a known chemical reaction.
In practice calibration with other standards is used. It may be worth the
effort to compare the calibration of several detectors (of several providers) at
least once a year.

In energy measurements polarization effects at the beam splitters and
possible nonlinearity of the applied filters have to be checked.

The transversal profile of the beam at the sample position can be mea-
sured with CCD cameras. If the light is scattered at a target which shows
fluorescence at the sample position the nonlinear emission can “enlarge” the
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measured cross-section. As a first approach the transversal beam area can be
determined for 86.5% energy content.

Pulse durations of about 1 ns or longer can be measured directly with
fast photodiodes and oscilloscopes. The pulse duration can be chosen for
71.6% energy content of the whole pulse. Shorter pulse durations have to be
measured with nonlinear optical methods as described e.g. in Sects. 5.5 and
7.1.5 (p. 541) [7.551].

7.10.2 Delay Time

Delays of the probe pulse in relation to the pump pulse in the ns range and
above can be measured electronically. With electronic delay generators even
accuracies of some ps are possible.

Delay times in the fs and ps range are usually achieved with optical delay
lines. The t = 0 point with perfect temporal overlap of pump and probe pulse
at the sample position may vary slightly for different alignments of the setup.
Thus zero delay has to be checked for each measurement. With mechanical
measurements usually an accuracy of a few ps can be achieved.

A quick way of finding the zero-point results from the measurement of
the nonlinear bleaching of a known sample with a comparable long ground
state recovery time as shown in Fig. 7.60.
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Fig. 7.60. Bleaching of a sample with long ground state recovery time by short
pulses for finding the zero-point of the delay line. By increasing the excitation
intensity the sample shows stimulated emission and thus the absorption recovery
time is shortened

The zero-point can be found by successive decrease of the step width
around the point of bleaching. By increasing the excitation intensity the
recovery time of the sample can be shortened via stimulated emission and
thus the accuracy of the measurement can be increased.
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7.11 Examples for Spectroscopic Setups

Spectroscopic setups for nonlinear optical investigations can be designed for
particular tasks as a small device or for a wide range of different methods as
a complex arrangement. Because of the complexity of the nonlinear behavior
of absorbing samples a combination of several methods is usually helpful.
Measurements in different time domains have different advantages and dis-
advantages.

7.11.1 ns Regime

Measurements in the ns range are easy to carry out because the timing is not
crucial. A change of the optical paths by a few cm does not usually disturb
the temporal overlap of the pump and probe pulses and thus alignment is easy
[7.552]. On the other hand the pulse intensities are high enough to achieve
many nonlinear effects. In addition the data can be detected in real time
using fast detectors and oscilloscopes. The number of available photons is
larger such as in experiments with shorter pulses and thus the signal-to-noise
ratio is good.

Further the light can be prepared in wide ranges as needed for a certain
experiment with all kinds of spectral and polarization properties. Several
light beams can be synchronized easily. However, the high pulse energy may
also be a disadvantage leading to possible damage of the sample.

As an example a universal apparatus for measurements with ns pulses is
shown in Fig. 7.61 (p. 625).

The basic light sources are an excimer laser and an electronically syn-
chronized nitrogen laser. The first laser beam produces the excitation light
which can be converted using a dye laser 1 with frequency transformation
possibilities. Thus two strong excitation beams can be applied to excite the
sample with two-photons of different energy. In general for the generation
of the excitation light solid-state lasers can also be used, which allow the
generation of any required frequency, in combination with optical parametric
oscillators or amplifiers. Up to now the spectral bandwidth of these devices
and the output power as well as the beam quality is not always sufficient for
an universal apparatus.

The probe light from the nitrogen laser is shorter than the excitation
pulse and thus temporal overlap is easy to achieve. This light can be used
for generating broad spectral light using a fluorescence cell (FL). For special
purposes the nitrogen laser light can be used to pump a second dye laser with
frequency conversion possibilities. For a reduced spectral range and lower
pulse power short pulse lamps can also be applied as probe light sources.

The detection of the probe light is achieved by the combination of a
mono/polychromator with a fast photodetector PM for temporal measure-
ments and a CCD camera with an optical multichannel analyzer (OMA) for
spectral measurements.
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Fig. 7.61. Apparatus for nonlinear optical spectroscopy in the ns time domain
allowing several methods of nonlinear absorption and emission measurement. The
reference beam in the detection path as described in Fig. 7.30 (p. 585) is not shown

The whole apparatus is computer controlled and thus the different mea-
suring methods such as nonlinear absorption and emission measurements as
well as pump and probe experiments can be carried out rapidly and with
high accuracy. The temporal resolution is ns for the direct measurement but
down to sub-ps from the modeling of the intensity dependencies.

On the other hand many fast reactions and decays can be detected only
indirectly by the intensity dependence of the nonlinear absorption. Although
modeling allows the determination of these fast components sometimes even
with fs resolution the direct observation using shorter pulses should follow
for a more detailed analysis. But this demands usually also much higher
experimental effort.

7.11.2 ps and fs Regime

As described above in Sect. 6.10.3 (p. 460) modern mode locked solid-state
lasers can be operated with pulse durations of a few ps or some 1–100 fs.
Regenerative amplifiers with suitable spectral filters even allow the almost
continuous variation of the pulse duration in the fs and ps range. Thus the
setup for nonlinear spectroscopy in the ps and fs range can be based on the
same laser system as shown e.g. in Fig. 7.62 (p. 626).
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Fig. 7.62. Apparatus for nonlinear optical spectroscopy in the fs and ps time
domain such as e.g. pump and probe measurements with high temporal resolution

In this example the main laser oscillator is a Kerr lens mode-locked
Ti:sapphire laser with output pulses of 80 fs or 2 ps and an average output
power of about 1 W. This laser is pumped by a frequency-doubled Nd:YVO
laser with 5 W average output power in the green which is pumped by diode
lasers.

This light is amplified in a regenerative amplifier with a repetition rate
of up to 1 kHz. The output pulse has an energy of about 1 mJ. This light
can be frequency doubled or tripled and thus used for the excitation of the
sample. A share of this light is fed into an optical parametric amplifier which
allows the generation of light with wavelengths between 300 nm and 3 µm
which can also be used for excitation and as probe light, too. Another share
of the fundamental or the harmonics is used for white light generation in a
sapphire plate (wlp). This light is used as probe light which is delayed by
∆t via the electronically controlled optical delay line. The detection of the
light is carried out by a polychromator and a CCD camera. Bleaching can
be measured via the energy detectors ED1 and ED2 while varying the filters
F1.

Using these short pulses the decay times of the sample can be measured
directly by delaying the probe light beam. From the nonlinear bleaching the
cross-section of the sample may be determined directly without considering
the decay times. Thus the fast measurements allow new approaches in the
investigation of the nonlinear behavior of the samples. New photonic appli-
cations using fs technology may be developed in the near future. Examples
are given in [M58–M65, 7.553–7.557].
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7.12 Special Sample Conditions

The nonlinear properties of the samples can be changed by changing the
sample conditions. Low and high temperatures as well as low and high pres-
sures are useful changes for characterizing the physical background causing
nonlinear properties of the matter.

7.12.1 Low Temperatures

Temperatures down to 77 K can easily be achieved with liquid nitrogen
cryostats. Lower temperatures demand other devices such as e.g. helium
cryostats [e.g. 7.558–7.570].

Thus the temperature range between 77 K and room temperature is easy
to realize. If solutions are applied they may crack and thus disturb the op-
tical measurements by strong scattering. Sometimes shock cooling or very
slow cooling rates can solve this problem. Further solvent mixtures, such as
e.g. 2, 2-dimethylbutane and n-pentane (8:3), show good flexibility in low
temperature measurements even below 77 K. Other useful solvents for low
temperature measurements are given in Table 7.10.

Table 7.10. Solvents for low-temperature measurements. Tglass is a temperature
characterizing the transition from liquid to glass of the material

Solvent Mixture Tglass (K)

Isopropanole (/water) 1000:1 130
Diethylether/ethanol 1:2 130
Isopentane/triethylamine (high viscosity) 1:9 130
Ethanol/water 1:2 125
Isopentane/methylcyclohexane 1:3 98
Ethanol/methanol 4:1 77
Diethylether/propanol 5:2 77
Diethylether/isopentane/ethanol 5:5:2 77
Propionitril/butyronitril 1:1 13

The isolation vacuum of <10 mbar for the cooled samples can be sealed
with conventional O-rings in the temperature range above 77 K.

Temperatures of about 8 K and above are possible with closed-cycle He
cryostats which are still handy and not expensive in operation. The problem
of good optical quality of the samples becomes more serious at lower temper-
atures. Geometrically thinner samples may help. For sample sealing against
the isolation vacuum, indium seals can be used.

For temperatures below 4 K open He cryostats are available which operate
down to 1 K. The expensive gaseous He is usually collected and recycled.
Lower temperatures need special techniques such as e.g. laser cooling [e.g.
7.571–7.600].
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A simple technique for achieving low temperatures in the range of a few K
is the application of the jet technique [e.g. 7.601–7.649] as shown in Fig. 7.63.
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turbo molecular pump
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nozzle

windows Fig. 7.63. Measuring gas sam-
ples in a hypersonic jet for achiev-
ing low temperatures in the range
of a few K for the laser spectro-
scopic beam

The sample which can be e.g. organic material is evaporated in an oven at
several 100◦C and mixed with a buffer gas. The gas mixture is expanded via
a triggered nozzle (e.g. a car injection nozzle) into a vacuum chamber. In the
hypersonic area of the gas flow right after the nozzle the transversal speed is
strongly reduced and thus very low temperatures of a few K are obtained for
the laser beam.

In any case the calibration of the sample temperature has to be done care-
fully. The lower the temperature the more important are the heating effects
from the illuminating light. Thus the temperature in cryostat experiments
should be detected inside the sample volume. Radiation shields may be ap-
plied with small apertures for the excitation and probe light. In high-power
experiments the absorbed radiation has to be considered as a sample heater,
too [7.564].

Very low temperature of µK and below are achieved using laser cool-
ing techniques for removing energy from the sample [e.g. 7.571–7.600]. This
method is established for atoms and Bose–Einstein condensation is possible
in this way. The cooling of molecules to such low values is in progress.

7.12.2 High Pressures

High pressures increase the density of the sample [e.g. 7.650–7.668] and thus
the refractive index is increased. For example, for molecules the excited state
is mostly more polar than the ground state and thus pressurizing the sample
often results in a red shift of the absorption and emission spectra. This effect
can be of the size of 100 cm−1 kbar−1. Larger values are possible as described
e.g. in [7.658].
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Therefore nonlinear optical spectroscopy with high pressures allows the
investigation of quantum matter states and their geometrical relations. In
particular, for molecular systems the environmental influence on the molec-
ular orbitals and conformational changes can be studied.

For a well-observable effect pressures of some kbars are necessary. At such
pressures the volume of water is e.g. decreased to 80% of its normal value.
These high pressures can be achieved e.g. with an even home made chamber
[7.659] as sketched in Fig. 7.64.
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Fig. 7.64. Sample holder for achieved high pressures of several kbar

The sample of size about 1 cm is positioned in a very stable steel container
of about 10 cm in diameter and surrounded by a liquid, e.g. water, which is
pressurized to the required value. If cuvettes are used they can be sealed with
flexible thin rubber which fits inside the cell if the pressure is increased.

The threads and seals of the steel container have to be designed for the
applied pressures. The pressure tubes have e.g. about 6 mm outside diameter
but about 1 mm as the inside diameter.

Care has to be taken for the glass windows. No crystalline material should
be used because this can show birefringence if the container is pressurized.
In any case the possible birefringence should be experimentally excluded by
checking the setup between crossed polarizers. Typical useful window diam-
eters are 5 mm with about 10 mm thickness.
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7.13 Quantum Chemical Calculations

Optical transitions as measured in nonlinear optical spectroscopy can in prin-
ciple be calculated with quantum chemical computer programs [7.669–7.698].
Unfortunately, the demands of large systems such as molecules with about
50 atoms are not solvable with sufficient accuracy, but the theoretical cal-
culations may be a helpful complement to the experimental results because
they usually allow the classification of the observed transitions. They pro-
vide information about, e.g., the symmetry of the involved energy states, the
direction of the transition dipole moments, the electronic density across the
structure and their changes in the different states. Sometimes the different
conformations of the molecules in the different states are also available.

7.13.1 Orbitals and Energy States of Molecules

Free electrons have no discrete quantum states but a continuous spectrum of
the kinetic energy. Thus all discrete energy levels are a property of the whole
quantum system e.g. the molecule or the atom (see Fig. 7.65 left side).

Emol

molecular energy

1

2

3

SX

S2

S1

S0 HOMO

LUMO

Eorb

electronic orbitals

1 2

3

Fig. 7.65. Molecular energy levels (left) and electronic orbitals (right) both as a
function of their energy for comparison

Transitions of the sample particles, e.g. the molecules or atoms, between
these energy levels as observed in spectroscopy are coupled with transitions
of electrons from one orbital to another as shown in Fig. 7.65 at the right side.
Thus the energetic difference of the molecular energy levels of the system and
the orbitals is equal.

But the transition of two electrons 1 and 2 between the same orbitals from
the highest occupied molecular orbital (HOMO) to the lowest unoccupied
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molecular orbital (LUMO) as shown in the figure causes a further excitation
of the molecule to the level Sx as shown in the left part of Fig. 7.65 (p. 630),
whereas transition 3 of one electron from the LUMO to the next excited
orbital leads to a transition of the molecule to the next energy level S2 in the
example.

Thus transitions of the electrons between the orbitals have to be distin-
guished from the transitions of the whole particle, as the molecule or atom,
between the energy states or levels. Only the transitions between the energy
states of the particle are obtained in optical spectroscopy. Their oscillator
strength is given by the overlap of all participating orbitals as described in
Sect. 3.3.1 (p. 101).

7.13.2 Scheme of Common Approximations

The complete theoretical description of the nonlinear interaction would be
possible if the time-dependent Schroedinger equation including all compo-
nents of the interaction such as the matter with all atom cores and electrons
and all photons could be solved. Unfortunately this is not possible for realis-
tic systems and thus a large number of approximations is necessary, as shown
in Fig. 7.66 (p. 632) for a molecular system.

First it is commonly presupposed that the light does not change the en-
ergy eigenvalues of the matter but only causes transitions of the particles
between these eigenstates. Thus the time-dependent problem can be divided
into the problem of the calculation of these eigenstates and the related wave
functions on one hand and the interaction as a small perturbation leading to
the transition on the other.

For calculating the energy eigenvalues of the matter the environmental
interaction effects are separated from the calculation of the isolated particle.
For molecules the Born–Oppenheimer approximation allows as the next step
the separate calculation of the electronic potentials assuming fixed cores and
then the vibrational states for these core energies. Thus the wavefunction
results from the product of all these interactions and the energies add up.

With these wavefunctions the transition dipole moments can be calcu-
lated as discussed in Sect. 3.3.1 (p. 101). From symmetry evaluation of the
wavefunctions some simple selection rules for allowed transitions can be de-
rived.

The calculation of the electronic wavefunction, i.e. the solution of the time
independent Schroedinger equation demands further strong approximations
if large molecules are to be calculated. Thus semi-empirical methods are
developed for this purpose.

The two types of results which are important for nonlinear spectroscopy,
the transition energies which result from the energy eigenstates of the parti-
cle and the transition dipole moments which correspond to the cross section
of the transition, have errors as a result of these approximations. In partic-
ular the values for higher excited states show errors. Therefore the results
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Fig. 7.66. Scheme of common approximations in quantum chemical calculations

from nonlinear spectroscopy may help to improve these methods in the fu-
ture. In particular, the measured transition energies and oscillator strengths
for transitions between excited states, which are not available from conven-
tional techniques, may provide important information about the systems. In
addition, the systematic variation of the particle environment in nonlinear
measurements may help to distinguish between intra- and inter-particle in-
teractions in a new way.
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7.13.3 Ab Initio and Semi-Empirical Calculations

Ab initio calculations consider all cores and electrons of the molecules explic-
itly. Thus as a result the molecular orbitals show large diversity and the user
of these programs has to work out which of these solutions are of practical
relevance. In addition large molecules with more than about 20 atoms (e.g.
more than naphthalene) need very long computation times. Thus ab initio
methods are useful for specialists in quantum chemical computing.

Semi-empirical calculations are based on the atomic cores in combination
with the core electrons as new “cores”. Thus only the outer electrons are
considered for chemical bonds and optical properties. Therefore the system
uses parameterized “core atoms” and thus only a much smaller number of
wavefunctions has to be calculated. Therefore these semi-empirical methods
are fast and allow the calculation of very large molecules. The accuracy of
the spectra can be as good as about <20% relative error for the transition
energy and <50% for the transition dipole moments. Common programs for
spectroscopic purposes are CNDO-S/CI, MINDO-S, AMPAQ or ZINDO/S.
Unfortunately, only a few of these programs also calculate the transitions
between excited states.

On mainframe computers the computation times for average size molecules
such as e.g. para-terphenyl, is in the range of minutes. Therefore these pro-
grams can be a very useful tool in analyzing the nonlinear optical behavior
of organic molecules.

As an example the results of a CNDOS/CI calculation of excited state
absorptions for pentaphene as described in [7.412] are given in Table 7.11.

Table 7.11. Quantum chemically calculated excited state transitions for pen-
taphene in comparison with the experimental data [7.412]

Transition Wavelength Oscillator Wavelength Cross-section
(theoretical) strength (experimental)

Sn ← S1

1 1,720 nm 0.167 not measured
2 596 nm 0.776 578 nm 1.4 · 10−16 cm2

Tn ← T1

1 424 nm 0.442 493 nm 1.7 · 10−16 cm2

2 371 nm 0.169 456 nm 9.3 · 10−17 cm2

3 365 nm 0.300 440 nm 1.4 · 10−16 cm2

4 352 nm 0.165

The agreement between the calculated data and the experimental results
is quite good for singlet-singlet excited state absorption, but even for the
triplet excited state spectra the tendencies are described well. Thus the quan-
tum chemical calculations can be very helpful in identifing the spectral ranges
for pump and probe measurements and thus for photonic applications.
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[5.83] {Sect. 5.3.5} L. Kümmerl, H. Wolfrum, D. Haarer: Hole Burning with
Chelate Complexes of Quinizarin in Alcohol Glasses, J. Phys. Chem. 96,
p.10688-10693 (1992)

[5.84] {Sect. 5.3.5} S.P. Love, C.E. Mungan, A.J. Sievers: Persistant infrared spec-
tral hole burning of Tb3+ in the glasslike mixed crystal Ba1-x-yLaxTbyF2+
x+y, J. Opt. Soc. Am. B 9, p.794-799 (1992)

[5.85] {Sect. 5.3.5} C.E. Mungan, A.J. Sievers: Persistent infrared spectral hole
burning of the fundamental stretching mode of SH- in alkali halides, J. Opt.
Soc. Am. B 9, p.746-752 (1992)



5.3.5 Spectral Hole Burning 741

[5.86] {Sect. 5.3.5} D. Redman, S. Brown, S.C. Rand: Origin of persistent hole
burning of N-V centers in diamond, J. Opt. Soc. Am. B 9, p.768-774 (1992)

[5.87] {Sect. 5.3.5} R.J. Reeves, R.M. Macfarlane: Persistent spectral hole burning
induced by ion motion in DaF2:Pr3+:D- and SrF2:Pr3+:D- crystals, J. Opt.
Soc. Am. B 9, p.763-767 (1992)

[5.88] {Sect. 5.3.5} I. Renge: Relationship between electron-phonon coupling and
intermolecular interaction parameters in dye-doped organic glasses, J. Opt.
Soc. Am. B 9, p.719-723 (1992)

[5.89] {Sect. 5.3.5} W. Richter, M. Lieberth, D. Haarer: Frequency dependence
of spectral diffusion in hole-burning systems: resonant effects of infrared
radiation, J. Opt. Soc. Am. B 9, p.715-718 (1992)

[5.90] {Sect. 5.3.5} N.E. Rigby, N.B. Manson: Spectral hole burning in emerald,
J. Opt. Soc. Am. B 9, p.775-778 (1992)

[5.91] {Sect. 5.3.5} B. Sauter, Th. Basché, C. Bräuchle: Temperature-dependent
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doped MTHF glasses, Chem. Phys. Lett. 165, p.125-130 (1990)

[7.512] {Sect. 7.8.2.2} U.P. Wild, A. Renn: Spectral hole burning and holographic
image storage, Mol. Cryst. Liq. Cryst. 183, p.119-129 (1990)

[7.513] {Sect. 7.8.2.2} J.K. Gillie, G.J. Small, J.H. Golbeck: Nonphotochemical
Hole Burning of the Native Antenna Complex of Photosystem I (PSI-200),
J. Phys. Chem. 93, p.1620-1627 (1989)

[7.514] {Sect. 7.8.2.2} R. Jankowiak, D. Tang, G.J. Small: Transient and Persistant
Hole Burning of the Reaction Center of Photosystem II, J. Phys. Chem. 93,
p.1649-1654 (1989)

[7.515] {Sect. 7.8.2.2} A.J. Meixner, A. Renn, U.P. Wild: Spectral hole-burning and
holography. I. Transmission and holographic detection of spectral holes, J.
Chem. Phys. 91, p.6728-6736 (1989)

[7.516] {Sect. 7.8.2.2} A. Renn, S.E. Bucher, A.J. Meixner, E.C. Meister, U.P.
Wild: Spectral hole burning: electric field effect on resorufin, oxazine-4 and
cresylviolet in polyvinylbutyral, J. Luminesc. 39, p.181-187 (1988)
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[7.566] {Sect. 7.12.1} U.P. Wild, F. Güttler, M. Pirotta, A. Renn: Single molecule
spectroscopy: Stark effect of pentacene in p-terphenyl, Chem. Phys. Lett.
193, p.451-455 (1992)

[7.567] {Sect. 7.12.1} D. Ben-Amotz, C.B. Harris: Torsional dynamics of molecules
on barrierless potentials in liquids. I. Temperature and wavelength depen-
dent picosecond studies of triophenyl-methane dyes, J. Chem. Phys. 86,
p.4856-4870 (1987)

[7.568] {Sect. 7.12.1} D. Ben-Amotz, C.B. Harris: Torsional dynamics of molecules
on barrierless potentials in liquids. II. Test of theoretical models, J. Chem.
Phys. 86, p.5433-5440 (1987)

[7.569] {Sect. 7.12.1} D. Ben-Amotz, R. Jeanloz, C.B. Harris: Torsional dynamics
of molecules on barrierless potentials in liquids. III. Pressure dependent
picosecond studies of triphenyl-methane dye solutions in a diamond anvil
cell, J. Chem. Phys. 86, p.6119-6127 (1987)

[7.570] {Sect. 7.12.1} H. -H. Perkampus: UV-VIS Atlas of Organic Compounds
(VCH, Weinheim, 1992)

[7.571] {Sect. 7.12.1} B.C. Edwards, J.E. Anderson, R.I. Epstein, G.L. Mills, A.J.
Mord: Demonstration of a solid-state optical cooler: An approach to cryo-
genic refrigeration, J Appl Phys 86, p.6489-6493 (1999)

[7.572] {Sect. 7.12.1} T.R. Gosnell: Laser cooling of a solid by 65 K starting from
room temperature, Optics Letters 24, p.1041-1043 (1999)

[7.573] {Sect. 7.12.1} H. Wadi, E. Pollak: Theory of laser cooling of polyatomic
molecules in an electronically excited state, J Chem Phys 110, p.11890-
11905 (1999)

[7.574] {Sect. 7.12.1} C.E. Wieman, D.E. Pritchard, D.J. Wineland: Atom cooling,
trapping, and quantum manipulation, Rev. Mod. Phys. 71, p.253-262 (1999)

[7.575] {Sect. 7.12.1} G. Lamouche, P. Lavallard, R. Suris, R. Grousson: Low tem-
perature laser cooling with a rare-earth doped glass, J Appl Phys 84, p.509-
516 (1998)

[7.576] {Sect. 7.12.1}G. Lei, J.E. Anderson, M.I. Buchwald, B.C. Edwards, R.I. Ep-
stein, M.T. Murtagh, G.H. Sigel: Spectroscopic evaluation of Yb3+-doped
glasses for optical refrigeration, IEEE J QE-34, p.1839-1845 (1998)

[7.577] {Sect. 7.12.1} X. Luo, M.D. Eisaman, T.R. Gosnell: Laser cooling of a
solid by 21 K starting from room temperature, Optics Letters 23, p.639-641
(1998)

[7.578] {Sect. 7.12.1} T. Esslinger, I. Bloch, T.W. Hänsch: Bose-Einstein conden-
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Single molecule spectroscopy: pressure effect on pentacene in p-terphenyl,
Chem. Phys. Lett. 212, p.71-77 (1993)

[7.656] {Sect. 7.12.2} R. Menzel, M.W. Windsor: Picosecond Kinetics of the Ex-
cited State Absorption of 4- (9-Anthryl)-N,N-dimethylaniline in a Pressur-
ized Solution, Chem. Phys. Lett. 184, p.6-10 (1991)

[7.657] {Sect. 7.12.2} N. Redline, M. Windsor, R. Menzel: The Effect of Pressure
on the Secondary Charge Transfer Step in Bacterial Reaction Centers of
Rhodobacter Spheroides R-26, Chem. Phys. Lett. 186, p.204-209 (1991)

[7.658] {Sect. 7.12.2} H. Lueck, M.W. Windsor: Pressure Dependence of the Ki-
netics of Photoinduced Intramolecular Charge Separation in 9,9’-Bianthryl
Monitored by Picosecond Transient Absorption: Comparision with Electron
Transfer in Photosynthesis, J. Phys. Chem. 94, p.4550-4559 (1990)

[7.659] {Sect. 7.12.2} M.W. Windsor, R. Menzel: Effect of Pressure on the 12
ns Charge Recombination Step in Reduced Bacterial Reaction Centers of
Rhodobacter Sphaeroides R-26, Chem. Phys. Lett. 164, p.143-150 (1989)

[7.660] {Sect. 7.12.2} R. Menzel, H. Lueck, K. Jordan, M.W. Windsor: Pressure
Dependence of the Conformational Relaxation Process in the Excited State
of Tetra-Methyl-Paraterphenyl in Solution, Chem. Phys. Lett. 145, p.61-66
(1988)

[7.661] {Sect. 7.12.2} K. M. Sando, Shih-I Chu: Pressure broadening and laser-
induced spectral line shapes, Adv. At. Mol. Phys. 25, p.133-161 (1988)

[7.662] {Sect. 7.12.2} Th. Sesselmann, W. Richter, D. Haarer: Hole-Burning Ex-
periments in Doped Polymers Under Uniaxial and Hydrostatic Pressure, J.
Luminesc. 36, p.263-271 (1987)

[7.663] {Sect. 7.12.2} F.T. Clark, H.G. Drickamer: High-Pressure Study of Triph-
enylmethane Dyes in Polymeric and Aqueous Media, J. Phys. Chem. 90,
p.589-592 (1986)

[7.664] {Sect. 7.12.2} H.G. Drickamer: Pressure Tuning Spectroscopy, Accounts of
Chem. Research 19, p.329-344 (1986)

[7.665] {Sect. 7.12.2} F.T. Clark, H.G. Drickamer: High-pressure studies of rota-
tional isomerism of triphenylmethane dye molecules, Chem. Phys. Lett. 115,
p.173-175 (1985)

[7.666] {Sect. 7.12.2} F.T. Clark, H.G. Drickamer: The effect of pressure on the
adsorption of crystal violet on oriented ZnO crystals, J. Chem. Phys. 81,
p.1024-1029 (1984)

[7.667] {Sect. 7.12.2} D. Kirin, S.L. Chaplot, G.A. Mackenzie, G.S. Pawley: The
pressure dependence of the low-frequency Raman spectra of crystalline
biphenyl and p-terphenyl, Chem. Phys. Lett. 102, p.105-108 (1983)

[7.668] {Sect. 7.12.2} R. S. Bradley, ed.: High Pressure Physics and Chemistry
(Academic Press, New York, 1963)

[7.669] {Sect. 7.13} M. Quack, W. Kutzelnigg: Molecular Spectroscopy and Molec-
ular Dynamics: Theory and Experiment, Ber. Bunsenges. Phys. Chem. 99,
p.231-245 (1995)

[7.670] {Sect. 7.13} D.C. Harris, M.D. Bertolucci: Symmetry and Spectroscopy. An
Introduction to Vibrational and Electronic Spectroscopy (Oxford University
Press, New York 1987)

[7.671] {Sect. 7.13} A. Longarte, J.A. Fernandez, I. Unamuno, F. Castano: Ground
and first electronic excited state vibrational modes of the methyl-p-amino-
benzoate molecule, Chem Phys Lett 308, p.516-522 (1999)

[7.672] {Sect. 7.13} B.A. Zon: Born-Oppenheimer approximation for molecules in
a strong light field, Chem Phys Lett 262, p.744-746 (1996)



7.13 Quantum Chemical Calculations 995

[7.673] {Sect. 7.13} G. Hohlneicher, J. Wolf: Interference between Franck-Condon
and Herzberg-Teller Contributions in Naphthalene and Phenanthrene, Ber.
Bunsenges. Phys. Chem. 99, p.366-370 (1995)

[7.674] {Sect. 7.13} L. Kador, S. Jahn, D. Haarer: Contributions of the electrostatic
and the dispersion interaction to the solvent shift in a dye-polymer system,
as investigated by hole-burning spectroscopy, Phys. Rev. B 41, p.12215-
12226 (1990)

[7.675] {Sect. 7.13} M. Maroncelli, G. R. Fleming: Picosecond solvation dynamics
of coumarin 153: The importance of molecular aspects of solvation, J. Chem.
Phys. 86, p.6221-6239 (1987)

[7.676] {Sect. 7.13} A.C. Borin, F.R. Ornellas: The lowest triplet and singlet elec-
tronic states of the molecule SO, Chem Phys 247, p.351-364 (1999)

[7.677] {Sect. 7.13} R. Menzel, K.-H. Naumann: Towards a Theoretical Description
of UV-Vis Absorption Bands of Organic Molecules, Ber. Bunsenges. Phys.
Chem. 95, p.834-837 (1991)

[7.678] {Sect. 7.13} A. Smolyar, C.F. Wong: Theoretical studies of the spectro-
scopic properties of tryptamine, tryptophan and tyrosine, J. Mol. Struct.
488, p.51-67 (1999)

[7.679] {Sect. 7.13} M. Aoyagi, Y. Osamura, S. Iwata: An MCSCF study of the
low-lying states of trans-butadiene, J. Chem. Phys. 83, p.1140-1148 (1985)

[7.680] {Sect. 7.13} R.A. Goldbeck, E. Switkes: Localized Excitation Analysis of the
Singlet Excited States of Polyenes and Diphenylpolyenes, J. Phys. Chem.
89, p.2585-2591 (1985)

[7.681] {Sect. 7.13} R.J. Hemley, U. Dinur, V. Vaida, M. Karplus: Theoretical
Study of the Ground and Excited Singlet States of Styrene, J. Am. Chem.
Soc. 107, p.836-844 (1985)

[7.682] {Sect. 7.13} R.L. Ellis, G. Kuehnlenz, H.H. Jaffé: The Use of the CNDO
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– spontaneously scattered, 241
Raman scattering (SRS), stimulated,

221, 240 ff
Raman spectroscopy
– inverse (IRS), 246 ff
– surface-enhanced (SERS), 245
rate equations, 175, 265, 277 ff, 288, 462
– numerical solution, 288 ff
ray
– characteristics, 26
– matrices, 26, 29, 35, 35 ff, 133
– – total, 40
– 4×4 matrices, 26
– paraxial, 26
– propagation, 27, 36
– tracing, 27
– vectors, 26, 26
Rayleigh
– cross-section, 162
– length, 30, 189, 230, 331
– optical resolution criterion, 142

– scattering, 161
– – broadening, 162
– – stimulated, 237
– stimulated (SRLS), 237 ff
– thermal (STRS), 237 ff
– wing scattering, 162, 238
– – stimulated (SRWS), 238 ff
RDA, 260
RDP, 260
real refractive index, 96
real-time holography, 336
recovery
– absorption, 274
– time, 350
rectangular modes, 401 ff
reference beam method, 550 ff
reflection, 122
– displacement, total, 123
– high, 124
– metals, 123
reflector, force on, 66
reflexes, 548
refraction, 97, 98
– achromatic, 100
– law, 99
refractive index, 20, 95, 121, 199
– conventional, 98
– curves, 186
– ellipsoid, 125
– grating, 354
– nonlinear, 576, 577
– nonlinearly changed, 180
– optically uniaxial crystals, 126
– power, 382, 382
– profile
– – quadratically, 381
– real, 96
– surfaces, 186
– temperature-dependent change,

383
refractive indices, main, 127
refractive power, thermally induced,

424, 424 ff
regime, ns, 624
relativistic correction, 13
relaxation
– operator, 304
– time, 239
– – orientation, 238
– – spectral, 574
– – thermal, 382, 383
relay imaging telescope, 387
reorientation, 556
repulsion forces, 176
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resolution, 140
– human eye, 141
– optical devices, 130
– optical images, 140
– spatial, 586
– spectral, 17, 87, 91
resonance, 95
– condition, 104
– enhancement SBS, 435
– enhancement, very weakly absorbing

materials, 263
– Raman scattering, 245
resonant interactions, 173
resonant nonlinear interactions, 263
resonator, 280, 361
– concave–convex, 399
– concentric, 398
– confocal, 396, 428
– curved mirror, 396
– dynamically stable, 422, 422 ff
– empty, 392, 392 ff
– finesse, 429
– hemispherical, 397
– higher transversal modes, 399
– intensities, 444
– lenses, 416 ff
– lifetime, 429, 429, 475
– micro-, 400
– modes, 389 ff
– modes, longitudinal, 389
– optical length, 426
– photon lifetime, 452
– planar mirror, 395
– ring, 298, 434
– roundtrip time, 459
– SBS mirror, 435
– semiconfocal, 397
– short, 473, 473 ff
– spherical, 398
– stable, 389, 389 ff
– unstable, 298, 390, 390 ff
rhodamine 6G, 350, 351, 364, 367, 430,

438, 466, 596
rigid molecules, 348
ring resonator, 298, 434
rotator, 49
roughness, 88, 329
– finesse, 88
roundtrip
– matrix, 391
– time, 459
roundtrip eigenmodes, multiple, 416
ruby, 384, 430, 438
– laser, 327, 460, 507

Runge–Kutta method, 288
Rydberg states, 325

safety classes (1, 2, 3A, 3B, 4), 531
sample parameters, 546 ff
sapphire (Al2O3), 498
saturation intensity, 437
SBS
– focusing, 231
– gain, stationary, 232
– gases, 228
– linewidth, 225
– liquids, 228
– material parameters, 228, 457
– mirrors, 418, 464
– solids, 228
– sound wavelength, 225
– spatial and temporal distribution,

231
– SRS, 264
– threshold, 231, 233
– – stationary, 232
SBS-PCM
– taper concept, 256
scanning microscopes, 583
scattering
– Brillouin, 160
– coherent, 160
– cross-section, 160
– elastic, 160
– incoherent, 160
– inelastic, 160
– Mie, 160
– Raman, 160
– Rayleigh, 160
Schroedinger equation, 304, 631
– nonlinear, 265, 469
– stationary, 101, 301
– time-dependent, 101, 302, 302, 631
sech2 pulse, 462
second harmonic generation (SHG),

177, 182, 184, 325, 353, 525
second intensity moment, 409
second-order effects, 177 ff
second-order nonlinear polarization,

181
seeding OPA, 194
selection rules, 323, 553, 631
self-defocussing, 212
self-diffraction, 178, 212, 217 ff
self-focusing, 178, 212, 212 ff, 264, 330
– critical power, 214
– focus length, 214
– thermal, 215
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– weakly absorbing samples, 218 ff
self-phase modulation, 178, 218 ff, 264,

468, 523
– CS2, 221
self-trapping, 214
Sellmeier, 158
– coefficients, 187 ff
– dispersion/equation, 100
semi-empirical calculations, 631, 633 ff
semiconductors, 356, 356 ff, 464
– lasers, 492 ff
SESAMs, 464
seventh harmonic, 259
SF6, 261
Shack-Hartmann wavefront sensors, 32
SHG see second harmonic generation
– acceptance angle, 189
– crystals, 183
– optimal focusing, 189
– periodic poling, 191
– temperature influence, 189
SHG see second harmonic generation
– optimal crystal length, 189
shock parameter Rshock, 388
shot noise, 70, 72
shutters, electro-optic, 524
side effects, 533
side pumping, 368, 493
signal beam, 193
signal gain, 436, 477
– spectral, 445
signal-to-noise ratio, 69, 585
silicon, 331
silver, 124, 331
single-diode lasers, 495 ff
singlet and triplet spectra
– differentiation of, 600
SiO2, 228
six-wave mixing, 341
skin damage, 530
slab, 368, 369, 381
– zig-zag, 369
slit gratings, 145
slope efficiency, 380
slow axis, 373
smile, 493
Snellius law, 99
solar energy converters, 8
soldering, 330
solid state
– laser materials, 384
– lasers, 498 ff, 521
solitons, 178, 222, 264
– cross-section of spatial, 216

– fundamental, 223
– laser, 469 ff
– peak intensity, 216
– period, 223, 223
– pulses, 222 ff
– spatial, 215 ff
– spatial intensity, 216
– temporal, 222 ff
– velocity, spatial, 216
solution grown, 260
solvents, 546
– low-temperature measurements, 627
– parameters, 556
– polar, 351, 558
– purity, 546
sound
– velocity, 225
– wave amplitude/frequency, 225, 227
spark gap, 512
SPDC (spontaneous parametric down

conversion), 196
specific heat cp, 331
spectra, transient, 586 ff
spectral hole burning, 272
– rate equations, 291 ff
spectral range, free, 87
spectral sensitivity
– calibration, 562 ff
spectroscopic setups, 624 ff
spectroscopy
– measuring errors, nonlinear, 548
– nonlinear, 65, 545, 631
– probe light intensity, nonlinear, 539
– pump/probe light overlap, nonlinear,

539
– sample lengths, nonlinear, 540
– steps of analysis, nonlinear, 535
– susceptibilities, nonlinear, 179
– temporal overlap, nonlinear, 541
– transmission two level scheme,

nonlinear, 281
– transmission, nonlinear, 272, 281,

343, 570
– transversal excitation, nonlinear,

540
– wave equation, nonlinear, 180
speed, 11
– photon, 11
SPIDER, 544
spiking, 451 ff, 473
– damping time, 453
– frequency, 452
– Nd:YAG laser, 453
spin, 44
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spincoating, 375
spot size, 140
squeezing, 5
SRGS, 246 ff
SRS
– anti-Stokes, 240
– anti-Stokes angle, 242
– equations, 244
– excited state, 245
– gain coefficients, 241, 244
– non-saturated, 243
– parameters, 241
– scattering cross-section, 241
– small signal, stationary, 245
– spectral width, 241
– Stokes, 240
SRWS, 238
– gain factors, 239
stability
– condition, 394, 394, 420
– limits, 424
– range of the resonator, 420
– ranges, 394, 419 ff
stabilization
– active, 454
standing wave, 21
STBS
– temperature modulation, 235
steady state conditions, 606
steady state measurement, 595 ff
steel, hardening, 330
step index fiber, 156, 157
stiff, 288
Stokes
– -anti, 240
– lines, 165
– shift, 347, 558
– SRS, 240
– vectors, 50, 51
Stokes vectors, four-element, 45
storage, 8
streak cameras, 56
stress fracture limit, thermal, 387 ff
subband transitions, two, 613
sugar solution, 129
sulfur hexafluoride SF6, 228
sum frequency, 192
– generation, 525
sunlight, 23
– power density, 530
super-Gaussian beam, 58, 58
superfluorescence, 320, 320 ff
superluminescence, laser diodes,

593

superposition, 78
– modes, 404
– of light, 73
superradiance, 274 ff, 320, 320 ff
superradiation, 481, 593
surface damage, 329
surface oxidation, 330
surface-enhanced Raman spectroscopy

(SERS), 245
susceptibilities
– nonlinear, 179
– third-order nonlinear, 207
susceptibility
– third-order nonlinear, 576
SVA approximation, 179, 227
synchronization, 590
– laser pulses, 523

T15, 289
T2, 264
T3, 267
technical noise, 70
telescope, 43, 416
TEM modes, 400
temperature, 547
– distribution, 246
– grating, 235
– lower, 559
tensor, third-order, 181
m-terphenyl, 349
p-terphenyl, 349, 566
tetracene, 348
tetrahydrofuran, 351
thermal noise, 163
THG, 209
– third, 178, 208 ff
third harmonic generation (THG), 526
– optimal total efficiency, 209
third-order effects, 178 ff
Thomson scattering, 169
three-level
– scheme, 362
– system, 441
threshold
– gain coefficient, 439
– intensity, 327
– – OBD, 327
– inversion, 439
– laser, 438
– pump rate, 440
– pump rate Wpump,threshold, 439
thulium (Tm) laser, 506 ff
Ti (titanium), 498
Ti:Al2O3, 384
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Ti:sapphire, 364, 430, 438
– amplifier, 484
– lasers, 367, 449, 460, 466, 503 ff, 528
TiCl4, 261
TICT, 352
time delay, 623
time scale
– characteristic, 268
tin, 331
titanium, Ti, 331
toluene, 239, 241
tourmaline, 126
TPA (two photon absorption), 321
TPF (two-photon induced fluorescence)
– pulse width, 325
transfer matrix MT, 420
transient absorption, 264
– excited state absorption (ESA), 271 ff
transient gratings, 609
transient spectra, 586, 586 ff
transition
– allowed, 105
– extreme inhomogeneous, 613
– forbidden, 105
– homogeneously broadened, 613
– inhomogeneous, 605
– p-n, 373
– probability, 102, 104
– radiationless, 561
– rotational, 106
transmission, 111, 270, 565
– T0

– – low signal, 567
– energy, 565
– etalon, 87
– graph maxima/minima, nonlinear,

571
– graph plateaus/slope, nonlinear, 571
– gratings, 294
– induced, 295 ff
– maxima/minima, nonlinear, 571 ff
– models with two absorption,

nonlinear, 285
– peak, 565
– plateaus/slope, nonlinear, 571 ff
transmittance, 111
transmitted field, 85
transparency, self-induced, 224, 318 ff
transparent materials, 112
transversal
– fundamental mode, 36
– geometries, 585
– interaction range, 73
– modes, 391 ff

– – higher, 399 ff
– – higher-order, 400
– – propagating, 412
– modes frequency, 427
– resonator modes, 389
triggering, electronic, 545
trimming, 330
1,3,5-triphenyl benzene, 349
triplet
– lifetime, 618
– population, 598, 601
– quenching, 558 ff
triplet level, lowest, 559
tumor markers, 324
tunability range, 488
tungsten, 331
– band lamps, 563
twisted intramolecular charge transfer

(TICT), 352
TWM (two-wave mixing), 333
two-beam interference, 78 ff
two-level
– model, 280
– – stationary, 280 ff
– scheme, 304, 620
– scheme with broadening, 304 ff
– system
– – stationary, 567
two-photon
– absorption, 321 ff, 322, 322, 323, 582,

582 ff
– – detection, 615 ff
– emission, 322
– excitation, 339
two-photon absorption
– selection rules, 323
two-wave mixing (TWM), 333

uncertainty
– energy time, 16 ff
– frequency–time, 16
– photon number phase, 67 ff
– position momentum, 15 ff
– spectral, 17
unit wave vector, 23
uranine, 350, 351
urea, 260
UV, 112, 328
– light source, 511
– XUV light sources, 328

V-number, 158
vacuum
– deposition, 375
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– field, 198
– fluctuations, 197
– impedance, 21
– permeability, 20
– permittivity, 20
– polarization, 71
vanadium, 331
vaporization, 330
– heat, 331
– temperature, 331
VCSEL, 374, 494
vector
– phase conjugation, 252
– potential, 103
velocity vsound, 225
Verdet’s constant, 49, 130
vertical cavity surface-emitting lasers

VCSELs, 374, 497 ff
vibration quantum number, 106
vibrational
– potential
– – anharmonicity, 240
– – nonharmonic, 167
– states, 555
vibrational relaxation (IVR) time,

internal, 267, 301
vibronic transitions, 106
viscosity, 546
– bulk, 226
– shear, 226
visibility conditions, 163
Voigt profile analysis, 554
volume
– holograms, 356
– stored energy per, 479

waist diameter, 393
waist position, 393
walk-off angle, 188 ff
wallplug efficiency, 380
water, 211
– window, 8, 259
wave
– approximation, planar, 20
– excitation, traveling, 474 ff, 540
– front, 22
– – curvature, 31
– – distortions, 43
– – inversion, 251
– – planar, 31
– – radius, 31
– function, 101
– – superposition of the, 102

– – symmetry, 106
– guide, 156, 165
– guiding, 214
– monochromatic, 20
– monochromatic planar, 20
– nonplanar, 22
– number, 12
– standing, 21
– vector, 12
– – unit, 23
waveguide, 156, 165
wavelength, 12
– cut-off, 158
– temperature dependent, 373
wavelength division multiplexing

(WDM), 8, 497
welding, 330
white light, 326
– generation, 215, 260, 626
– – fs duration, 590 ff
– – ps duration, 591 ff
– interferometry, 593
width
– definitions, 18
– spectral, 296
window, water, 8, 259
windows, 629

X-ray microscopy, 9
XeCl, 430, 438
– excimer lasers, 481, 510 ff
xenon Xe, 228, 261, 327
XUV, 328
– -light, 520
– generation, 259

YAG (Y3Al5O12), 498
YALO or YAP (YAlO3), 498
Yb, 498
Yb:YAG laser, 364, 384, 502 ff
YLF (LiYF4), 498
YVO (YVO4), 498

z-scan, 575 ff
– theoretical description, 578 ff
– with absorbing samples, 580 ff
zero
– delay, 623
– dispersion, 159
– point energy, 71
zig-zag slab, 369, 381
zinc, 331
ZINDO/S, 633
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